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ABSTRACT

HIGH ORDER STABLE DIFFERENCE SCHEMES FOR
MULTIPOINT NONLOCAL BOUNDARY VALUE PROBLEMS
FOR HYPERBOLIC EQUATIONS

Meltem UZUN

Department of Mathematics
MSc. Thesis

Adviser: Assist. Prof. Dr. Ozgiir YILDIRIM

In this work the multipoint nonlocal boundary value problem for hyperbolic equation in
a Hilbert space H with the self-adjoint positive definite operator A is considered. The
third and fourth order of accuracy difference schemes generated by the integer power of
A approximately solving this abstract nonlocal boundary value problem are presented.
Stability estimates for the solution of these difference schemes are obtained. The
theoretical statements for the solution of this difference schemes are supported by the
numerical results using MATLAB.

Keywords: Multipoint nonlocal boundary value problem, Difference schemes,
Convergence, Stability, Numerical analysis.
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OZET

COK NOKTALI YEREL OLMAYAN SINIR KOSULLU HiPERBOLIK
DENKLEMLER iCiN YUKSEK MERTEBELi KARARLI FARK SEMALARI

Meltem UZUN

Matematik Anabilim Dali
Yiiksek Lisans Tezi

Danigman: Yrd. Dog. Dr. Ozgiir YILDIRIM

Bu calismada, H Hilbert uzayinda pozitif tanimhi 6z-eslenik A operatorii ile tanimlanan
cok noktali yerel olmayan smir deger problemleri ele alinmistir. Bu tiir problemlerin
¢Ozliimii i¢in A operatdriiniin tamsay1 kuvvetleri ile tanimlanan {igiincli ve dordiincii
mertebeden kararlillk fark samalari olusturulmustur. Fark semalarinin kararlilik
kestirimleri elde edilmistir. Teorik sonuglar MATLAB programi kullanilarak sayisal
orneklerle desteklenmistir .

Anahtar Kelimeler: Cok noktali yerel olmayan sinir deger problemleri, Fark
semalar1, Y akinsaklik, Kararlilik ,Sayisal analiz.
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CHAPTER 1

INTRODUCTION
1.1 Literature Review

Hyperbolic partial differential equations play an important role in modelling most
problems arising in many branches of science and engineering and can be used to
describe a wide variety of phenomena such as acoustics, electromagnetics,
thermodynamics, elasticity, wave propagation, fluid mechanics and other areas of

physics (see [1]- [6] and the references given therein).

While applying mathematical modelling, there often arise problems with nonclassical
boundary conditions, which the values of unknown function on the boundary are
connected with inside of the given domain. Such type of boundary conditions are called
nonlocal boundary conditions. Over the last decades, boundary value problems with
nonlocal boundary conditions have become a rapidly growing area of research and they

were addressed by many authors. (see, e.g., [17]- [37])

In this section, some of the classical methods such as Fourier series method, Laplace
transform method and Fourier transform method are presented for the solution of

nonlocal hyperbolic differential equations.

Consider the nonlocal boundary value problem for hyperbolic equation



U2y (t?-2t+3)sinx, 0<t<1,0<x<mr,

u(0,x)=2u@, x)+3u(:,x)+3sinx, 0<x<r,
(1.1)

u(0,x)=3u, @ x)+5u,(3,x)-2sinx, 0<x<r,

u(t,0)=u(t,7)=0, 0<t<1.

Let us solve problem (1.1), using the Fourier series method. Assume that the solution is

u(t, x) = v(t, X) + w(t, x). (1.2)
Here v(t,X) is the solution of problem

-0 0<t<l 0<x<7,
ot oX

v(0,x)—iv(L x)—1v(:,x) =&sinx, 0<x<7,

V,(0,X) =5V, (LX) -3V, (3,X) =—2sinx, 0<x <7,

v(t,0)=v(t,7)=0, 0<t<1,

(1.3)

and w(t,x) is the solution of problem

Cw_ow_(t?-2t+3)sinx,0<t<1, 0<x<7,

w(0,x) =+ W(L x)++w(3,X),0<x <7,
(1.4)

W, (0,X) =W, (LX) +5W,(5,%),0<x <,

w(t,0) =w(t,7)=0,0<t <1.
First, we solve problem (1.3). By the method of separation of variables we have

v(t,x) =T (t) X (x) 0.



Substituting v(t,x) into (1.3) we obtain
T @)X(X)-T(t)X (x)=0
or

m_m__kZZ

T(t) X(x) (1.5)

The boundary conditions in (1.3), require X (0) = X (7)=0. Then, from (1.5) we have

the second order ordinary differential equation

X"(X) = AX (X), X(0) = X () =0. (1.6)

For A=0 and A>0 the boundary value problem (1.6) has only trivial solution

X(x)=0. For A<0, we obtain the solutions of the boundary value problem (1.6) as
X, (X) =sinkx, wherek =1,2,..., 1 =—k.

The ordinary differential equation with respect to t obtained from (1.5) is

T"(t) = AT (t),where 2 =—k? k=12,...

and solution of this ordinary differential equation is

T (t) =c, coskt +c,, sinkt, wherek =12,...

Thus, we obtained the solution as

V(t, X) =DV (t,X) = D (c,, coskt +c,, sinkt)sinkx. (1.7)
k= k=1
Using the nonlocal boundary condition

v(0,x) :év(l, X) +%v(%, X) +%sin X, 0<x<,

we obtain the following equation



D ¢y sinkx :%Z(clk cosk +c,, sink)sinkx
k=1

k=1

+%2(clk congrc2k sing]sin kx+%sin X
or

i{clk —l(clk cosk +c,, sink) —l(clk cos,5+c2k sin 5ﬂxsin kx = Esin X.

k=1 8 8 2 2 32
Equating the coefficients of SIN  kx, we get

Cy —l(clk cosk +C,, Sin k)+1[clk cosE+c2k sin E} =0, fork=2,3,...

4 4 2 2

or

Cy (1—%[cos%+cosljj—%cm[sinl+ sin%} = % (1.8)
Using the nonlocal boundary condition

v, (0,x) = %vt(l, X) +%vt(%, x)—%sin X, 0<x<r,
we get the following equation

< 1 . 1 .k k) 15 .
Z[kcz,( +§(kclk sink —kc,, cos k)+§[kclk smE—cZkk sin Eﬂsm kx = —Esm X.

k=1

Equating the coefficients of Sin kX ,we get
1 : 1 -k -k
KC,y +§(kc1k sink —kc,, cosk) +§ ke, sm§+ KC,y smE =0, fork=2,3,...,

or



1 .1 1 1 15
—C,| Sin= +sinl|+c, | 1-=| cos=+cosl||=——.
8 2 8 2 8

So, we have

C; (1+4(cosi—cos1))+c, (ﬁ—%"l) =-1,

sint __ sing cosl , 053\ _
Cll(T_Tz)+C21(1_T+T)_1

for k=1 and
Cy — 2 (cy cosk +c,, sink) —£(c, cos& +c,, sin%)=0,
ke, + 2 (ke sink —kc,, cosk) + (kc,, sin& —kc,, cos¥) =0
for kK>2 . Using Crammer's rule we deduce that

1-1(cosl+cos$) —3(sinl+sini
5(sinl+sin3)  1-3(cosl+cosy)

2 2
= 1—1 cosl+cos1 + E sin1+sin1 #0.
8 2 8 2

Thus, the coefficients are

3% —i(sinl+sind)
=% 1-g(cosl+cosy)
Cy = A ,

1-%(cosl+cosy) &
| g(sinl+sing) -
21 T A '

Substituting c,, and c,, in(1.7), the following equation can be written as

(1.9)



31_ 3 (cosl+cosd)—28(sinl+sind
vl(t,x):H 32~ 256 ( Az) e € 2)jcost

15 15 1 31 1 1 1
—b 4 bcosl+cosi)—2 (sinl+sind) ) . .
+( s+ AZ) 255 2)Jsmt}.m X.

For the w(t,x) the solution is

w(t, ) = 3" A (D sin k.
Putting these solution into (1.4), we get
ST A (Osinkx+ S A (DK sinkx = (£ — 2t +3)sin x+ (A, (1) + A (OK?)sinkx

The complementary solution of the equation

A (t)+A (Hk* =t>—2t+3
is obtained by solving

A (t)+A (k> =0, A°(t): m?+k? =0=m =ik,

A(t): > (dy coskt+d,, sinkt) A (t)=at®+bt+c
k=1

2a+k2(at2+bt+c):t2—2t+3:>ak2:1:>a:i2 , bk2=—2:>b:—£2
k k
2a+ck’=3=¢=0.

Thus,

w, (t, X) = (d,, cost +d,, sint +t* — 2t +1)sin x

0 2
+kZ:(dlk coskt +d,, sin kt+%t2—ét+3kk—42j3in kx. (1.10)
=2



Using nonlocal boundary conditions for k=1 we have

(d,; +1)sin x :%(d11 cosl+d,, sinl)sin x+%(d1l cos%+ d21sin%+%)sin X,

(d,, —2)sinx= %(—dllsin1+ d,, cosl+1)sin x+%(—dnsin %+ d,, cos%—l)

and

1 1 1 .1 31
d,.(1-=(cos=+cosl))—-=d,. (sin=+sinl) = ——, 1.11
(L= (008 >+ cos1) — = dyy (sin - +sin1) = = (L.11)
1 1. 1 1 15
=d,.(sin=+sinl)+d,.(1—=(cosl+cos=)) =— 1.12
5 0ua(sin = +sin) +d,, (12 ( =% (L12)
for k>2

1 K 1 ko
dy, (1—§(cosz+cos k)) —éde(S|n§+sm k)=0

1 ko 1 k
gdlk (S|n§+sm k) +d2k(1—§(cosk +cosE)) =0.

Using Crammer's rule we obtain

1-1(cos:+cosl) —i(cosl+cosi)
$(sin3+sinl)  1-2(cos$+cosl)

r 2 2
= 1—1 cosl+cosl + E sin1+sin1 #0.
. 8 2 8 2

From that we have

. -3 —i(Gini+sinl)® 1-f(cosi+cosl)
1 A
_ —% * 2 (C0s 3 +C0s1) + 3 (sin 3 +sin1)

A

and



1-%(cosi+cosl) —%LL(sinl+sind) 2|
A

_ £ (1-1(cosi+cosl)) + -5 (sinl+sin 1)

A

d21 =

Putting d,, and d,, inequation (1.10), w(t,x) can be written as

31 1 15 1
W(t,x):K +256(C052+C021)+ 5 (sin} +S|n1)j cost

A

+[1§(1—;(cos;+cosl))+23516(sin1+sin ;)J

sint +t2 —2t+1}in X.

Then, substituting v(t,x) and w(t,x) in (1.2), we obtain

3 -2 (cosi+cosl)—(sind+sinl)
A

u(t,x) = (

31
+ 256

(cosi++cosl)+ (sm1+sm1)j cost
A

J{ 54 15 (cosi+cosl)— 2L (sin+sinl)
A

£ (cos$+cosl)+ 5 (sin £ +sinl)
A

J sint + (L—t)?sin x

=0+ (1-t)*sinx. (1.13)

Thus, u(t,x)=(1-t)’sinx is the solution of the equation obtained by the Fourier series

method.

Next, we will solve another hyperbolic equation by Laplace transformation method.



Consider the problem

a2 y=-3te?,0<t<1,0< X<,
ot OX

u,x) =2u@@, x)-tu@,x)-Le?,0< x<m,

(1.14)
u,(0,x) =1u, (LX) —tu, (%, x) +e?*,0< X <0,
u (t,0)=t, u (t,0)=-2t, 0<t <1.
Applying the Laplace transform
L{u(t,x)}=u(t,s)
to equation (1.14), we have
L{ug}—L{u,}+L{u}=-3tL{e™}.
From that it follows
) -3t
Ug (t,8) —S°L{u}+su(t,0) +u,(t,0)+u(t,s) =——,
S+2
2 _3t
u, (t,s)+@—s)u(t,s)+st—2t+u(t,s) =——
S+2
or
~3t 1-s°
u, (t,s)+(@1—s’)u(t,s) =——+t(2-s) = t. 1.15
n()()()s+2()s+2 (1.15)

Using the method of undetermined coefficients, we can write the solution as

u(t,s)=u.(t,s)+u,(t,s).

