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ABSTRACT

ROBUST MOVING HORIZON H,, CONTROL OF DISCRETE
TIME STATE-DELAYED SYSTEMS

Fatma YILDIZ TASCIKARAOGLU

Department of Electrical Engineering
Ph.D Thesis

Adviser: Assoc. Prof. Dr. ibrahim Beklan KUCUKDEMIRAL
Co-adviser: Dr. Seref Naci ENGIN

This thesis is concerned with design of a delay-dependent type moving horizon state-
feedback control (MHHC) for a class of linear discrete-time system subject to time-
varying state delays, norm bounded uncertainties and disturbances with bounded
energies. The closed-loop robust stability and robust performance problems are
considered to overcome the instability and poor disturbance rejection performance due
to the existence of parametric uncertainties and time-delay appeared in the system
dynamics. The main objective is the development of possible low conservative stability
condition for time-delay systems and of a novel control method for such systems using
dissipation constraint together with on-line adapting of the dissipation level. For that
purpose, the constrained minimax optimization problem is dealt with in the framework
of Linear Matrix Inequality (LMI), in which the maximization is realized over a set of
uncertainties and bounded disturbances. Utilizing a discrete-time Lyapunov-Krasovskii
(L-K) functional, some delay-dependent, LMI based conditions are provided. It is
shown that if one can find a feasible solution set for these LMI conditions iteratively in
each step of run-time, then we can construct a control law which guarantees the closed-
loop asymptotic stability, maximum disturbance rejection performance and closed-loop
dissipativity in view of the actuator limitations. Two numerical examples and
simulations on a nominal and uncertain discrete-time, time-delayed systems, are
presented at the end, in order to demonstrate the efficiency of the proposed method.



Key words: Moving horizon control, H.. control, model predictive control, time-delay
system, delay-dependent control, time-varying delay, robust stability.
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OZET

DAYANIKLI MODEL ONGORULU H., KONTROL iLE
AYRIK ZAMANLI DURUM GECIKMELI SISTEMLERIN KONTROLU

Fatma YILDIZ TASCIKARAOGLU

Elektrik Miihendisligi Anabilim Dali
Doktora Tezi

Tez Danismant: Dog. Dr. Ibrahim Beklan KUCUKDEMIRAL
Es Danisman: Dr. Seref Naci ENGIN

Bu tez ¢alismasinda, zamanla degisebilen durum gecikmesi, normu sinirlandirilmis
belirsizlikler ve smirli enerjiye sahip bozucu etkiler iceren dogrusal ayrik zamanl
sistemler i¢in zaman gecikmesine bagli geri-beslemeli model 6ngériili Ho kontrol
yontemi (MHHC) tasarimi {izerinde durulmustur. Sistem dinamiklerinde bulunan
belirsizliklerden ve zaman gecikmesinden kaynaklanan kararsizligi ve kotli performansi
onlemek amaciyla kapali cevrim dayanikli kararlilik ve dayanikli performans
problemleri ele alinmistir. Calismanin temel hedefi, zaman gecikmeli sistemler igin
tutuculugu diisiik kararlilik sartt ve bu sistemler i¢in ¢evrim i¢i degisen kayiplilik
seviyesi ile kayiplilik kisitin1 kullanarak yeni bir kontrol yontemi gelistirmektir. Bu
amacla, en kotli durumun bir takim belirsizlikler ve sinirlt bozucu dahilinde bulundugu
kisitlt minimax optimizasyon problemi Lineer Matris Esitsizlikleri (LME) ¢ercevesinde
ele alinmistir. Kapali ¢evrim sistemin asimptotik kararliligini, Hoo performansimni ve
yitirgenligini saglamak amaciyla ayrik zamanli Lyapunov-Krasovskii (L-K)
fonksiyonelinden faydalanilarak her bir adimda yinelemeli olarak ¢oziilen gecikmeye
bagli LME tabanli sartlar sunulmustur. Son olarak, Onerilen yontemin etkinligini
gosterebilmek amaciyla, nominal ve belirsizlik i¢eren ayrik zamanli zaman gecikmeli
sistemler icin ¢esitli sayisal 6rnekler sunulmustur.

xii



Anahtar Kelimeler: Model 6ngoriilii kontrol, H kontrol, zaman gecikmeli sistemler,
gecikmeye bagh kontrol, zamanla degisen gecikme, dayanikli kararlilik.

YILDIZ TEKNiK UNiVERSITESI FEN BILIMLERI ENSTITUSU
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CHAPTER 1

INTRODUCTION

1.1 Literature Review

Time-delay systems have drawn considerable attention for the last few decades due to
the fact that these systems represent the behaviour of processes more close to real world
situations. The primary effects of delay in the behaviour of physical plants and systems
are a deterioration of performance, and exhibition of an unstable respond. There are
many sources of delay existence in a system which can be exemplified as due to long
transmission lines, or intensive communication channels, approximations in the
identification or modelling of real systems and finite rate or capability of computing
power for control and communication purposes in remote systems. The theoretical and
practical investigation of time-delay systems and negative effects of delay phenomenon
on the stability and performance of feedback systems have been comprehensively
investigated in the literature by a great deal of studies such as [1-3]. Besides, a review
article on definitions and classifications of time-delay systems has been made together
with stability analysis in [4].

The stability analysis of time delay systems can be divided into two groups regarding
whether the derived stability condition depends on the delay size or not. Namely, the
former one is called the delay-dependent stability and the latter one is called the delay-
independent stability. Recently, the focus has been initiated to concentrate on delay-

dependent controller because of its less conservative structure [3, 5-7] .

H~ control mainly deals with the synthesis of feedback or feed-forward controller for
dynamical systems to establish a stable behaviour or respond in a robust sense when the
controlled system is subjected to an external disturbance effect. Hoo control problem
received a considerable amount of significance in the last decade under the existence of

time-delay which might be constant or even time-varying. The main reason arises from
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the fact that the so-called Bounded Real Lemma (BRL) signifying the H ., performance
of a given plant or system devoid of any delay effect proves to yield a necessary
condition while its counterpart given for the case of an existence of time-delay can
afford to achieve only a sufficient condition. This observation implies that the H
results concerning time-delay systems inherently involve potential conservativeness
which leads the researchers in the time-delay community to construct further
investigation to achieve better H, performance. Therefore, for continuous time case,
one can refer to references [5, 8-11] and the references therein for the Ho control of
time-delay systems (TDSs) having zero lower delay bound and [12-16] for the Hoo
control of TDSs with interval time-delays. For the discrete-time counterpart, the reader

can refer to [17, 18] and the references therein.

Moving Horizon Control (MHC), also called as Receding Horizon Control (RHC) or
Model Predictive Control (MPC) in the literature, is a widely used method of control of
industrial processes, especially having large number of variables and constraints, due to
its superior capabilities in handling constraints on control and states, operating with less
human intervention and reacting dynamically to system changes rapidly. The main
approach in MPC is to solve a constraint optimization problem on-line at each time
instant by utilizing the past and current feedback information and apply only the very
recent control solution to the system. For a good survey and recent approaches on the
concept, one can refer to [19-25] and the references therein. The general classification
and areas of application of these systems have been comprehensively investigated in
references [26] and [27].

In [26], Mayne clusters the papers in the literature regarding the subjects of stability and
optimality of MPC. This research deals with MPC of constrained linear and nonlinear
dynamic systems. In this note, the stability techniques, state and output feedback forms,
tracking and H., MPC control are briefly mentioned. Moreover, the basic formulations

of MPCs are presented.

The MPC design methods typically have been based on the concept of Lyapunov
Theory. At the beginning of the 1990s, stability of MPC was achieved for linear,
unconstrained systems. The first general stability theory of constrained MPC for time-
varying, constrained, nonlinear discrete-time systems was described and the objective

function was first employed as a Lyapunov function in the study of [28]. For the other



important literature examples, the main studies concerning the development of MPC

stability is presented as follows:

In [29], Chen and Allgower studied guaranteed asymptotic closed-loop stability for
MPC that can be applied to both stable and unstable systems with input constraints. The
quadratic objective function to be minimized consists of an integral-square-error and a
quadratic terminal cost. Their controller employs both a terminal cost and a terminal
constraint. Terminal cost term has a terminal state penalty matrix which is chosen as a
Lyapunov function. The terminal inequality constraint drives the states to a terminal
region at the end of the finite prediction horizon. It has been proven that this off-line
determination of penalty term and terminal region with respect to Lyapunov stability
guarantees asymptotic stability of the closed loop system if a feasible solution of

optimization problem is present at time ¢ = 0.

For robust MPC, in [30] Zheng and Morari put forward that the stability is not
guaranteed in the original minimax MPC. A new robust MPC technique was proposed
for asymptotic stability for control of uncertain linear systems as well. In [31] it is
addressed LMI based minimax formulation that has difficult implementation with
quadratic criteria. The formulation is conservative due to the upper bound of the cost
function for maximization, a constant feedback gain over the prediction horizon and

time-domain constraints by keeping the state trajectory in a fixed ellipsoid.

Recently, [32] put forward a novel LMI based infinite-horizon MPC scheme for
constrained linear parameter varying (LPV) systems. Since, the proposed method is
parameter dependent, less conservative conditions are obtained for stability. In a more
recent study, [33] presents a robust MPC scheme for nonlinear systems with state and
input constraints and bounded disturbances. First, a standard MPC problem is solved
online that includes the initial state of the model as a decision variable. The latter
control law is designed to keep the state trajectory within a prescribed ellipsoid in the
presence of bounded disturbances. The nominal control action drives these ellipsoids to
a desired reference state.

It is well-known that uncertainties and time-delays cannot be avoided in real life,
especially, in many processes such as chemical, biological and network problems where
the MPCs have been widely used. The term of robustness is used for the systems whose

stability is maintained and performance specifications are met over a specific



uncertainty range. Because of its importance, a large number of studies have dealt with
the constructing of robust MPC schemes such as [22, 31] and [34]. However, it is
apparently seen from the literature that only a very few results exists concerning the
MPC of time-delay systems. Based on the Lyapunov-Krasovskii functional approach
and the use of some relaxation matrices [35] and [36] have considered the problem of
receding horizon control for state-delayed systems where the delay is fixed. Also they
have presented an eigenvalue search algorithm to check the closed-loop stability of the
system. However their control strategy is delay-independent, therefore highly
conservative. Jeong introduced a novel optimization method for MPC of uncertain time-
delay systems having constant state delays and constrained input [37]. But, again, their
method does not depend on the size of delay. In [38] a robust one-step LMI based MPC
scheme is developed for discrete time-delay systems having fixed delay and polytopic-
type uncertainties. Their proposed MPC method is obtained by minimizing a new cost

function that includes multi-terminal weighting terms, subject to constraints on input.