Here u.(t,s) is the complementary solution and u,(t,s) is the particular solution.

First, let us obtain the complementary solution. The auxiliary equation is

u (t,s): m*>=s*-1



Then the complementary solution is

Js2at

u.(t,s) =ce"* =

+C,e
For the particular solution we assume that
u,(t,s)=a(s)t+b(s)

and substituting u (t,s) into equation (1.15), we get

_1-¢°

0+(1-s?)[a(s)t+b(s)] "

t

a(s) = S%z b(s) =0,

t
u (t,s)=——.
p () S+2

Thus we obtain u(t,s) as

1 [ t
uit,s)=ce¥ M +ce T+ ——.
S+2

Using the first nonlocal boundary condition
1 1 .1 1
UO,X =—U 1,X —Zu(=,x)- e—Zx
(0.x) 5 (€9) 5 9 s

we get
E {1_%((%@ —e@j}_cz [1_%(3—@ —e@ﬂ -0

and using the second nonlocal boundary condition

10

(1.16)



1 1 1 _ox
ut(O,x)=§ut(1,x)—§ut(§,x)+e 2

we get
c{l—%(em—e@ﬂ—cz {1—%(e‘4¥_‘1—e@ﬂ:0. (1.17)

From (1.16) and (1.17) it follows that
c,=0,c,=0,

Thus u(t,s) is

U(t,S) :S:——Z.

By applying the inverse Laplace operator

LH{u(t,s)} =tL™ {i}

S+2

we get the solution u(t, x) =te ™ .

In the final step, let us solve a nonlocal boundary value problem for hyperbolic equation

by Fourier Transform method.

Consider the following problem

2Lty =[2+(3—4X2)t2}e_X2 0<t<l ,0<x<on,

at? o

u(0,x)=2u@l, x)-3u(3,x)-Se™ ,0<x<oo

U, (0,%) =2u, (LX) - tu,(¢,x)—te ™ ,0< x < o0,
First, applying the Fourier transform method, we get

F{u, (60} = F {u, (60} + F{ut, 9} = F{(2+ @3-4)t )e ™},

11



F {Ug (6. )} = F {u, (t, )} + F {u(t, )} = 2F {e*xz}+ F {(3—4x2)t2e’xz}.

From that it follows

Uy (t,5) — (is)u(t, ) +u(t, ) = 2F fe ™ |+ F{e™ —(e™)'}t%,

or

U, (t,5) + (s +Du(t, ) =[ (s + Dt + 2 |F {e} (1.18)

Assume that the solution is

u(t,s)=u.(t,s)+u,(t,s). (12.19)
Here u.(t,s) is the complementary solutionand u(t,s) is the particular solution. For

the complementary solution, the auxiliary equation is

u.(t,s): m?+(s*+1) =0,

m = +i\/(s* +1),

and the complementary solution is

U, (t,5) = ¢, cos+/(s? +1)t +c, sin/(s* + 1)t .

Using the method of undetermined coefficients, we obtain the particular solution
u, (t.5) =[ a(s)t? +b(s)t +c(s) |F {e}
Substituting this solution into (1.18), we have

2a(s)F {E’XZ } +(s* +D)[ a(s)t* +b(s)t +c(s) | F {e*XZ } —2F {efxz } (s +1)F {e—xz }tz

2a(s) + (s +Da(s)t? + (s> +Db(s)t + (s* +1)c(s) = 2+ (s* + Dt?

a(s)=1,b(s)=0, c(s) =0,

12



2 —x2
u,(t,s)=t F{e }
Thus, the general solution is

U, (t,S) = ¢, €S /(2 + 1)t +C, siny/(s* + Dt +t°F {e‘xz}.

Using the nonlocal boundary condition

1 1 1 3 e
u(0,x)==u(l,x)—=u(=,x)——e* ,0<x<ow,
(0,x) 8( ) 5 (2 ) T o0

we get

[c cos/(s® +1) +c, sinw/(sz+1)+F{e‘X2}}
—glc cos it “(S ) +%F{e*2}}iF{exz},

: J(s% +1 (7 +1
—%[clcosﬂl(sz+1)+czsm«/(32+1)}—%[clcos (S; )+025|n (S;) . (1.20)
Using the other nonlocal boundary condition
1 1 1 1 .
ut(O,x):gut(l,x)—gut(z,x)—ge ,0 < X< oo,

we get

Js?+1c, = %|:—Cl\/82 +1sin+/s? +l+CZ\/SZ +1c0os+/s? +1+2F {e’xz}}

——{—cl\/s T1sin ¥ 2 s®+1cos

&N‘
+
M
——
@D
>‘<N
——
| |
|
| =
M
———
(]
>‘<m
——

[ 2 / 2
[ clsm\/s +1+c¢, cos+/s® + } [c sin 82+1+c2cos 32+1]. (1.21)

Solving (1.20) and (1.21) for ¢, and ¢, , we obtain ¢ =c,=0. Thus the

13



complementary solution is u,(t,s)=0 and the particular solution is
u, (t,s)thF{e’Xz}.

Substituting u, (t,s) and u,(t,s) in (1.19) we get

u(t,s) =O+t2F{e‘X2}.

Finally, applying the inverse Fourier transform

u(t,x)=F" {tzF{e‘XZ }}

we obtain the solution as

2

u(t,x)=te™.
1.2 Objective of the Thesis

Unfortunately, one can use these methods only when the hyperbolic partial differential
equation has constant coefficients and it is well-known that the most useful method for
solving partial differential equations with dependent coefficients in time variable t and

in the space variables is difference method.

In this work we obtain the stability estimates for solution of nonlocal boundary
problem. In applications this result allows us to obtain the stability estimates for the
solution of nonlocal boundary value problem for the hyperbolic equations. The third and
fourth order of accuracy difference schemes generated by the integer power of A
approximately solving this abstract nonlocal boundary value problem are presented.
Stability estimates for the solution of these difference schemes are obtained. The
theoretical statements for the solution of this difference schemes are supported by the

numerical results.
1.3 Hypothesis

Let us briefly describe the contents of the chapters of the present work. It consists of

four chapters.

14



First chapter is the introduction.

Second chapter consists of three sections. In the first section we introduce the problem.
Then we present stability estimates for the third order of accuracy difference
schemes generated by the integer power of A approximately solving multipoint
nonlocal boundary value problem in the second section. In the third section, stability
estimates for the fourth order of accuracy difference schemes generated by the
integer power of A approximately solving multipoint nonlocal boundary value

problem are obtained.

Third chapter is devoted to the study of numerical results. The applications of third and
fourth order of accuracy difference schemes for approximately solving multipoint

nonlocal boundary value problem are studied and solved via MATLAB.

In the fourth chapter we conclude with our theoretical and numerical results.

15



CHAPTER 2

DIFFERENCE SCHEMES OF MULTIPOINT NONLOCAL
BOUNDARY VALUE PROBLEMS FOR HYPERBOLIC
EQUATIONS

2.1 The Multipoint Nonlocal Boundary Value Problem of the Hyperbolic Type

In papers [24] and [25] the first and second order of accuracy difference schemes and in
[21] the third order of accuracy difference scheme generated by the integer powers of

A for approximately solving the nonlocal boundary-value problem

S0 1 Au(t) = (1) 0<t<1,

u(O) = L au(z)+4,
2.1)

1 =X AU () +y,

O<A <A, <..<A <]

in a Hilbert space H with self -adjoint positive definite operator A were presented.
The stability estimates for the solution of problem (2.1) and of first and second order
difference schemes were established. In applications, the stability estimates for the
solutions of the difference schemes of the mixed type nonlocal boundary-value

problems for hyperbolic equations were obtained.

In the present work the third and fourth order of approximation two-step difference

scheme for approximately solving nonlocal boundary value problem (2.1) are presented.

In this paper for simplicity 4, >27r and A, <1 will be considered.

16



The well-posedness of the nonlocal boundary value problems for parabolic, elliptic
equations and equations of mixed types have been studied in [40]-[51].

2.2 The Third Order of Accuracy Difference Scheme Subject to Multipoint

Nonlocal Conditions

In this section we consider the third order of accuracy difference scheme for the
numerical solution of nonlocal boundary-value problem (2.1). We associate boundary

value problem (2.1) with the corresponding third order of accuracy difference scheme

T (Uk+1 - 2uk + uk—l) + % Au, + % A(uk+1 + uk—l)
+5 A = f fo =2 F () +E(F () + f(tL))

~5 77 (AT (t) + () b =ke 1<k SN -1 Nz =1,
(I —iTAZ)UO = éak {U[ﬂ +11[u[ﬂ —U[ﬂl](ﬂk —[%}1)
S ASRS) R

2.2)

where

2

fy =[| +;—2A+%A2jr-lffl ={f (0)+(~F(0)+7f (O))%—Zf | (o)%}.

We are interested in to study the stability of solutions of difference scheme (2.2) under

|

the assumption

St

+ —

27
+_
2 6

SOEE0

17

k=1

i|ak|{1+




d 1 1 ’
*2'@'{“\%%*5\%[%\ a4

b p Bl BT o
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Throughout this section for sake of simplicity we denote B; for

B;=(|+TA){1 Za[( e RlRHj

x(f\)i_Rl)[[} [}(R 1)— R[}[}(R |)j|
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We consider the following operators

-1
R=|1 —£72A+irAﬂ2 I +ir4A2 (I +112A+ir4A2j
3 72 6 12

and its conjugate R

R =~ A + 3 AT =i A (145 At A7) I+ A7)
-1
x(—irA1’2(1/I+%r4A2)(l+§A+ﬁA2)) ,

and its conjugate R,

R=(1-5A)(1+5A+5A%)

-1
x(—iA1’2<I+§A+%A2)1/I+7—1214A2) ,

2 4 2 4 -
Ro=[ 1+ A+ A |1+ av o p2 || <icA” 1+ L ooa7 ||
6 12 12" 144 72

Ry=(1+5A+5 A+ 5 AY)

x(—iA”z(«/I A (12 A5 A7) () +%A))_l,

4 2 4

2 -1
R=| - A-T A2 yirA” 1+ L oa? 1o ar p2|
2" 12 72 6 12

and its conjugate R,

R, :(I —1PAHITAR I+ S A
-1
x(éAJr%Az—iz'A”z«/l+%z‘4A2) ,

and its conjugate R,
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2 4 -1
R, =| —2ir AV /| PREITYCR Iy WA B
72 6 12

We will use the estimates of the following lemma presented in [21].

Lemma 2.1 The following estimates hold:

||R||H|—>H - HRHHHH o
IRl <1 HF%HHHH—’
[ARe] SLIAR,, . <
2lHH HioH

AR <1|A"R (24)
H 4HH|—>H H HH»—>H -
jnoe], <o leanrl]

Hi>H Hi>H
[&2Rd],,.,, <2|A>*R]

H—H Hi—H

Proof. Using spectral property of the self-adjoint positive definite operators, we can

write

-1
I —lrzAiirAllZ I +ir4A2 I +11’-’A+ir4A2
3 \) 72 6 12

 sup 1-1c22+ic2" L+ 4727 %

H—H

1.2 1 4142
1+gf ﬂ‘f‘ﬁfﬂ

Since
2 2
(1-372) (e b T2 ) e .
(1+%2'2/1 +%T4ﬂ,2) 1+ Tzﬂ' + 376 At + % A+ iy 144 Lot

we have that

IR, <2[R], ., <

H—-H H-H

Using the spectral property of the self-adjoint positive definite operators, we obtain

20



4 6 2 4
_SLA2+7LA3iiTA1/2 |+T—A+T—A2 |+iz-4A2
144 216 12 144 72

2 4 -1
x| —ir AY? |+iT4A2 |+T—A+T—A2
72 12 144

| i 1 2 ) 5T
< Sup |
S< <00 ifillz(m)(l+%l+%,12)

Since

(—%/12 +§IZA3)2+(TA“2(1+;§/1+{4‘;/12)W)2
(fﬂl’z(m)(%mmz))z

we have that

<1

R, <tand R, <1

Hi—H

Similarly,
Tz 2'2 2'4 TZ 2_4 1 -1
A Al e ar A2 | i e A a2 | 1+ 24 A
12 6 12 12 144 72

| 2 (Lh52-5 4" -5 A%) |
up
seicn I (L4 5 At i35 A2 )L+ 7427

144

H—-H

Since

Mg a5 2 52
(1“2(1+§Z/1+@12)\/m)2

we have

<1
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|AYR,|, <1,

Hi—H

In the same manner, we can write

2 4 2 4

-1
NI OGNS | LY Iy NS Y (P
6 12 12" 144 72

s A (g arpat) |

s<a<o|igAM? (1+%/1+%12)J1+%f412

Since

AL A 52

(ml’z (R SN TETTL )2

we have that

<1,

|[eA"R,|, . <1.

H—H

Using the similar way, we obtain

6 12

2 4 6 2 4 2
A N CON Ny B IV Ry XN PR Sy Y IRy NS
3 72 72

9

2 4 2 6 3
I+ S A+ 5 A7 +54 ‘

g 221+ 4722 (1+%/1+g/12)(1+%/1)"

Since

(L+gaes 22452

(ll,zm(1+fgl+ﬁ,lz)(l+fi))z

we have

<1,
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|AR,|, <1

H—H

In same manner, one can obtain

2 4 2 4 -1
ANy CTL Y RN SRS | e R N
2 12 72 6 12

H—H

< su A A i i oA
sse| AP (14iTA+EA7) |
Since

2 2
2 4 42 12 1 4192
(—%/1—{—2/1 ) +(M J1+47°2 ) 12/1+%12+77126 13+1r484&4 .2

= 6 8 -
/1(1+%121+ér4ﬂ,2)2 AT+ T P+ 5 A+ g 2

we have that

|AYRy|,,  <zand [AR <.

HisH HoH

In a similar manner, we establish

2 4 -1
Ny S R (IR D CIl [ A A L3y TR
3 72 212 72

He—H

A2 (1—%72,1 oA Ly L o0 A2 )
< Sup :

ssace| 24 22— iA L+ A0 AR

Since

2 2
2'22,(1—%1'2/1) +z'21(2'/11/2\/1-|-712W) _ﬂv(l"'%fz/ﬂt-%%l"%z—i—%zﬁ}ﬁ)
2 a 1 212 e 413 1 614

(émgiz):(dmm) A+ 2+ 20+ L
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1,2 1,492 1 613
_ 1+§T ﬂ‘l‘gTi +ﬁfﬂ <1
1.2 7 4192 1 ,.643 77
1+ZT A«ﬁ‘ﬁf/l +mf/1

we have that

[eAR,|, | <land [cAR <1

H-oH HoH

Similarly, we have

2 4 -1
oiea [l L || A A T
\/ 72 6 12

H—H
s TN (B E
< Su .
s<a<on| AY? (l+%2'2/1+ﬁ2'412)
Since

2
12 492 .
(22-/?L L5774 ) B ded+ 5 A° ..
Aliea+sca?) AT GT R g Aty 2

we have that

AR <7

H—H
Lemma 2.1 is proved.

Lemma 2.2 Suppose that assumption (2.3) holds. Then the operator |-B; has an

n

inverse T, =(1 - Bf)_l. From symmetry and positivity properties of the operator A

the following estimate holds:

T

T

<M (2.5)

H—H

Proof. Using the definitions of B’,R,R, estimates in Lemma 2.1 and the triangle

inequality, we get
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R,(1+2°A%)"

k=1 H-H H-H
+[RR Ry(1+7°A) J { }
H—-H
+Z(HF§1RM‘1 Rz’ A(l+7 A“ J Rz A(1 +72A“)’1 j
6 HoH H—-H H—-H H—->H

3

B e

X

o

+§ TZA(| +12A4)_

+ TZA(| +2'2A4)

1
H—->H
R, {
H—->H

AR,

-1 ~
H—H

&

ﬁlR[T]

H—)Hj

H—->H

A (1+22A%)"

H—-H

l n
—5 Al
10
+_
2

ala

&

| | | 1
g R [ateR,

+
H—-H

H—-H

H—H H-H

1)
1.

4]

N—

gl

Rz A (1+7°A%)

H—H

RizA (1+7°A%)

T
.
{(H R

&{E

T T |

LB
R[] J

(R-R)RzA(1+2°A%)"

H—H

=il -

H—->H

n A%r(l +7°AY)

=il

H-H

+% Z'SA%(| +7°AY)

__ZZ|0‘kIBk

HoH H-H
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i . H(E—Rl)ﬁsr-lA‘%U HZAA)l‘HﬁH]

ARl H(F:’i—Ri)Rsr‘lA%(l+rzA4)_l
H—H

H—-H

1H%\\m_a)w.+f~>M%{ T

R1 R RAZ (|+r2A4)‘1H

A
T

il

gl

el

el

H—-H

+

» H(ﬁi_ R )Rz A (I +Z'2A4)_1HH%HJ

R1 R )Ryz°Al (I+72A4)_1H

+

» H(Fii— R)Rr A (I HZAA)lHHﬁHJ

where

_IS A A 3lA | A ? 7|14 [ 4 3
fnt BT
a4
gL TSR]

Since <1 theoperator | —B; hasabounded inverse, i.e.,
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1
<_—
Hon  1—(

Lemma 2.2 is proved.

Now, using the following formula for the solution of problem (2.2) which is obtained in
[22],

7° TR B 5 , A 7 )
u, =, U =l +—A+—A x[| | ——7A+—A +7l | —-——A|lo+7°f , |,
0o =5 ( 12" 124 127 T 12 11

1

u, :%[Rle = Rﬁqwz[ﬁk ~R*|R,0
~ k-1 ~
+%[R" ~R* R 1, +% R4;[Rk—s ~R 2% (2.6)

and applying formula (2.6) and the nonlocal boundary conditions in (2.2), we obtain

A
T

p=T (1+icA%)" x{[l —% R, kZ:ﬂk {2’1 (fem‘lfes R }lej
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g ff-[a] (2] g g (5] o,
ATy M {25 [ P nal [ 4]

7 ealarE R s ralthe A (AT
5 A(RiR R, +RR st‘r [J

a a1

X(ngéﬂk f e {Tl (ﬁm_lﬁs N R[ﬂ‘lej _%TA(Fim_lFis + Rm_lej‘%—{%}r

J{IQIRm +R1I§[ﬂj

S net( el sl




i &M‘ f[ﬁ}*‘”} -0

o=T.(1+irA)" {1——26{( TR RRR )‘?‘[ﬂ‘

ol [ A]
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e
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>y
[6;]
~—
+
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el
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N
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+
)
D
NS
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Thus, formulas (2.6), (2.7) and (2.8) give a solution of problem (2.2).

Theorem 2.1 Suppose that assumptions (2.3), (2.4) hold and ¢ € D(A¥?), y € D(A?)

Then, for the solution of difference scheme (2.2) the following stability estimates hold:

k-1
max|u, ], <M {ZHA”Z b, e+l A, oA, ) @9)
== s=1
k-1
max Al/zukHH <M {Z_l:” fs”H T+HA1/2¢HH +||l//||H +TH fl'lHH}’ (2.10)
N-1
el |, < {3 1 1, o, A, oAt ) e

where M does notdependon 7z, ¢, w,f, and f, 1<s<N-L

Proof. Using formulas (2.7), (2.8) and estimates (2.4), (2.5), we get

(e o

_1 -1
AR,
H->H H-H

TT

i, < (1+ieA?)”

1

WL H‘ gLt

2

35l

H— H—H

RE7 At R

+
H—H

H—->H

-1

Ry A (1 +izA?)

H—-H

LR
R4 P_M

H—)H:|

H—-H

2

AR Rt (1+irA?)

H~>H|:
H—>H|:

H—H

+|Air(1+irA?)” R

+
H—-H

1 A (1 +irA?) 5%l R
6

+
H—H
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1 : . R (1 Ziea?)?
x{;5|ak| tARy| AT, Hr{[ R . R (1-irA%) H%H}
R R,(1-irA?)” }ﬁ—[i}
H—->H H—->H T T
+ZU R RAC(1-izA?) |+ gh RAC? (1 -irA?)” }
6 H—H H-H HoH H-H
-3 .
xﬁ—[ﬁ +H(| —iea?)” { = - }
4 7 H-H H—H H—H
. ) 2
S NETO { gl R }ﬂ{i} }
2 H-H HoH HoH | T 3
4
+i TZ l|oc | AR Afll 7 x Ii[%_s_l (1 —irAz)_1 R
a s 2 ‘ Hlon I HoH g 1T
R 7(1-irA?) R, }i—[ﬁ}
H-oH H—->H Z' T

e

H—->H

AR A (1-irA%) "R,

H*)H:|

T
H

s

|

H—>H

ARR,| A

i3
Y Jlal

k=1 s=1
X{

3
+_
2

H—->H

H~>H|:
X
H->H

1 ~ i:|_5

R

+ Rm_S

H—-H

T(|—iTA2>

H—>H:|

A (1 -izA?) R o[RS

H—H

H—>H:|
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AR, AR,

Lo

1 n
23l

H—H H—H

1 . -1
- x( A (| —|rA2)

+4])

! At

3 . -1
+E T3Az(l —ITAZ) - R HZ'
2
n 3 . .o\l A | A H i
|Ate(1-izA Ao | Al At
+;|ak|{2‘ T( i ) HoH | T [T} [%] HT

A (1 -irA?)” A fm

| ‘

7
+—
6

L

1 1 ~ &g
{EEW”N&HW{%QJ

H rH(' ) ||¢||HJ

H—->H

-1

Ry(1+irA?)

H—H H—>H

Jr(r+icar)|  [RR? ]ﬁ{ﬁ}
VAN PERESS ) RN |
+EU RlR[ ] I A(1+irA®) "Ry .

A1 +icA?) Ry j

H—-H

_ ~ A ~| 2
(1 +iea?)” {RiRH +[RR }
H-H HoH HoH
_ L (A [ 2

2l (1+icat) ! {RlR[’] +|RRT }ﬁ{ﬁ} j

2 H—->H HoH H—H T T
IS LgllaRe] et <R At (1-irA?)”

k=1 2 k i H=H o H H—H ° H—H

RN . a4 4

AR (1 -icA?) AR (1 -iA?)

il
+_
HeH} 2{
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AR rAR (1 -izA?)”

H»H|:

H—-H |:
3
TA'R,

R
AU

H*)H}

141

ﬁ_[ﬁ_

_ﬁ_{ﬁ}
HoH | T T

H—H

oAt (1-icA?)” R

+
H-H

AL (1 -icA?)

1
+_
6

H-H

1 ~f g1 B . -1
+ 18] RLY r AR (1 -irA?)

H—H

H—-H

3
R

A (1-ieA) R,

AR R (1-iea?)? AR (1-ieA7)”

H—-H

H—-H H—->H

%}—s—l

R TAR (1 —irA” )‘1 AP,

H*)H(

+

T
H

]

H—H

n 1 1
+Z§|ﬂk| AR,
k=1

H—->H

4]

gyl P2 b £ 5 Sk,
x{ oAl (1-ieA?)” HQH{ R o RLF H%J %—[%}

%‘A%rz(l —irA?)” HHH{ R o R H%J%—[%T}HAHS T
+k2n;,|ﬂk|!% Ac(1-izA?)” o %—[%T‘A%fm Hr
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. - s 1 . - ? 1,
+H(| —irA?) 1 » %_{%_HA zf[;ﬂ H T+ r(1-irA?) L %{%} ‘A sz H T
+= T2(| —ITAZ) ' - %—_%} ‘A zf[% . r} +H(I —ITAZ) ' . Ay H)}

k-1
<M {Q‘AM L e olal, A ] oA } (212)

-1 . -1 13
‘A K I | X{U(l +iTA?) - +Ekz:;|ak|
(Hﬁﬁml R, (1 +irA?)
H—sH H-H
+RRH R, (1 +irA?)” }i—[ﬁ}
H—oH H—H T T

-1 -1

e

L8

Riﬁ[%}l

Ry A(1 +irA%)

HaH|:

+
H—-H

QR[%

Rz*A(1+irA?)