The deficiency of MPC systems in disturbance attenuation has drawn the attention
towards the Moving Horizon H ., Control (MHHC) scheme in recent years, such as [39]
and [25]. In this perspective, a Riccati-based MHHC algorithm was developed for a
nominal time-delay system in [35] and [40]. Then, a similar approach was proposed in
[41], based on LMIs. However, all the above-mentioned approaches are based on
criteria which do not depend on the size of delay, and therefore they provide highly
conservative results. While taking the time-delay bounds into consideration, a delay-
dependent MPC is proposed in [38], which guarantees only the closed-loop stability.
Mei and Huihe have dealt with the receding horizon H.. control for constraint time-
delay systems having fixed delays in [41]. However, their method is delay-independent
as the ones indicated above. Finally, proposing a new cost function for a finite horizon
dynamic game problem which includes two terminal weighting terms and a delay-
independent LMI condition, Lee et al. have studied the receding horizon H.. control

problem for time-delay systems with fixed state delays in [42].

Among these aforementioned work, it is apparently seen that only a very few results
exist, concerning the MPC of TDSs which gives us a motivation to study this problem.
Furthermore, to the best of author’s knowledge, there does not any other reference in

literature which deals with the H., MPC of uncertain time-delay systems having time-



varying delays in delay-dependent fashion. Therefore, combining these two sources of
inspiration leads us to study that particular subject thoroughly.

In this study, we investigate the design of a stabilizing moving horizon H.. state-
feedback controller for linear state-delayed interval TDS having norm-bounded
uncertainties and constrained inputs. First, based on the selection of an L-K functional,
a stabilizing delay-dependent H controller is introduced for nominal TDS having
delay in the state. Then, the existing result is extended to cover TDS having norm-
bounded uncertainties. Finally, the proposed approach is adapted to the so-called
moving horizon scheme introduced in [43] to obtain a robust, delay-dependent moving
horizon H. control technique which ensures a dissipative closed-loop system. The
proposed technique is practically implementable since it takes the input constraints into
consideration and it does not employ any linearization techniques such as cone-
complementary methods which are widely used in delay-dependent control approaches
such as those used in [7].

The rest of this study is organized as follows: Chapter 2 gives the mathematical
background in order to provide a priori knowledge about the methodology followed.
Chapter 3 gives an insight of the time-delay systems in which Lyapunov based stability
methods are given in order to show asymptotic stability of time-delay systems. Chapter
4 provides an overview of MHHC method for nominal systems. Chapter 5 is devoted to
the proposed method, MHHC for time delay systems and addresses the problem of the
robust stability of the method in presence of uncertainty. Three different illustrative
examples are presented in Chapter 6 to demonstrate the effectiveness of the approach.

Finally, Chapter 7 concludes the thesis.

1.2 Purpose of Thesis

In this study, we are aiming to develop a novel control method, named as MHHC, for
uncertain TDSs having time-varying delays and uncertainties. To this end, first the
methodology of LMI-based MHHC method is comprehensively presented for both
nominal and uncertain systems. Briefly, this method has the advantages of guaranteeing
the asymptotic stability, even in the presence of uncertainties, handling with the
challenging constraints and attenuating disturbance under the bounded disturbance
condition. In addition to the existing approaches in the literature of MHHC control,

time-varying delay-dependent state-feedback controller is developed for the first time in
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order to minimize the conservatism. With the aim of satisfying the required
performance level, robustness and related constraint in each step, the most suitable state
feedback controller guaranteeing the dissipativeness of the system is determined. The
main advantage of the proposed method lies in its algorithm which takes disturbance
level and present states of the system into account in each step of run-time, when
compared with classical Hoo control algorithms whose feedback gains are calculated

offline. This enables us to obtain much efficient real-time controllers.



CHAPTER 2

PRELIMINARIES

This chapter presents basic knowledge on the main definitions used in this study. To
this end, we start with the definition of dissipativity which plays an important role
during the implementation of moving horizon control. Then, the formulation of Schur
complement is summarized and finally, the uncertainty definition, which is one of the
key points in robustness analysis and robust controller design, is presented.

Definition 2.1 Dissipativity Consider the following linear discrete-time system

z(k +1) = f(k, z(k), u(k))
z(k) = h(k, z(k), u(k)) (2.1)

where x(k) is the state vector, with supply function
s(w(k), z(k)) == ¥?||w(k)|*> — ||2(k)||? is said to be dissipative if there exist a quadratic
storage function V (z(k)) such that

V(z(k)) + (s(w(k),z(k)) > V(z(k+1)) forall k> 0. (2.2)

This implies that the change of storage function from step & to step (k + 1) is always
less than the supplied rate to the system. Therefore, the inequality (2.2) is named as
dissipation inequality.