HAH:|

H—H H—H

H»H:|

3

X Riﬁ[ﬁ]

+H(I +ir A )_1

+
H—->H

_ Y 5% 2
.3 A1 +irA%) 1 { RlRM + RlRM }ﬁ_{ﬁ} D
2 HH H—H HoH I T v
X anl|ﬂ| AR oA f X Ii[%k}l T_lA_%ﬁs(l _ifAz)il
e o 117K Sl [P I H—H Hon
SR Jeratr (1 ity }1 ‘ﬁm_l oAR (1 -irA?)
HoSH H—>H 2 L H—-H H—H
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H-H

141
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H—->H

4]

-1

H—-H H—H
[ ] “1p-% .o\l :|
+|R AR (1 -izA?)
H—-H H—-H
-
s &{i} = I WX (1-ieA2) "R,
2|7 ¢ H-H H—H
H—H H—-H H
o1 3 “1p-% a2\t
+;§|ﬂk| TAR, H%H{r AR, (1-irA?) .
1 1 21( ﬂk 2
_ i 2\ -1 A | A& -1
e AU N W TG L} HA ] 7
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Applying A® to formulas (2.7) and (2.8), in a similar way, we get
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Then, applying Abel's formula to (2.7) and (2.8), we can obtain the following formulas
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We will prove the estimates (2.9), (2.10) and (2.11). Using formula (2.6) and estimates
(2.4), (2.12), (2.13), (2.14), (2.15) and the triangle inequality, we obtain
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1 - 5 —
(0 (2 W L3 PR oY O L W L L M

H—-H H—-H

k-

em Rl R oA Rl R

H*)H:|

H—-H ‘ H—-H H—H

1
s=2

el

|| f,—f +(HTA1/2 R6H +HTA1/2R6HH—>H)” fia lly

H->H

Jlerrd, IR bR R

N-1
<M {22:” fo—foll, +l +HA(I +irA1’2)¢HH S L = meH}

for k>2. Theorem 2.1 is proved.
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Thus, stability estimates for the solutions of these difference schemes are obtained. We

denote the mesh function of approximation by af:{ak}:':O . If we assume that
z|Aa,, tendsto 0 as 7—0, then H(I+r2A“)’1a1HH~||a1||H =o(zr) not slower
than |ay|, . It takes place in many applications by supplementary restriction of the

smooth property of the data of space variables. Let us give corollaries of Theorem 2.1.

First, the mixed problem for hyperbolic equation

u, —(@(x)u,), +ou=f(t,x), 0<t<l 0<x<l

U(0,X) = 3, e u(4,, X) + $(x), 0 < X <1,
- (2.21)
u,(0,x) = _Z_lﬂjut(/ij,x)ﬂ//(x),Os X <1,

u(t,0) =u(t,1), u,(t,0)=u,(t,1), 0<t<1

is considered. Problem (2.21) has a unique smooth solution u(t,x) when 6 >0 and the
smooth functions a(x)>a>0 (xe(0,), ¢(x),w(x) (xe[0,1]) and f(t,x)
(t,x€[0,1]). This permits us to reduce mixed problem (2.21) to nonlocal boundary

value problem (2.1) in a Hilbert space H =L,[0,1] with a self-adjoint positive definite

operator A* defined by (2.21).

The discretization of (2.21) is carried out in two steps. In the first step, let us define the

grid space

[0,1],={x : x, =rh,0<r <K,Kh=1}.

We introduce the Hilbert space  L,,=L,([0,1],), W,, =W, ([0,1],)  and
W,; =W,; ([0,1],) of the grid functions ¢"(x) ={¢,} " defined on [0,1],, equipped

with the norms defined by

W~ Sleoon]
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s WL, Zo )
and
s Al Z)n) (Sl

respectively. To the differential operator A generated by the problem (2.21), we

assign the difference operator A* by the formula

K-1
AP () ={~@(X)¢),. +54} (2.22)
acting in the space of grid functions ¢"(x) ={g,}; satisfying the conditions ¢, =d,,

¢ - =¢ —d,. Withthe aid of A we obtain the nonlocal boundary value problem

S0 L AN (LX) = FR(t,X), 0<t<1, xe[0,1],,

dt?

V" (0, %) = %ajv“ (4,,%)+ 4" (%), x €[0,1,, (2.23)

V0.X) = X AN (2,0 +u" (%), x < [0.1],

for an infinite system of ordinary differential equations.In the second step, we replace

problem (2.23) by difference scheme (2.24)
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72 (UR, 00 = 2uR () + Uy (X)) + ZARUR(X) + TAf (Ul 00 + Ul ()
+5T° (AH2uf () = 1 (x),
fROO = 287 (1, ) + +(F" (ten, ) + by, X))
L 22 (~Af" (t1,X) + Fi(tier X)) X € [0, 11,
ty =kr,Nt =1,1 <k <N-1,
ufl(x) = Zaj{um,r 00) + 77 (Ul 1 0 = Ul 1 00 ) Ay = [Ayhele)

< +? (f[ljlr] _Ahu[a /7] (X)>(/1j — [Ayir)r)’
+%<fﬁj/ﬂ A (“ i 00 = Ul 1(X)>>(/11 [Ajlt]T) }+(p (x),x € [0,1]p,
('+f2(AX> Yot (U0 - uj ()

{ (U[/’L 17 (X) — [/1 Ir]-1 (X)> + (f[lj/r] - AEUFAJ/T] (X)>(/li - [4jl7]T)

=1

+or (f,/l/r A (U ) %) = U 1(X)>>(AJ [Ai/]r)?
L (Flag = Al + ADUR 1 00) (4 = [Af]0)* b +y"(x),x € [0,1],
fl,00 = 3"(0,x) + £ (0,x).

(2.24)

Theorem 2.2 Let 7 and h be sufficiently small numbers. Then, the solution of

difference scheme (2.24) satisfies the following stability estimates:

h h h h h
max [[u +max |ju <M, Hf +H +H LN +rH Lv +er ,
oskeN Il Kl osken k W3, k<N -1 Lan v Lan ¢ 2 ¢ 4 L,
h h h
u' —2u”+u )H +max |Ju
1<k<N 1” k+1 k k-1 oxkeN I K liw2,
<M Hf“ + max H 1"‘—fh +H h +H h +rH “LN +er“ .
1|: P, 2<kenz k 1 Lon 4 w3, ¢ W, ¢ h L1,

Here M, doesnotdependon z, h, ¢"(x), y"(x),f} and f"1<k<N.

The proof of Theorem 2.2 is based on the proof abstract Theorem 2.1 and the symmetry

property of the operator A’ defined by (2.22).

Second, let € be the unit open cube in the m -dimensional Euclidean space

R™ {X = (X, X,) 0<x; <1,1<j <n} with boundary S, Q=QUS . In
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[0,1]xQ, the mixed boundary value problem for the multi-dimensional hyperbolic
equation

D0 3 (8, (), ),, = FE.X)

o r:l T T

X=(X,....X,) €Q,, 0<t<l,
1"(0,%) = X au" (4, %)+ 4" (x), x € O, (2.25)
j=1

u/(0,x) = iﬂjut“ (4, X) +¥"(X), X € O,
j=1

u"(t,x)=0, xe$S
is considered. Here a,(x), (xeQ dX YV, x (e and
f(t,x) (te(0,2), xe€,) are given smooth functionsand a (x)>a>0 .We introduce

the Hilbert space L2(§_2) of the all square integrable functions defined on Q,

equipped with the norm

1

] ={J J|f<x>|2dx1---dxm} |

xeQ

The problem (2.25) has a unique smooth solution u(t,x) and the smooth functions

#(x), w(x), a.(x) and f(t,x) . Thisallows us to reduce the mixed problem (2.25)
to the nonlocal boundary value problem (2.1) in a Hilbert space H = L2(§_2) with a

self-adjoint positive definite operator A* defined by (2.25).

The discretization of problem (2.25) is carried out in two steps. In the first step, let us

define the grid sets

Qn ={x=x=r,~h)r=(n),

0<r <N, hN, =1 j=L-myQ = NQS, = S,

We introduce the Banach space L,, =L,(Qn), W, =W, (Qh) and W) =W (Qh)
of the grid functions

¢"(x) ={g(hr,--- h r )} definedon Qn, equipped with norms
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o SR

e oL, S8k, [ren]
and

1/2 2 1/2
e LSS0 ) (S50 hen]

respectively. To the differential operator A generated by problem (2.25), we assign

the difference operator Ay by the formula

m

Auy=->(a(u; ) (2.26)

r=1
acting in the space of grid functions u"(x), satisfying the conditions u"(x)=0 for all

XeS,. Itis known that A’ is a self-adjoint positive definite operator belongs to

L,(€n) . With the aid of A’ we arrive at the nonlocal boundary value problem

dA" (t,x) Xy ,h __¢h
T+Ahv (t,x)="f"(t,x), 0<t<l, xeQ,,

v'(0,X) = _i_lozjvh (}tj,x)+¢h(x),XGQh, (2.27)

a"(0,x) _ > ,ijth (4;,X) +y"(X), X € Qn
i1

a

for an infinite system of ordinary differential equations.

In the second step, we replace (2.27) by difference scheme (2.28)
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2 (ufl,, () —2uR (x) + U, (X)) + ZARUR(X) + TAY (up, 00 +uf (x))
+LT2(AX)2UE+1(X) = fR00, fR00 = 20 (1, %) + (" (teen, ) + " (1, X))
L2 (A (ther, X) + fi(ter, X)) te =k, 1 <k < N-1,Nz = 1,x € O,

uh(x) = Zaj{uu s 00+ 77 (Ul 00 = Ul g1 00) B = [Ayfe]T)
+2 (Frag = ARUD 1 00 ) Ay = [Ayr)o)?
Q +E(Frayg = T2 (Ul 00 = U1 00)) Gy = [A10)* b + 9" (), x €
(I + 72 (A%)* )r*l(ul(x) —ud(x))

g { -+ (UF;L,»/T] x) = uF/lj/r]—l(X)> + (fwr] ~ ARUD g (X)>(lj - [Ajlt]r)
o (f[z A (UFAJ/T] (%) = Uy (X)>>(}“J’ - [Af1e)’

2 (Flag = Alfragm + ADUR 1 00) (A4 = A/ } +yh(x),x € Qn,
f,(x) = 1£7(0,%) + Z(0,x).

(2.28)

Theorem 2.3 Let 7 and |h| be sufficiently small numbers. Then, the solution of

difference scheme (2.28) satisfies the following stability estimates:

h h h h h
max [u"l| +max|u’| . <™ Hf +H +H Lv +rH Lv +er
0<k<N k Loy, 0<k<N k Wzlh |:Lk<N—1 Loy, l// Loy ¢ 21h ¢ 22h 11 Lon ’
H (uf,—2uf +uf, )| +maxu
1<k<N a + g, oskeN W22h
S L R el A B e W 0 W 7 W L
Ly,  2<k<N-1 W3, W5, W, Hlwg,

Here M, doesnotdependon 7, h, ¢"(x), y"(x),f} and f",1<k<N.