A system is dissipative if there exists an associated storage that is non-negative when
supply is bounded. Dissipativeness of dynamical systems has been introduced in [44].
Dissipativity theory is very useful in the stability analysis of non-autonomous
dynamical systems and control systems like adaptive control, nonlinear . and inverse
optimal control, which uses an input-output description based on energy-related notion
[44-46].



Definition 2.2 Vector norm Let X be an linear vector space associated with F. A

vector norm on X is a function ||.|| : X — R that satisfies the following conditions:

i. |z||>0 forall zeX
ii. |z|l=0 ifandonlyif z=0
iii. |az| = |a|||z|]] forall a€F, xe€X

iv. ez +yll <[zl +llyll forall z,yeX

The most commonly used p — norm,

n 1/p
ol = (Z\mp) @3)

is defined for p € [1, 00). As p — oo, we have

%[0 1= max |z;].
i=1n

The 2 — norm,

n 1/p
z||2 = <Z\xi|2> =VIxz.
=1

is called as Euclidean norm.

Definition 2.3 Congruence Transformation Two matrices A, B € C™*™ are said to be

congruent to each other if there exists a nonsingular 7" € C™*" such that

B =T"AT.

The transformation A — 1™ AT is called a congruence transformation of A under 7.

Definition 2.4 Inertia Given a matrix A = A* € C™*", the inertia of A is the triplet
in(A) = [ny,n_,ng|

where n4,n_ and no denote the number of positive, negative and zero eigenvalues,

respectively.

Lemma 2.5 [47] Given two Hermitian matrices A, B € C"*",

A and B are congruent <= in(A) = in(B).



Proof: Let A and B be congruent and in(A) = {n,(A4),n_(A),no(A)}. First, observe
that rank(A) = rank(B) by Sylvester’s rank inequality, since there exists a
nonsingular T € C™*" such that B = T* AT It then follows that ny(A) = ne(B). So,

we have to show that n; (4) = ny (B).

Let vy, ,vni(a) be the orthogonal eigenvectors of A associated with the positive
eigenvalues A1, ,Aqr. Define S, (A):=span{vy, - ,vppa)}.  Then,
dim(S;4) =ny(A). Now, for any nonzero =z = Efjl(A) a;v;, we have

z* Az = 3 X\ jas[2 > 0. In this case, the fact that

*T*BT 'z = (T '2)*B(T 'z) > 0

implies y*By > 0 for all nonzero y € span{T vy, - ,T‘lvn+(A)}, which also has
dimension ny(4). Then, ny ) > nia). By reversing the roles of A and B in the
argument above, we obtain n.4) > nyp), implying n.) = ny ). Together with
no(A) = no(B), this leads to the conclusion that in(A) = in(B). Hence, A and B are

congruent.

Definition 2.6 Positive/Negative (semi) defineteness A matrix A = A* € C™" is said
to be

i.  Positive (semi ) definite if

Az >0 (>0) VzeC", z+#0

ii.  Negative (semi) definite if

rTAr < 0(<0) VzeC, x#0

Lemma 2.7 Schur Complement Let F7: X — H be an affine function which is

partitioned according to

Fi(z) F12(50)] (2.4)

Fz) = {le(x) F(z)

where Fi;(x)is square. Then F'(x) < 0 if and only if

Fi1(z) <0
{Fﬂ(I) — oy (z)[Fri ()] Fia(x) < 0. (2.9)



or if and only if

FH(I) — Flg(x)[FQQ(.T)]—lFQl(I) < 0.
Hence, the nonlinear structures in inequalities (2.5) and (2.6) can be transformed into
the form of a matrix inequality, F'(xz) < 0.

Definition 2.8 Norm-Bounded Uncertainties The parameter uncertainty matrix A A is
in the form of

AA=GFE, |F|<I (2.7)
where G, Ey, B> are known time-invariant matrices and F'(k) is an unknown time-
varying matrix function of uncertain parameters.

Definition 2.9 Ellipsoid Given a matrix P € R™*" where P = PT > 0, the set

ep={x eR":=2TPr <1} (2.8)

is called the ellipsoid associated with P.
Proposition 2.10 [47] Given two matrices A > 0and B > 0,

4 Cep <— B <A

Proof: Suppose B < A and let = € 4. Then, 27 Bz < 2T Az < 1. Therefore, = € g,

sothateys C ep.
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CHAPTER 3

TIME-DELAY SYSTEMS

Time delay is a phenomenon which generally appears in control systems, particularly in
the sciences of engineering, biology, chemistry, mechanics and physics. These systems,
also called as systems with after effect or dead-time, have a capability of representing
the behaviour of processes more close to real world situations. A great deal of studies
has been devoted to the analysis of time-delay control systems over the past decades
since time-delay factors perturb the system behavior and cause poor performance as
well as instability of the system. Next, we will briefly introduce time-delay systems and

present some useful stability concepts about the subject.