The proof of Theorem 2.3 is based on Theorem 2.1, the symmetry property of the

operator A’ defined by formula (2.26) and the following theorem on the coercivity

inequality for the solution of the elliptic difference problem in L,,
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Theorem 2.4 For the solutions of the elliptic difference problem
AU"(X) = o"(X), x e,
u"(x)=0,xeS,

the following coercivity inequality holds [28]:

m

Zl:u

r=

h
X Xr, Jy

<M, -

LZh

Here M does notdependon h, @"(X).
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2.3 The Fourth Order of Accuracy Difference Scheme Subject to Multipoint
Nonlocal Conditions

In present section we consider the fourth order of accuracy difference scheme for the
numerical solution of multipoint nonlocal boundary value problem (2.1). Let us
associate boundary value problem (2.1) with the corresponding fourth order of accuracy
difference scheme

772 (Ugsq — 2Ug + Uyg) + AUk + A(Uk+1 +Upq) — —AZUk
+mA2 (U +Uir) = 2F(t) + ﬁ(f(tm) +f(tc-1))

—Af(t) + (1)) — 2272 (A (ter) + f(ten)) + F (ta) +F (),
ty =kr,1 <k < N-1,Nr =1,

Uo:(—”Al/2 2A3> Zak{( L&D _%12<%_[/1—rk:|>3>
SCOSRUSHECS SCERREE SCRESDTES
#3202 (4 - [ 2 1)) [2]* (A -[2]) f’[;k]

S A—#—[A—H)“ff@ ~ At ([ 4 1) T oo

T

|1A1’2 2A3) -1

5D 215D o)
(A [A D) 2 (T2 1) )ups
) (2] + £ 40 (2 -[2])
Hi (D £ LD

| >
=
(R

(2.29)
for approximately solving nonlocal boundary value problem (2.1) where

’ ) : 2A 1 572A ,
f2’2=[|+I_ZA+1Z_4A2]T 1f1f‘l:{(l—rl—2jf(0)+§[—(l— 12 Jf(0)+rf (O)J
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2

+{-Ac (0)-21 (0)+f (0))Z+(At(0)-31 (o))f_}.

24

We are interested in to study the stability of solution of difference scheme (2.29) under

the assumption

S
S

k=1

{i|ak|{l+ﬁ@+§ﬁ | }
T T T

ilﬂkl{“ﬁ_ﬁlli' ' %ﬁ_&' +i&'ﬁ'}

Ih‘ |$—)

2

+i|ak|i|ﬁk|{1+ﬁ[ﬁ} v A
el 2]

Throughout this section for simplicity, we put
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%ggakﬂk {L—% + Ar(/ik —{%} rjz +%A2T3 [ﬂk —{%} rjA

e (a2 o [A]] R el )

First of all let us prove two lemmas needed in the sequel. We will consider operators

’A irAY? 2A  irAY? N
R=|1-224 -2 ,
12 2 12 2

Bl _Z'ZA_ ir Al | _72A+ ir Al N
12 2 12 2

and we will introduce the following operators

2 2 452\t
R, =2icA”| 1 -EA ||, ZALTA
12 12 144

and

2 . a2\t
R, —irAv2| | _LA_IZA

12 2

2 H 1/2
R, —irAV?| | LA_ITA

12 2
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Note that R,,R,, and R,,R,, and J,,J:,and J,,J2 and J,,Js and J,,J. are

complex conjugates. Now, let us give a lemma in which some of the estimates were

presented in [22].

Lemma 2.3 The following estimates hold:

IRl <L[R],,.,, <

H—H H-H

[ARy|

H—H

< HA o]

H-H

|A*RR[, . <7, HA RsR H

H—H H—H

HA_UZROHH—)H =7 ”J ”H%H <L HJ:LHH—)H (2-31)

|2 2],,_,, 1|2 2]
H—H
[A734),., s 27754

H-H H—H

[eA3,),  <1eA"34

H—H H—H
Proof. Using the spectral property of the self-adjoint positive definite operators, we

write
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s Al 2 : Al 24\t 2 2
1 _1
| TAT AN iEAR A < sup |LEAI" =) 2/1|
2 12 2 12 seiee| | T3IEA"2 — L 724
H—H
Since
1,22\ 1.2
(l—ﬁr ﬂ,) +57T .
> <1, we have that R, . sl,HRHH <L
(1—%12/1) +17%2 ”
In similar way, we can write
-1
. i /\UZ 2/\ 2
A | g2 T2 < Sup %
2 12 s<aco| LFIE—— 24
H—H
Since
2 2
T ﬂ/ T4ﬂ?
(2 2) —=————> <7, we have that IRs, 0 Sl,HRsu <1.
( _%) + 24 1+ 55+ 54 HoH
And similarly,
2 2 42\t 27 (1 =22
AV i | JEAN L EA L TA < Su (—12)
12 12 144 benin| L+ 22 4 T4
H—->H
_ 21<| —f—j)
Since ————2 <, we have that HA‘“ZROH <r.
1+ 224224 H—H
12 144

In the similar way, we can write

2A\ . _irA”? A
-2 A
12 2 12

_

)
— i’ _ %
1% i

< Sup

S<A<o

H—H
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we have that |J, ], , sl,HJluH%H <

In a similar manner

1/2
vz e[ | 5 TAT _TA < Sup
2 12

6<A<0

13

12
H—-H

) 1 1
Since

2 2 1 2 [ Sl’
—g) +52 TR T

we have that A3,

H—-H

alraa ]

H—->H

In similar ways

. -2
A71/2iZ_A1/2 I _Z-Z_A I I— ITAI/Z _Tz_'a\
12 2 12

2
2, 2
. (1-%%) :
Since <t

2 i)
2 442 2
1- 5”"'714/14) +72/1( ——”)

12

(1) |
< Sup Ak
5<A<o0 (1— 2 12/1)

H—H

12

we have that |A™?J,| <=, HA ”2J3H

H—-H

In the same manner, we can write

2 2 i(1-24
TA1/2(| —%}{iirA”z(l +’12A+714A4 D < Sup -5

2 4,2 |"
s<i<oo |1+ ”“+ ’14/2
—>H

2. \2
Since % <1, we have that
T
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[eA”a,|, | <ifeA™ad <1

H—->H
Lemma 2.3 is proved.

Lemma 2.4 Suppose that (2.30) holds. Then, the operator |-B; has an inverse

T n

T, =(1- Bf)_l. From the symmetry and positivity properties of the operator A the

following estimate is satisfied:

<M. (2.32)

H—H

T

Proof. Using the definitions of B7,R,R, estimates (2.31), the triangle inequality, we

obtain
R -1
AR i W (R
Tk r |z ok 2 12
H->H
Al s AlU2 23\t
+ RHl _A” L FA R,
H—-H 2 12
H—-H
8 " s a2 23\t
+Z£{£} R eal AT TA o
6|7 T HosH 2 12
H-H
Al s a2 2a3)\70
ARCP a1 AL TA)
H—-H 2 12
H—-H
. [I B iz AV2 +12A3 Jl H‘R[ﬂ n R[M }
2 12 o HH Ho>H
i oaV2_2p3\71 A A
+§ﬁ{i} ZA[I—ITA +TAJ H‘RM R }
2|t 4 2 12 . H—H HoH
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4 o aV2 23\t A 2
+iﬁ{ﬁ} Z'4A2(|—ITA +2 A] H‘RM R }
24|t T 2 12 HSH HoH
H—H
n A7 ) i a2 2,3\t
+12|ﬂk| HR[Jl a1 A TA R,
23 H—H 2 12
H—>H
X . i a2 23\t
R a1 AT TA
H—H 2 12
H—H
1A, [A4 ]2 A A
+———[—} R-* TA?| | + + Rs
2|7 T HooH 2 12
H—H
Al ) o AUz _2p3\7t
AR et A T A
H—-H 2 12
H—H
4 A , i oAV2 23\
LA JA TR oat( 14 A2 T A g
24| 7 T HoH 2 12
H—H
A . s AU2 23\ 7%
N B N At S Y
H—H 2 12
H—H
. . a2 23\ A i
+ﬁ—{i} TA2[| +ITA +1 A ] [HRH + RH }
T T 2 12 H—H H—>H

H—->H

s AU2 _2pa3\7% A
T3A3[| +'”; LA J R

+
H—H

12

LA

., 2N A AAs )
T 1+ + + Rs
4 6 144

H—->H
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a7 [4 2 A2 273 _4p6\7t
AR 1A TA L TA :
HosH 4 6 144
H—-H
A1 A 2p2 253 _4p6\71
AIRFREP oA 1 AL TA L TAT
HosH 4 6 144
H—H
NESE 2 p2 273 46\ 1 2
+RHRMl A I+TA+TA+TA R, A | A
HoH 4 6 144 T T
H—H
Ta] A 2 A2 273 _4p6\7T
+= HRMRH a1 TALTA TA
H—H 4 6 144
H—H
T A& 2 A2 2 A3 46\t
AR PApe| g LA AT A R A | A
HoH 4 6 144 r r
H—->H
TAT A 2 p2 2 A3 46\ 71
i1 HRMRMl a1 TAL TR T A g
9 HosH 4 6 144
H-H
Al A 2 A2 2 A3 4 a6 \71
ARIR oAl EA TA TA R A | A
HooH 4 6 144 T T
H—-H
NESEAR 2p2 273 _4p6\7t
L HRMRHl AL EA TR TA Y
576 HosH 4 6 144
H—-H
NS 2 72 2 A3 456\t
AREIRE A TA L TA R Ao | K
HoH 4 6 144 T r
H—H
where
n 2 3
=13y 1B | A3 A | A +Zﬁ{ﬁ} +iﬁ_[
= T 2|t T 6|7 T 24|t
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2

n 1 . . )
S]] 4] -2

n n 2 1 ) 1 6 1 8
DT NCHEY TN BENEN PN

Since <1, theoperator |I—-B; hasabounded inverse, so

1
<—.
Hon  1—(

=

Lemma 2.4 is proved.

Now, let us use the following formula for the solution of problem (2.29) which is
obtained in [22],

U, =u,U, = I+TZ—A+T4A2 _1>< I—5T2A+T4A2 +7 I—Tz—A w+7f
0o = H5 12 144 12 144 ¥ 12 22 |

1 - 1 . 1. 22AY". <
uk_E[ k+Rk:|/l —[Rk—Rk]IAUZCO‘FE(l—E] |AU2[RK—Rkj|Tf22
1 A . s e
s L Ll =

Applying formula (2.33) and the nonlocal boundary conditions in (2.29), we obtain

[ TZAj[ °A? 2A° r4A6J_l
u=T/|1- | + +

+
12 4 6 144
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x :Rm - R[}fin%H}, (2.34)
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Thus, formulas (2.33), (2.34) and (2.35) give a solution of problem (2.29).

Theorem 2.5 Suppose that assumption (2.30) holds when ¢ e D(AY?), w e D(A?) .