3.1 System Description

This study focuses mainly on Delay Difference Equations (DDEs) among the related
mathematical representations of TDS due to its popularity in representation of discrete-
time [48, 49]. Thus, the linear discrete-time system with constant delay acting on the

state is given as follows:
z(k+1) = Az(k) + Agz(k — d) (3.1)

where x(k) € R" is the state vector, A € R™*", A; € R™*" are constant system
matrices and d is an unknown integer representing the amount of delay in the state. If

the delay shown in (3.1) is time-varying, the system can be stated as follows:
z(k+1) = Az(k) + Agz(k — d(k)) (3.2)
where d(k) is a time-varying delay that satisfies
0 < dmin < d(k) < dpar Yk >0. (3.3)
In the presence of input-delay the system can be formed as:
z(k+1) = Az(k) + Agz(k — d) + Bu(k) + Bqu(k — d). (3.4)
11



If there are parametric uncertainties in the system, the following representation is used.

s(k+1) = (A+AAMR)z(k) + (Ag+ AAg(k))z(k — d)
+(B + AB(k))u(k) + (Bg + ABy(k))u(k — d) (3.5)

Herein, AA(k), AB(k), AAs(k), ABy(k) are time-varying matrices of norm-bounded

uncertain parameters, in appropriate dimensions.

3.2 Stability of Time-Delay Systems

Time delays in control systems generally give rise to unsynchronization in the
application of the control forces, which in turn deteriorate the system performance and
affect the stability of the system response. Since the difficulty increases with time-
varying delays, nonlinearity or uncertainties, various approaches have been employed
for the stability analysis of time delay systems. Among these, Lyapunov-Razumikhin
and Lyapunov-Krasovskii are the most widely preferred theorems.

As stated before, stability of TDS are classified into two groups depending on delay
size: delay-independent stability and delay-dependent stability, which will be discussed

in subsections 2.2.3 and 2.2.4 respectively.

3.2.1 Lyapunov-Razumikhin Theorem
Consider the functional differential equation

zk+1) = f(t,z(t)), t>to
1, (0) = ®(k+0),V0 € [-7,0] (3.6)

where z,(6) = ®(t + 0),V0 € [—7,0] with ® € C,, ;.

Theorem 3.1 [1] The zero solution of the system in (3.6) is asymptotically stable (i) if
there exists a positive definite and decreasing continuous functional

V(k,z) : R x D — R*, which has an upper and lower limits as follows:
u(llzl)) < V(k, z) < v(]|]])

where Ju(z), v(z),y(z) : R® — Rt and (ii) if the difference AV (k,z) < —v(||z]|)
supposing that V(k +n, z(k + n)) < 6(V(k,z(k))), Vn € [-7,0]

12



3.2.2 Lyapunov-Krasovskii Theorem
Consider the following differencial equation

z(k+1) = f(k,z(k))
2(0) = ®(k+0),¥0 € [~d, 0] 3.7)

where d € Z* is unknown time delay.

Theorem 3.2 [1, 4] The zero solution of the system in (3.7) is asymptotically stable (i)
if there exists a positive definite and decreasing continuous functional

V(k,z) : R x D — R*, which has an upper and lower limits as follows:
u(([2)IDI < V(k, 2) < v([|®]lp)

where Ju(z),v(x) : R®™ — R* and (ii) if the difference AV (k, ®) is negative definite
over a neighborhood of zero, that is, V(z(k + 1)) — V(z(k)) < —~(]||®(0)|).

A large number of L-K functionals have been presented in the literature. Selection of P
is generally standard; however, Q is determined with respect to the problem. It can be
noticed that all of them are in sums of quadratic forms that depend on the delayed states.

The most common form is given as follows:

k—1

V(x(k)) = x(k)"Px(k) + > 2" (s)Qu(s), (3.8)

s=k—d

where P = PT ¢ " and Q = QT € ™" are weighting matrices. Herein, the first
term of the functional represent the present state and the second term aggregates the

effect of the delayed state. Different forms of @) can be given as follows

ko

Vik) = TR S 7(5)Qals),

—d

Il
ol

k—
Va(k) = 2" (5)Qu(s),
s=k—d
—dmin+1 k—1
Vak) = Y ) aT(s)Qx(s),
s=—dmaz+2 s=k+j—1
0 k—1

Vitk) = > > () Zy(s), (3.9)

s=—dmaz+1 s=k+j—1

—

In (3.9), Vi(k) and Vi(k) are used for the delay-independent stability criteria and the

delay-dependent stability is acquired with the including of V3(k). For instance,

13



V (k) = Va(k) + V3(k) is a general candidate L-K function. Besides, Vi(k) leads

reduction of conservatism with the cost of increasing computational burden.

3.2.3 Delay-Independent Stability

Theorem 3.3 The time-delay system (3.1) is asymptotically stable for any time-delay, d

if the following condition holds:
Q—-P 0 AT
0 -Q AT [ <o (3.10)
A Ad —p1
where P = PT > 0and Q = QT > 0.

Proof: Let us consider the L-K functional given by (3.8). Then the difference of the

energy function V (z(k), k) is obtained as follows:

AV = V(z(k+1)) - V(zk))
2T (k)(ATPA — P+ Q)x(k) + 27 (k) AT PAyx(k — d)
+2T(k — )AL PAx(k) + 27 (k — d) AT PAyx(k — d) (3.11)

Then, (3.11) can be rewritten as

Lc(x(k) )]T {ATPA —P+Q ATPA 1 [x(x(k)

k—d ATPA  ATPA— Q| |a(k - d)] <0 @12

Applying Schur Complement Formula on the multiplier of (3.12) gives (3.10). This
ends the proof.

3.2.4 Delay-Dependent Stability

Theorem 3.4 Given the scalar constants di, and diqz, the time-delay system (3.2) is

asymptotically stable for d(k) satisfying (3.3), if the following condition holds:
(dmax - dmzn + 1)Q - P 0 AT
0 —Q AT | <o (3.13)
A Ay —p!

forsome P = PT > 0and Q = QT > 0.

Proof: Let us choose a candidate L-K functional as follows:

V(z(k), k) = Vi(k) + Va(k) + Va(k) (3.14)
14



where

Vi(k) = a"(k)Px(k),

k—1

V) = 3 T(s)Qa(s),
s=k—d(k)
—dmin+1 k—1

k) = Y S (5)Qals).

t=—dmaz+2 s=k+i—1

In view of time-varying delay system (3.2), we obtain the first difference of the energy
function V (z(k), k) as follows:

AV (k) 2V (k+1) = V(k) = AVi(k) + AVy(k) + AVs(k) (3.15)
where
AV1(k) = z7(k)(A"PA— P)x(k) + 27 (k)ATPAx(k — d)
+27(k — d)ATPAz(k) + 27 (k — d)ATPAqz(k — d)
AVA(E) < 2" (R)Qu(k) — o (k = d(R)Qe(k — (k) + > 2 (5)Qa(s)
AVs(k) = (dmaz — dmin)z” (B)Qz (k) — | _Erfi" 27 (5)Qx(s)

The detailed derivations of AV1(k), AV2(k), AV3(k) will be given in Section 4.2.

Thus, a bound on AV (k) can be obtained as follows:

AV < [ x(k) )]T [ATPA—P+(dmax—dmm+1)Q ATPA, ] [x (k) ]

z(k—d ATPA ATPA; - Q| |z(k —d)
(3.16)

Applying Schur Complement Formula on the multiplier of the right hand side of (3.16)
gives (3.13). If the condition given in (3.13) is satisfied, then it is guaranteed that
AV (k) < 0. This ends the proof. &
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CHAPTER 4

MOVING HORIZON H,, CONTROL

In the literature, Moving Horizon Control (MHC) method has a wide application area,
especially in the fields of electrical engineering and mechanics. The method can be
briefly described as the online solution of the optimization problem which keeps the
stability of the system as overcoming the challenging control constraints. Conventional
MHC can be defined as a recursive procedure which consists of two steps; (1) solving
of a pre-defined optimization problem over a finite control horizon using the
mathematical model and present state of system in the presence of constraints and (2)
the first value of the control series which is in each step calculated is applied to the

system. For more details on MHC, the reader might refer to references [23] and [24].

MHHC approach is introduced in [25] and [50] to guarantee disturbance attenuation in
MHC. The aim is to obtain a less conservative solution of the l—gain disturbance
attenuation problem for linear systems with saturated actuators by adding a dissipation
constraint to the online optimization problem. In MHHC, there exists no explicit

prediction as in the MHC. Instead, it performs an infinite horizon feedback prediction.

4.1 Problem Formulation
Consider a linear discrete-time system governed by the equations,

z(k+1) = Az(k)+ Byu(k) + B,yw(k)
z2(k) = Cz(k)+ Dyu(k) + Dyw(k). 4.1)
On the other hand the system is subject to control constraints
lws (B ||l maz < uZ i=1,2,...,m. (4.2)

— "i,max?

where x(k) € R" is the state vector; u(k),w(k) € R™ are the constrained control input

and the disturbance vectors, respectively. z(k) € R? is the controlled output £ is the k-th
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sample-time, z(k) € R" is the state vector, u(k) € R™ represents the control input,
®(k) is a given initial condition sequence and w(k) € R? is a disturbance signal in I,

which satisfies
> lw@)|? < o? (4.3)
1=0

The objective of MHHC problem is to find the state-feedback control law in the form of
u(k) = Kyz(k) at each instant &, so that the following conditions hold for the closed-

loop system:
I.  The closed-loop system

r(k+1) = Agz(k)+ Byw(k)
z(k) = Cqzx(k)+ Di,w(k) 4.4)

where Ay 2 A(k) + B,K), and Cy 2 C(k) + D,Ky, is globally uniformly
asymptotically stable under the conditions, w(k) = 0 for all ¥ > 0 and (4.2).

lz1(B)II* < 7*[lw(k)|* Yk >0 (4.5)

and for all non-zero disturbance signal w(k) € 3]0, 00) and a given scalar v > 0

under the condition z(0) = 0.

1. The state trajectory remains in the ellipsoid
QP,r) = zeR":V(zkk) <r Vk>0 (4.6)

when the system is subject to a bounded-energy disturbance (4.3).

IV.  The constraint on the size of control effort (4.2), is satisfied for all £ > 0.

4.2 Overview of Moving-Horizon H. Control

At each step k for 4 > 0, the optimization problem of constrained #.. control is

presented in (4.7).

iy @)
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Y * *

0 vl x
AY+B,L B, Y x
Y +Dy,L Dy O
[;X L

> < g2
T Y}_O Xu<u

1,Max

]

o — Pe—1 + (k)T Pe_1z(k) x(k)T
{p p m(}i)) (k) (Y)}zo

where I = !, L= KP~'and, p(0)and p(k) are defined as follows:

Do = x(O)T—POx(O)

o = peo1— |2(B) Peyz(k) — x(k)T Pux(k) (4.8)
The terms ~, L;.. Y, X;. are obtained by solving the optimization problem (4.7) at each
time instant, /. Then the feedback control gain for each sampling time k can be obtained
as K. = LY, .