Then for the solution of difference scheme (2.29) the following stability estimates hold:

u,+u,.,

2

max
2<k<N

<M {kZ]\A-M f,
s=1

s 7

H
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Ju], <™ {kfﬂA-l’z f
s=1

’ 7+, +HA_1/2WHH +THA—1/2 fZ’ZHH }, (2.36)

Ur — Uy U, +U.,

27

+ max AY?
H 2<k<N

k-1
<M @' e+ |2 v+ ool }

max
2<k<N-1

H

k-1
A7 <M {ﬂ ol o[, 4l +e] ol } (2.37)

A1/2 uk+1 _uk—l uk +uk—1

2T

max A

2<k<N-1

+ Mmax
by LkeN

H

N-1
WS-l 1+l ], o],

N-1
IRV 3 [ I R N A B D 238)

where M doesnotdependon 7z, ¢, w, f,, and f, 1<s<N-L

Proof. Using formulas (2.34), (2.35) and estimates (2.31), (2.32), we can obtain

i

TT

ir AL2 273 -1
||'u||H—>H < {l - d + ? j Rs

2 12

1 n
|32

H—>H
H—H

A s A2 23\t )
R | AT T R, |at,,) -
HoH 2 12 i
H—H
{%}2 (451 irAV2 23 -1
+ > ‘R ‘ | — + Rs
s=1 H—H 2 12
H—>H
c aV2 2a3)\7F
+|RIF (| AT TA J R, ]HA? A
HoH 2 12 H
H—-H
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8 Al s a2 23\t
T A HRMl Al FATTA R
T T HH 2 12
H—-H
A v2 253 )
AREP Al JFAD L EAY o HA‘ff22 r
HoH 2 12 H
H—H
[%}2 A v2  _2x3\t
+ 2 HRM“ TZA(|—'TA £ A] Rs
= HoH 2 12 .
N v2 _2p3\7? )
e i T R Y N S
HoH 2 12 H
H—->H
irtA"? 2A° ' 1
+[e2Al 1 - R, H SR
2 12 KW
H—H
& A .
+ HRM R }‘A‘Zfzz r
HH H—H H
e
+> H‘R[’]_S +‘ RL*) }‘A_% f|
s=1 H-H H-H H
314 A7 irAY2 a0
Fo | 2 IPA] - +
2| 7 T 2 12
H—->H
A A 1
XHHRM +[R) }‘AZfM r
H—H H—H H
2
¥ U‘RMS +‘Rm‘s }‘A%fs r
s=1 H—H H-H H
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LA A ) o | _ieA” PR B

24| 7 T 2 12

H—H
3 '3 1
[H|RM R NAZfM r
HH H-H H

i
+3 [HRM‘S +HRWS }‘A’%fs r

s=1 HoH H-H H

sl L ieA 2 A TAT
+§:k4| —|[zA?| | — + ———{——} ol 7
P 2 12 ' 11,

H—H
7ol A 28 A TAT s
+—||7?AZ| | — + ———[——} At Al T
6 2 12 r |t ly
H

1 0l itA? 281 |4 T4,
+—|°A| | - + ——[—} At 7
24 2 12 r |z e
1,0, A2 281 |4 T4 o
—— A I - + AT T
24 2 12 R %]l

°A irAY2 2A° - irAY2 2A3 -
| - | - + I4].. | + +
12 2 12 2 12
H—H

- Al2 2 a3\1
r-lA‘%Ll—'TA +7Aj Re

H—->H

2 12

H—>H]

H—-H

. A2 23\
] LA Y
2 12
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P . . A12 23\
+—i{ﬁ} R A1 AT TA R,
T T HoSH 2 12
H—H
SR fenf ) AT A 71R
H—->H 2 12 °
H—H
14 A o[ (0 irAY? 2aRYT
+———{—} R TSAZ(I— + j Rs
24|t T HooH 2 12 o
SR e[y AT EA 71R
HoH 2 12 i
H—->H
. . A12 2 A3\t i A
+ﬁ—{ﬁ} rAZ(I _IA +2 A J H‘RH + RM }
3 T 2 12 HoH H-H
H—H
3 , s AU2 23\t A i
+1i—[i} r3A2[I—ITA +TAJ H|RM R }
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Next, applying A"? to (2.44), using estimates (2.31), (2.32) and the triangle inequality,

one can obtain

128



1
Alw

<|[T,
H—H

T [HR[’:*L

H—H

s Al2 2 A3\1
AP TAD TR
2 12

H—-H

R[}%}l

s Al2 2 23\1
+ r‘lA_%[l JAT TA J R, ‘A% i, <
H-sH 2 12 .
[%}2 [ik}s—l iTAllZ T2A3 -1
+ 2 HR ’ LA RsRs
s=1 H->H 2 12
H—->H
s A2 2 A3\1
[%]—s—l ITA 7°A
+HR o (I_ > o) BRIl

H—H

s Al2 243\1
N I_ITA +T A RR.
2 12
H—H

H—H

H—H

s A2 2a3\71
I_Iz'A +z' A RR,
2 12
ir AV2 23 -1
+| 1+ + R,
2 12
2 A . s A2 2r3\1
[HRMl TA2(|+IT2 WL A] Rs

12
s AL2 243\ 1
TA% I+Iz'A +TA R,
2 12

H—->H

+HR[€<}_1

H—->H

An

H—>H

f

2]

H—H
H—->H

H—-H

H—->H

A®f

2,2

H—H

T

H—->H

129



. AL 23\t
TA%(l—'Tg +T1§) RsRs

H—H

. Al2 23 \1
TA%(|_'T2 +2 AJ R.R, If—foal, 7

12

H—-H
H—H

i c Al2 2 A3\t
TA%[|—'”; +71§] RsRs

H—-H

s Al2 2 A3\
dept[ 1AL TA RR
2 12

I

. A12 243\t
TA%[l—'”; +’1§] RsRs

H—H

n H R[%k]‘l

[l

H—H

s a2 23\t
A TR TA )RR
2 12

H—H

. A2 23\
TZA(|+'T2 +T1§j R,

2]

H—H

2 12

H—->H

s A1 2 A3\71
r4A2(I+”A +TA] Rs

H—-H

. A2 23\
AN TR TR
2 12

H—H
H—H

2 12

S

s Al2 2 A3\1
r“A{I—ITA +TA) RsRs

HoH
- HoH

130



A 5 irAV2 723 -1

R ‘Al1-E R.R fof | <

H HoH [ 2 12 56 ” s s—l”H

H—H

i . irAV2 723 -1

+ AT ] - RsRs
12
- H—H
, ir AV2 723 -1
+t A - > + 5 RsRe ‘ f[’i}z
H—H ‘ H

I M| 3 H 1/2 2 A3 -1

+ HRMl Z’4A2(|—ITA +Z AJ RsRs
H—H 2
H—->H
K , i a2 23\t
+HR[;]1 T4A2(| _izA L7 A j R.R, I,
H-H 2
H—-H
s AlR2 23\t
+ z_5A2 I+ITA T A RO ‘f}vk
12 214,

H—->H

A3
12

ir AV2
2

TA%(H

.0

+
H—H

[%}1 [i}s 1 i AV2 23 -1
+ z HR T TA*| I - Rs
s=1 H—H 2 12
H—>H
K . irAV2 72p3 -1
+ R[T]—s Azl | - R, ” f - fs—l”
H—H 2 12 H
H—->H
3 irA”2 2p8Y "
+iz?AZ| | - ‘ fr,
2 12 [7}2 H
H—H

131

%)

H—>H:|

1

Af,,

H

T



P

A |- L < Al2 2 A3
+ R[T} rA? I_lTA +z- A
H—H 2 12
1 1/2 2 a3 -1
+HR[ T4 A _ITA” A .
H—-H 2 12
1|4, A ° 3 irAV2 23 -1
il KR 'S | I S Y B
oz Le 2 12
A X 1
X|: R[f} + R[r:| :| Affzz ;
H-H H—-H

TaAg(I
2'3A3[|

irAV2 22A3 -1
+
12 j

2

H—->H

ir5Ag(| _

12

[

2}

H-H

ir A2

H—->H

P

&

2
T3A§(| —
13A3[| _

irAV2
2

2

ir AV?
2

H—>H

2 A3\7L
N T°A R,
12

2aY
+ f;
12 j ‘ [2]
H—-H

132

i 1/2 273 -1
_|TA +f1§} Re

i 12 2,3\
_IT:;\ +2'AJ R

H

2 A3 \1
+T A Re
12 J

]H AN
H—>H

H

-1
] R6

H—H

H—-H

]II i,

H—->H

|| fs - f5*1||H

H-H _|

H—-H




. Al 23\ 1 2
+l A I+ITA rA ‘ f, ﬁ—[ﬁ}
2 2 12 1z |z
H—->H
1 o, irA? 2pYT A TAT
+=||A] 1+ ‘fﬁk ——[—}
6 2 12 el L
H—->H
) irAV2 23 -1 A A 4
+—|lc* A2 1+ ‘f% x|
2 12 %] ul 7 T
H—H
oA 2aRY” A AT
+=|| A 1+ + ‘fhk ——[—}
2 12 [%] ult T
H—H
: Al 2 A3\t 4
LA e[y TAT A ‘f, A A
4 2 12 Elalz L=
H—->H
2 . Al 2 A3\1
N I_rA I+ITA +rA ‘Ajl/j‘
12 2 12 H
H-H
Ak c AL2 2 A3\t
1425 o i{ﬁ} H * |_”A SR R
244 2 12
H—>H
Rl [|_iTAl/2 TzAS]lR
H—H 2 12 ’
H—->H
74 TA T[] irA2 2’
| A IR 2A| | - Rs
6|7 T 2 12
H—H
B N L e
HooH 2 12 ) "
H—->H

133



+ I—iTAU2 CAY 3|4 | A i 2 I_irA”2 2A)0
2 12 2| 7 T 2 12
H—-H
4 s Al2 2 a3\1 ) N
_,_iﬁ_ A 74 A2 I_IZ'A +2’A R[} +R[f}
24|t T 2 12 .
H-H
n Ean 12 2 a3\ !
{lzmﬁ{ﬁ} HRHl (I_er r Aj "
2 k=1 T T H—H 2 12 ok
I 1/2 2 A3 \1 .
JREP AL A |ait,,| -
HoH 2 12 H
H—>H
[%}2 [Lk}_s . i AV2 23 -1
+ 2 HR ’ |- RsRs
s=1 H—-H 2 12
H—->H
s A2 2 A3\ 1
[%]-s1 ITA T°A
+HR HoH - 2 " 2 ReRs ” fo - fH”H r
H—H
[ ir AY2 2p3\7! . A2 2 a3\!
N I_ITA +z'A R Re N I_ITA +TA RR.
2 2 12
— H—H H—H
I | H 1/2 2 A3 -1
+ HR[} 1 [I _lz'A LT A j R<Rs
H->H 2 2
H—>H
s Al2 2 a3 \1
[4] IiTA °A
+HR HoH [I B 2 12 RsRs ” f1||H
H—->H
1 irAY? 2A3 -
+| A2 | — + j R, ‘ f.
12 [7]—1 H
H—H

134

H—-H

|

2}



3 Al . 1/2 23\t
A A HRMl Al AT TR g
6|7 T HoH 2 12
H->H
N s a2 23\t .
+R[T}1 ?A I—ITA +TA Rs ‘Aifzz T
H—->H 2 12 o
H—H
[%}2 [4])-s1 irAV2 2p3YT
+ Z HR ‘ TZA(I - + ] RsRe
s=1 H-H 2 12 H—H
e irAV2 L2p3 -1
o I et R fo—f
. 2 12 Rs 6 ” s Sfl“H
H—H
[ itAY? 2A3 B
+| [22A] 1 - > + T RsRe
H—-H
. AL2 23\t
+72AI—ITA +TA RR, ‘f%
2 12 =2l
H—H
i Al ) 2 A3 \1
4 HR[J 1 TZA(| _ITA +T A J RsRs
i H—H 2 H—-H
- irAV2 23 -1
o et R.R f
H o 2 12 5' %6 ” 1||H
H—->H

o irAY 12A3J1 ‘
+T3A2(|— + Ro fik
g
2 12 - e
A A 1
{H\RH R }Azfm :
H—-H H—H H

135



< Al2 23\t
(|—IT§ +T1§j Re

H—H

HR I~ .l

H—H

+|licA| | - A + TN b ‘ f
2 12 (%],
H—H
ST =y
- 6
H—->H 2 12 HosH
e AVZ 23 1
R AT R f
H HoH [ 2 12 ) ° Il
H—H

A A 1
X[H‘Rm R } At | -
H—->H H—->H
[&}1 i AV -
+ TZ HR[MS | - iz A + CA Rs
s=1 HoH 2 12
H—H
" irAV2 723 -1
+[RF LA R f—f
H HoH ( 2 12 ° I~ Tl
H->H |

+

Y 2,3\
icA| 1A, T A
2 12

I

3}

H

H—H

136



R . 12 2 A3 \1
X le I_er +7A Rs
H—H 2 12
H—->H
" A2 2 A8
NAEE A R f
S O S L
H—H
1

. 12 23\t
r“AZ(I—ITA +TA]

2 12
H—)H:|

H—H

1

R[%} A? f2,2

T
H

Al -
j% HR[@_S 2] ir AY? +T2A3 1R
_ 6
2, . 2 12
H—H
) s A2 273 \*
R Mz[. _'T’; +Tl’2* j Rl (1T~ feal,
H-H H—>H |
. 5 iTAllZ TZA3 h
+ir?AZ| 1 - + ‘ fra
2 12 [7}2 H
H—H
+ H R[%} ) 4A2 I iTAllz T2A3 1 R
- 6
H—H 2 12
] H—H
k s A1 2p3\!
e #A{l e e j Ry ]II fll
H—H H-H

. 12 2 a3\t
A I_ITA +T A
2 12

n 3
+Z|(Zk | {E
k=1

H

137



s a2 23\t 3

i Tlpop AT TA ﬁ—[ﬁ} fr

6 2 12 ' R REIN

1 ira” 28 A [AT
+—|*Al I - + Do 2

24 ( 2 12) r [T} ]l

H—->H

1 ira? 2N A TAT
——|°A%] 1 - + . S, s S (I B

24 [ 2 12 ] 7 L} K"

2A irAY2 23T
I - (I +
12 2 12

. A12 2 A3\t
11£I+IT': +T1§j Rs

||A¢||H]

H-H

H—->H

H—-H

+REH I I+iTAM+T2A3 71R
H—H 2 12 °
H—H
2 Al < A2 23\t
+1ﬁ—{ﬁ} Rl Al ATAT L TA
2|t T HoH 2 12
H—H
A o av2 2,3\t
AR e[ 1 AT EA o
H—-H 2 12
H—H
;JK s a2 23\t
iﬂ ﬁ 32 |+ITA +Z‘A Rs
24 2 12
H—-H

ARET

12

H—H

s A2 2 A3\ 71
13A2(|+'”; +TAJ R,

H—H

138



LK

+
H—H

A1) | "
i [4] L)

N-1
LM IR TRV A P e N 249

s=2

3

B/

+
H—>H

SR

. a2 23\1
A2 I+ITA + L A
2 12

Now, Let us prove the estimates (2.36), (2.37), and (2.38) for k >2. By using formula
(2.33), we obtain
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Using formula (2.47), estimate (2.31) and the triangle inequality, we get (2.36)
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Applying AY? to (2.47), using estimate (2.31) and the triangle inequality, we obtain
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It 7 +5

+1(HF§H +|R| ) [|+2'2_/A\+14A2)1
2 H_H H—H 12 144

H-H H—-H

+HR

H—H

2
o3 (L
<M {’:le” f, ”H T+HA1/2¢HH +||V/||H +TH fZ’ZHH } (2.52)

Ui —Uy

Combining the estimates for 5
T

forany k>2, we have
H
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U —U,

2T

max
1<k<N-1

N-1
<M {Z” ., T+HA1’2¢HH v, +7| fMHH } (2.53)
H s=1

From estimates (2.48) and (2.53), we obtain (2.37).
Now, applying Abel's formula to (2.51) , we have

Upg —Uiy _i k-1 Sk-1] i k-1 k-17]; p-1/2
Z—T—ZT[J3R +J3R _¢+2T[J3R IR ia "y

2 4p2\7? 2 a2\t
+i[§k+Rk] |+ ZATA 12f22+i |+ ZATA o*f,
2t 12 144 2t 12 144

1(, A A ) s 1, 12 s .
+2_r(|+§+ 144) [R+R|z fk_1+§r§[Jsz +IR(1 - 1,,)

1 1 1, s ]
—ET[32R+J2R:| f, +§T|:J2Rk "+ J,R ] fl},Zsk <N. (2.54)

Next, applying A”? to formula (2.54), using estimate (2.31) and the triangle inequality,

we get
e (TS Y S S S
Lo N ) ]
N e I |
1. 2p FAp2 -1
AR AR S | e,
H-sH
1
+1 (|+72_,0\+T4A2j HAﬂszH .
2| 12 e ) | "
1e 2p L4p2 -1
+§(HRHH9H +Rl,, ) ('+11_2+T144J .
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-

SRt > GRS LS L,

+HrA1’2J2H
H—H H—H

e [ iZaREE P WO e N Y [ L

k-1
R

ir g
#3 A cleans, R, 6l

H—H H—H

N-1
<M {;II o=t +IEl +1Agl, +[a ], +o]a 1], .

u.,—u
AV? el kLl forany k, we get

Combining the estimates for
2t H

Al/2 Ui — U,
27

max
1<k<N-1

N-1
o St R, el

(2.55)

From estimates (2.50) and (2.55) it follows estimate (2.38). Theorem 2.5 is proved.

The stability estimates for the solutions of these difference schemes are obtained. We

denote the mesh function of approximation by af:{ak}kN:O . Then

H(I+%+*g‘3+%)’la1HH ~|a],, =o(z) if we assume that 7|Aa|, tendsto O as

7—0 not slower than ||a1||H . It takes place in applications by supplementary

restriction of the smooth property of the data of space variables.
Let us give a number of corollaries of Theorem 2.5.

First, we consider the mixed problem for hyperbolic equation (2.21).The discretization
of problem (2.21) is carried out in two steps. First step is exactly the same with Section
2.2. In the second step, we replace problem (2.23) by difference scheme (2.56)

144



‘z(uk+1(x) 2uR () + Uy (X)) + ZAXUR ) + A% (U, (X) + up_; ()
—L22(AN)Z Ul () + (A (Ul 00 + Ul (%) = F(x),
fRO0 = 2"t X) + 55 (" (tear, %) + " (t1, X))

( —AREN (b, x) + it X)) — 1’44( —AL (" (ter, ) + T (11, X))
+ftt(tk+1,x) +fi(tice, ), x € [0,4]p,tk = ke,Nt = 1,1 <k <N -1,

upoo = (1- E@0” + 2@a0*) "
En:“k{(ﬁr_k‘['li/ﬂ)‘??rzp‘ﬁ(“ WT) )(“Mﬂ(x) 2 ()
H(1- ZAx (A - i) + S A0 (B = ) )ul

9 +%(ﬂ— A,-/T) g + 22 (2 - /1/7) .

L (B = [Af) g — AX(“ [24/21) e } +0"00,x € [0,1]1,
1 (U0 - uh) = (1= A (1+ E@a) ™2+ Zan*) ™
xZ/Bk{[——— (A )"+ A (& - i)

X(Upay — Upag-1) + (AR (2 - wf]) + 207 (B - Tayh])? )upe
el (2 = ) + 47, 0 (2 - i)

+ A (B = ) + ”M(l [Aif7])*

~ LA (2 - i) ° —;—4A;§f’wﬂ (%—[}L,—/ﬂ)“}wh(x),x e [0,1];.

.
(2.56)

Theorem 2.6 Let 7 and h be sufficiently small numbers. Then, the solution of

difference scheme (2.56) satisfies the following stability estimates:

h h
U +U U +U U U
max ||~ +max|~“5< + max [+
1<k<N Lon 1<k<N W2h 1<k<N-1 Lon
<M, Hf +H1,//h +H¢h ) +7H f), ,
k<N—l Lop Lop Wi, Ly,
h h
max L'IkJrl uk 1 + max uk +uk -1
1<k<N-1 Tolwg, k<N W2,
<M, H £ + max H - fk A +H1//“ ) +H¢h lwz +TH f,, .
Ln  2<k<N-1 Lon Wan 2h W3,
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Here M, doesnotdependon z, h, ¢"(x), w"(x), f,, and " 1<k<N.

The proof of Theorem 2.6 is based on the abstract Theorem 2.5 and the symmetry

property of the operator A" defined by (2.22).

Next, we consider the mixed boundary value problem for the multi-dimensional

hyperbolic equation (2.25).

The discretization of problem (2.25) is carried out in two steps and first step is exactly

the same with Section 2.2

In the second step, we replace problem (2.27) by the difference scheme (2.57)

72 (Ufy (0 = 2uR () + Ul () + TARUR() + 55 A% (U, () + uf_ ()
—%‘L’Z(AX) 0 (x) + 1744 (A2 (up,, (x) +ul, (x) = fi(x)
fh(X) 5fh(tk,X)+ (fh(tk+1,X)+fh(tk 1,X))+ ( Axfh(tk,x)+f (tk,X)>
i (AR (e, X) + 1 (s, X)) + Fi(tes, X) + Fites, X)) X € Qp,
ty =kr,1 <k <N-1,Nr =1,
O(X) (l |r(Ax 1/2 2 (AX) )

Zak{((i—k - [xj/r]) — AR (A - i) ) (Ul 00 — Ul (0)

(1 31 Ax ),J/T > + L (AX) M - [),j/T]>4>UFM/ﬂ
< +%(A—k— lj/‘[) f,{,/r] +_ T = ;tJ > f[l/f
4y (B - ) flae — 25 (5 = [Aif]) f“ﬂ}+¢ 00).x & O,

(U (0 - uh(x)) = (I——AX)<I @AD" - ZA0*)
xkiﬁk{[%— LAR(A - ) * + (AN (& - i)
-1

XUz —uz,./ﬂ_1>+(—AXr(“ wr>+f—(AX> (% = yf1)* )upage

sefigg (2 - A1) + 28, (2~ A4)°
= (O C [Aj2])° + £t el (’1 [2iic])*

~ T AR (2 = i) = AR (B - [;L,-/r])“} +yh00,x € Q.

(2.57)
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Theorem 2.7 Let 7 and |h| be sufficiently small numbers. Then, the solution of

difference scheme (2.57) satisfies the following stability estimates:

h h
Uy —U

2T

o

+ max
1<ksN-1

2h L2h

o[ | e,

h
% 1
1<k<N-1 Lan Lan Wy, Lon |

+ Mmax
Ly 1<ksN-1

max
1<k<N-1

< Ml[u ;) " }

Here M, doesnotdependon z, h, ¢"(x), w"(x), f,, and f"1<k<N.

-2 h h h
o2 (ug, —2uy +uf )

h h
U Uy +max
27

2h

h
, +[e

Wan

h
g, + 2
h

ua

+max” —fkl

Loy, 2<k<N-1 Lo

The proof of Theorem 2.7 is based on the abstract Theorem 2.5, the symmetry property
of the operator A, defined by formula (2.26) and Theorem 2.4, on the coercivity

inequality for the solution of the elliptic difference problem in L.
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CHAPTER?3

NUMERICAL RESULTS

3.1 The Problem

In this section we consider the multipoint nonlocal boundary value problem

S2u(t,x)  dAu(t,X) _ /42 .
e =t =2t+3)sinx,

O<t<1l0<x<m,

u(0,x) =2u(@,x)+iu(t,x)+&sinx,0< x < 7, (3.1)
u,(0,x) =2u,(L x)+2u,(3,X)—2sinx,0< x < 7,

u(t,0)=u(t,7z)=0, 0<t<1.

for one dimensional hyperbolic equation. The exact solution of (3.1) is

u(t,x)=@-t)*sinx.

For approximate solution of problem (3.1) we consider the set [0,1] x[0,7], of a
family of grid points depending on the small parameters ¢ and h
[0,1] =[O, 7], ={(t.,x,): t, =kz,0<k <N,Nz=1x =nh, 0<n<M, Mh = 7}.
and we will use the third and fourth order of accuracy difference schemes respectively.
We will use a procedure of modified Gauss elimination method with respectto n with

matrix coefficients.Here, theoretical results are supported by this numerical
experiments. Results are presented in the last chapter.

3.2 Third Order of Accuracy Difference Scheme Solution for Multipoint Nonlocal
BVP of the Hyperbolic Type

Using these simple formulas

u(xn+1)—2ué2xn)+u(xn1)_u~(xn):o(hz), (32)
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U(Xn+2)_4u(xn+l)+6ur£j(ﬂ)_4U(X”1)+u(xn2)—U(W) (Xn)—O(hZ),

(3.3)

2u(0)—5u(h)+4u(2h)—u(3h)
h2

—u (0)=0(h?), (34)

2u(1)-5u(1-h)+4u(1-2h)—-u(1-3h)
h2

—u (1)=0(h?), (3.5)

and difference scheme (2.2), we obtain the third order of accuracy in t and fourth
order of accuracy in X difference scheme for the approximate solutions of the

nonlocal bvp (3.1)

k+1 k k-1 k k. k k+1 K+l kel k-1 k-1_ k-1
Un —2Un +Un _ 2 un+l_2un +Ung _1 Unsi —2Un +Un + un+1_2un +Un-1
2 h? 6 h? h?