LMIs given in (4.7) are used for the purpose of guaranteeing the #.. performance,
constraining the control input, keeping the states in a trajectory meeting the dissipativity
condition, respectively. Next, the derivation of the algorithm will be introduced.

4.2.1 Stability of the Moving-Horizon H Control

The following theorem describes a criterion for synthesizing of an .. state-feedback
controller, u(k) = Kx(k) such that the nominal closed-loop system (4.4) is globally
asymptotically stable. Although the proofs of theorems are given in references, we will

introduce the proofs of theorem for the completeness of the note.

Theorem 4.1: [25] The state-feedback control law wu(k) = LY 'z(k) globally
asymptotically stabilizes the system (4.1) with an H.. disturbance attenuation level, ~,

if there exist matrices Y = Y7 > 0and W = W' > 0, L with appropriate dimensions
satisfying
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Y x %
0 07 S
AY+B,L B, Y
cy+p,L D, 0

>0 (4.9
~I
Proof: Let us choose a candidate Lyapunov functional as follows:
V(z(k)) = 27 (k) Px(k) (4.10)
In view of (4.10), if
V(z(k+1)) = V(z(k)) + |22(k) | = +* lw (k)| < 0 (4.11)

is satisfied for all k£ > 0, then the closed-loop system (4.4) is guaranteed to be
asymptotically stable when w(k)=0 and k>0 and |z[2 <~*|w|3 for all

w(k) € 13]0,00). Thus, (4.11) can be written as follows:

AV (z(k)) = a7 (k)[AZPAl — P + CCalz(k) + & (k)[AL P By + CF DyJw(k)
+27 (k)[ALPB,, + CL D, Jw(k) +wl (k)[BLPA, + DIC,]x(k)
+w? (k)[BLPB, DTD ww (k) +y2wk)Tw(k) <0 (4.12)

Equivalently, (4.12) can be rewritten as

ALPA,—P+CTC,  ALPB,+CID,

* BTPB + DD, —~2I < 0. (4.13)
Using the definitions of A, C; and applying immediately lead to
-P 0 ALp C}
T B Bl oo (4.14)
* * x =1

Pre- and post-multiplying (4.14) by diag{P~',I,P7} I} and substituting
Aqy=A+B,K and Cy = C+ D,K, applying the Schur complement formula and
definingY = P~'and L = K P~! lead to the stability LMI.

4.2.2 Dissipativity of Moving-Horizon H. Control

The system has to satisfy the dissipation inequality in (2.1) at each k time. The
following theorem provides a convex condition which guarantees the closed-loop

dissipativity.
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Theorem 4.2: [25, 51] Suppose that there exist an optimal solution (7o, Yo, Xo) that
meets the LMIs given in (4.7) for system (4.1) that is controlled with v = Koz, where

Ko = LoY; . Then, the dissipation inequality

> (2@ = lw@*) < 2(0)" Poz(0) (4.15)

7

also holds if the LMI condition

where,
P = pe1 — 2(k) [Py — Pz (k) (4.17)
is satisfied.

Proof: Let us consider the predetermined Lyapunov candidate functional for the :—th

energy level as follows:

V; = 27 (i) Px(i) (4.18)

By rearranging the inequality (2.2) at each step 2, and assuming that the applied control

at 1—th instant is kept constant up to the (7 + 1)-th instant, one can write the dissipation
inequality as

Vier + 2@ < ¥ lw@)|* + V; (4.19)

and the dissipation level memorized online computations as

i—1

pic1 = po — Y (i) Piaz(i) — 2(i)" P (i)]. (4.20)

k=1

Considering (4.19) for: =0,1,...,k

12011 = % lw(0)]* < 2(0)" Pox(0) — x(1)" Pox(1)
Iz =y llw @ < 2(1)" Pz(1) — 2(2)" Az(2)

l2(0)1* = i llw(k)1* < 2(k)" Prx(k) — 2(k +1)" Pux(k + 1) (4.21)
yields
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k

DO = Zllw@I* < 2(0) Pox(0) = Y 2(8)T[Pimy — PiJa(i)

=0 i=1

+z(k + 1) Px(k+ 1) (4.22)
and (4.20) fort =0,1,..., kyields

po = z(0)"PRox(0)
p1 = po— [x(1)TRua(l) — z(1)T Piz(1)]
P2 = p1— [x(Z)TPlx(Z) — 33(2)TP237(2)]

e = per — (k)T Pz (k) — x(k)T Pex (k)]
(4.23)

Note that if

Z ] >0 (4.24)

then the closed-loop system behaves dissipatively, that is satisfies (4.15). In view of
(4.22) and (4.24), we yield

> =@ = maz{yo, n, -, wF w@|* < 2(0)" Pox(0)