+

k+1 k+1 k+1 k+1 k4l
ﬁ Unyz —4Uni +6Un —Aup T +Hup T — ¢k
12 he )

2

#={30 -2t +3)+ 5t D)
+%((tlf+l - 2tk+l + 3) + (tkz—l - 2tk71 + 3))} Sin Xn1

t =kz, 1<k <N-L Nz =1,
X,=nh,2<n<M -2,Mh=r,
uy —2uM? — 1y =&sin(x,),0<n< M,

n— 8
) - g Lot
I e e s ) e e Y L EO Y
144 . 4
b =+t =St = F 7 g+ gp)sin X+ gsinx
2<n<M -2,

U, =U, =0,0<k <N,

(3.6)
u, =4u, -5u,,u,, , =4u,, ,-5u,, ;,0<k<N.

We have an (N +1)x(N +1) system of linear equations. We resort the system (3.6) and

write in the matrix form
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4 2
T k+1 1 2 k+1
(12h4 )u”+2 + ( 6h2 W)u"” + ( 3h2 )u’”l
k+1
( 6h2 )u”” + (_ o 3h2 2h‘1 )u” + ( 2 T 3 )u”
‘[2 k+1
(72 3n2 )u ( 6h2  3h4 )u” i ( 3h2 )u”—l

( ehz>“n1+<12h4>uﬁ*%—<pn,1§k§N—1,2§n§M_2,

- {E(tﬁ — 2+ 3) + (- D2+
[(tk+1 2ty +3) + (tﬁ_l -2t + 3)]} sinXp,
t =kr,1 <k <N-1,Nr=1xp=nh,2<n<M-2Mh=r,

ud — 1uﬁN/2) - suf = 3sin(xy),0 < n < M,

4 ) 1 ( 4 ) 0 ( 4 72 ) 1
u-.,+ (- u), + (- - u
( 144n% /" N+2 144n% /" N+2 36h4 12h2 J N+l
4 2 72 2 4
+< L L )u + ) ( 1- = -1 )uo
36h*  12hn2 ) N+l 6h2 24h4 6h2  24h% /"

4 2 4 2 0 4 1 1,4 0 N
+<—’ —- -z )ul +<’ + L )u + ut, + (- ud, = ol,
36h*  12n2 / -1 36h*  12n2 / n-1 144h4 n-2 1aans Jon-2 = @n

N_ (_ 2 8, 5.4 1.5 78 r7>'
gon—< 2T+7T s T2’ 367+t 288 T 216 sin(Xn)

+§sin(xn),2 <Nn<M-2,up=uy =00<k <N,

Uz = 4u, —5uq,Upm_z = 4Uup_s —SUp-1,0 <k < N.

3.7)
After resorting the system we have the following linear system

n+l

AU ,,+BU ,+CU +DU,  +EU ,=Rg,2<n<M -2, (38)
U,=U,, =0,Uf =4U¥ -850k UX , =4U¥ ,—5UK . ,0<k <N. '

Here,

L r ' J(N+1)x(N+1)
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0
y w v O 0 O
Oy wv.0O0OUD O
B= :
0O 0 00 .0 vy wuv
s =5 0.0 .00 0 0],y
1 0 0 -1 .00 -1
| m 0 000 O
O I nm 000 O
C=
0 00 O 0 I n
| -t 00 . 000 0],y
D=B, E=A
where
g Ty o2
12h*’ 6h? 3h*’ 3h?’
I S S S
Y= T2 T T ont

r= S = +
144h* 12h* * 36h*

t:1+T—2+ 4 T
6h®  24h
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1 .0 1
¢
R=|. . . L gi=| " ,0<k <N,
0 .
+1)x( N+ N
(NN ¢n (N+1)xL
o 31 .
=—SIN( X, ),
& 32 (n)

3 6 7
g = _2T+12—T—+£r4 —115+T—+T— sin(xn)+£sin(xn),
6 24 36 288 216 8

2

2 T
¢: = {5 (tk2 - 2tk +3) +E(tk+l _1)2

+%|:(tk2+l —2tk+1+3)+(tk21—2tk1+3)]}sin(xn),1£ k<N-1
and
UO
K Ui
U, = ,0<k<N,s=n-2,n-1nn+1Ln+2,
USN (N+1)x1

For solution of difference equation (3.6), we applied the modified Gauss elimination
method. Therefore, we are looking for a solution of the matrix equation by the

following form
U=aU. +8.U,.,+7.,n=M=-2,.210 (3.9

where @, 5, (j=1+-M are (N+1)x(N+1) square matrices and y; are

(N +1)x1 column matrices. Then, we obtain formula of «, ., 7.1
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B..=—(C+Da,+EB, ,+Ea, ,a, ) (A),
a,,=—(C+Da,+EB, ,+Ea, @) (B+Dg, +Ea, B,),
7.u=+(C+Da, +EB _,+Ea, & )"

x(Rg, — Dy, —Ea, 17, —Ey,4),

(3.10)

where n=2: M-2 and o, B, . % B, s

0.0 0.0
o =\. . . LBo=. .. ,
0 (N+1)x(N+1) 0.0 (N+L)x(N+1)
0 10 .0
0 0 £ .0
=02 = y G = ,
0 (N+1)x1 00 % (N+1)x(N+1)
-1 0
o -+ . 0
B, = ) J
0 0 . -5 (N+1)x(N+1)

and U,, =0. Applying formulas

Uy =ay Uyt 7ua
Uys=ay_ Uyt BuUustrua
UM—3 :4UM—2 _5U|v|—1’

we obtain

(4| _aM—Z)UM—Z +(_5| _:BM—z)UM—1 =Vm-2

or

(4| _aM—z)(aM—luM-l+7M—1)_(5| +:BM—1)UM—1 =Vm-2-

Thus, we get
U =[(By_, +51)—(4l _aM—Z)aM—l]_l[(4| — 0y _2) VY2l
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Finally, using the formula and matrices presented above we obtain the fourth order of
accuracy difference scheme solution of nonlocal bvp (3.1). By matlab implementation,
we get the numerical results for the solution of (3.10) for different M and N

values.

3.3 Fourth Order of Accuracy Difference Scheme Solution for Multipoint

Nonlocal Boundary Value Problem of the Hyperbolic Type

Applying formulas (3.2), (3.3), (3.4), (3.5) and using difference scheme (2.29), we
obtain the fourth order of accuracy difference scheme for the approximate solution of
nonlocal bvp (3.1)

= k k. k k+1 k+1 ,  k+1 k-1 k-1, k-1
ug?—2uk+uf™ 5 Upg2uptupy \ 1 Upip—2Un "~ +Up’y Upj—2Un +upg
,[2 6 h 2 12 h 2 h 2

k k k k k
_i Upyo—4Up+6un—4up, (+ug
72 h#
k+1 k+1 k+1 K+l k+l k-1 k-1 k-1 k-1, k-1
‘L'Z un+2_4un+l+6un _4un—1+u n-2 + un+2_4un+l+6un _4un—1+u n—2 — (Dk
144 h4 h4 n»

ok = {3t -2t +3) +
L[ty — 2ties +3) + (t2, — 2tiq +3)] } sin(xn),

< te=kr, 1<k<N-1,Nr=1x,=nh1<n<M-1Mh=r,
o) = Zsin(xn),0 <n< M,

no-n 12

h2

4 (Uﬁ+2*uf1)+z)*4<”r11+ruf1)+1)*6(U%*Uﬂ)*4(U%-rUg—l)*(U%—z*Ug-z) N
144 h* = ¢n
N_ (_ 2_ 3 b 25 S A 78)'

Pn = ( 2t +1 6 T12 718 T a2 T Tis2 sin(Xn )

+§sin(xn),2 <N<M-2,up=um=00<k <N,

us = 4u, — 5U1,U|\/|,3 = 4Up_o — Bupy_1,0 < k < N.
~ (3.11)

We have an (N+1)x(N+1) system of linear equations.Resorting the system (3.11)
and writing in the matrix form we have again the same (N +1)x(N+1) system of

linear equations (3.8).

In (3.8), for this problem
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A= ,
0O 000 .0 Xx vy X
-r r 00 .00O Jinsnnag)
i 0 0 0 0 0 O]
v w v 0. 00 O0DO
0O v wv .0O0OTP O
B= ,
0O 0 0 0.0 v wyv
s -s 0 0. 00 0 O] (N+1(N+1)
1 0 0 -+ 00O %_
m O 0O 0 0O
O m n m 0O 0 0 O
C= ,
0O 0 0 O Omnm
-t O 0 . 0 0O O_(N+l)><(N+1)
D=B, E=A
where
7? 7? 1 72 5 72

X=——,y=— V=-— - W= ———
144h* y 72h* 12h*  36h* 6h®> 18h*

1 1 £ 2 5 7

__c, 2 ’
r?  3h* 12h*

Mm=—-+—+——N=—
% 6h* 24h*

4 4 2
T T T

r= S = + ,
144h* 36h* 12h?
2 4
t =1+T—2+T—4,
6h°  24h
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R=|. ,
0 (N+1)x(N+1)
and
u0
| U
U = ,0<k<N,s=n-2,n-Lnn+1n+2.
N
Us (N+1)x1
¢0
1
¢ = & ,0<k <N,
N
¢n (N+1)x1
N :%sin(xn),

3 4 5 6 7 8

g = P R A sin(xn)+£sin(xn),
6 12 18 18 432 1152 8

{6 (t2 - 2t +3) + L [(tk+1 Dty +3) + (2, — 2ty +3)]

7 (t -1)? 144[( kﬂ 1)2+(tf1—1)2}}sin(xn),1£k§N—l,

For solution of difference equation (3.11) we use the same method of the previous
section. Using the formulas and matrices above we get the fourth order of accuracy
difference scheme of problem (3.1) and using matlab we obtain numerical results for the

solution of (3.11) forvarious M and N values.
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3.4 Error Analysis

We consider the nonlocal boundary value problem (3.1). For the approximate solutions
of problem (3.1) we used the third and the fourth order of accuracy difference schemes
defined by the self adjoint posistive definite operator A. The graphs of exact and

numerical solutions are presented below:

EXACT SOLUTION

Figure 3.1. The exact solution of problem (3.1)
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DIFFERENCE SCHEMES SOLUTION

Figure 3.3. The fourth order of accuracy difference scheme solution (2.29)
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Now, we will show the results of the numerical analysis. The errors are computed by the

following formula

Zhj’

represents the exact solution and U

M-1
Ea :1!P<q\|x_1(z‘u (tk,Xn)—U:
XS n=1

where u(t,,x,) represents the numerical

solution at (t,,X,)-

The result of numerical experiments are shown in the following table. We denote the
third order of accuracy difference scheme (2.2) by TO and the fourth order of accuracy
difference scheme (2.29) by FO.

Table 3.1. Errors for the approximate solutions of problem (3.1).

Method M=20 , N=20 M=40 , N=60 M=80 , N=180
TO 0,5962.10° 0,7029.10* 0,8009.10°
FO 0,1143.10° 0,4799.10™ 0,2120.10™

Thus, the fourth order of accuracy difference scheme is more accurate comparing with

the third order of accuracy difference scheme.
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CHAPTER 4

CONCLUSIONS

This work is devoted to the study of the stability of difference schemes for the solution
of the multipoint nonlocal boundary value problem for hyperbolic equations. The

following original results are obtained:
e The nonlocal boundary value problem for hyperbolic equation
U0 4 Au(t) = () 0<t<1,
U(0) = X au(4,) +4,
r=1

10 =2 Au(4) v,
O<A <A <..<A4 <]

in a Hilbert space H with self -adjoint positive definite operator A is studied.

e The third order of accuracy difference scheme (2.2) generated by the integer power
of A for approximately solving the abstract nonlocal boundary value problem (4.1) is

presented. Stability estimates for the solution of this difference scheme are established.

e The fourth order of accuracy difference scheme generated by the integer power of
A (2.29) for approximately solving abstract nonlocal boundary value problem (4.1) is

presented. Stability estimates for the solution of this difference scheme are established.

Theoretical statements for the solution of these difference schemes are supported by the

results of numerical experiments
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