=0
k

> 2(@)"[Pcy — Pla(i) + x(k + 1) Pex(k + 1). (4.25)

i=1

We infer from (4.17) that

Pi-1 = Po— z(i)"[Pi—y — Pila(i) (4.26)

Applying Schur complement formula to LMI (4.9) yields

po — Pr—1 + (k)T Pr_12(k) — 2(k)T Pyx(k) > 0 (4.27)

Therefore, using the definitions given in (4.26), in (4.27), yields (4.15). This concludes
the proof. In order to avoid repetition, the derivation and proofs of the LMIs for input

and state constraints will be given in detail in the following section.
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CHAPTER 5

MOVING-HORIZON CONTROL FOR TIME-DELAY SYSTEMS

5.1 Problem Formulation

Let us consider a class of linear discrete-time, time-delay system with norm-bounded

uncertainties of the form

z(k+1) = A(k)x(k)+ Aa(k)z(k — d) + Byw(k) + Byu(k)u(k)
z(k) = Cx(k)+ Cyz(k — d) + Dyw(k) + Dyu(k)
z(k) = ®(k), k€ [~dmaz,0] (5.1)

subject to control constraints
||u’b(k)|‘ma$ S u?,maz? Z = 1727---7m- (52)

where k is the k-th sample-time, z(k) € R" is the state vector, u(k) € R represents the
control input, ®(k) is a given initial condition sequence and w(k) € R? is a disturbance

signal in Iz, which satisfies
Y llw@? < o (5.3)
=0

z(k) € R is the controlled output and d(k) € R represents a time-varying delay which

satisfies
dmin S d(k) S dmaz Vk 2 0 (54)

where the nonnegative integers d..:, and dma. Stand for the lower and upper bounds of
the delay, d(k), respectively and all are assumed to be known. Note that the time-
varying delay d(k) reduces to a constant delay d when dpin = dmaez = d. On the other

hand, the uncertain system matrices are assumed to be in the form of
A(k) = A+ AA(k),Aq(k) = A+ AAy(k), By(k) = B, + AB,(k). Here, the unknown
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matrices AA(k), AAq(k), ABy(k), are real-valued, time-varying matrix functions

representing the parameter uncertainties of the system, and are in the form of
[ AA(k) AAq(k) ABu(k) | =GF(k)| By E, Ej | (5.5)

where G, E1, E; are known time-invariant matrices and F(k) is an unknown time-

varying matrix function with Lebesgue measurable elements satisfying
F(k)TF(k) < I, Vk>0.

The objective of MHHC problem is to obtain the state-feedback control law in the form
of u(k) = Kz (k) at each instant k, so that the following conditions hold for the closed-

loop system:
I.  The closed-loop system

z(k+1) Aq(k)zx(k) + Ag(k)z(k — d(k)) + Byw(k)
z(k) = Caz(k)+ Cax(k — d(k)) + Dyw(k)
2(k) = 0, k€ [—dmas,0] (5.6)

where Aq(k) £ A(k) + Bu(k)Ki, and Cu = C(k) + Dy, (k)Ky, is globally
uniformly asymptotically stable under the conditions, w(k) = 0 for all £ > 0 and
(5.2)

lz(B)I* < ¥*[lw(k)|* Yk >0 (5.7)

and for all non-zero disturbance signal w(k) € 3]0, 00) and a given scalar v > 0

under the condition z(k) = 0 for all k£ € [—d s, 0).

I1l.  Let us define two nested ellipsoids as follows:

ei(Pr) = zeR":V(zk) <r VE>0
e(Pr,a) = z€R": 2 +V(z(k)<r Vk>0 (5.8)

If the initial state z(0) satisfies y2a? + V(z(0)) <, i.e., 2(0) belongs to e,

then all perturbed state trajectories remain in the ellipsoid ;.

IV.  The constraint on the size of control effort (5.2), is satisfied for all £ > 0.
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5.2 Stability of Delay Dependent Moving-Horizon H., Control

Taking A(k) = A, Aq(k) = Ay, Bu(k) = B,, the following theorem describes the
criterion for constructing an H.. state-feedback controller in the form of u(k) = Kz (k)
such that the closed loop nominal system (5.6) with (5.4) is globally asymptotically

stable.

Theorem 5.1: Given the scalar constants dmin, dmaz and -, the state-feedback control
law u(k) = LY "'z (k) globally asymptotically stabilizes the time-delayed system (5.1)
with (5.4) with an H. disturbance attenuation level, ~, if there exist matrices

Y =YT>0and W = W7 > 0, L with appropriate dimensions satisfying

Y * * * * *
0 w * * * *
0 0 v I * * *
AY+BL AW B, Y « o« |7V (5.9)
cy+pb,L C;,W D, 0o I *
Y 0 0 0 0 d, W |
Where dm é dma:c - dmin + 1
Proof: Let us choose a candidate L-K functional as follows:
V(z(k)) = Vi(k) + Va(k) + Va(k) (5.10)

where

Vi(z(k)) = ' (k)Px(k),
Va(z(k)) = '’ (5)Qu(s),

V)

—k—d(k)
eE) = S Y #T(9)Qa(s).

t=—dmaz+2 s=k+i—1

In view of closed-loop system trajectory (5.6), one can define a first difference of the

energy function V (z(k)) as follows:

AV (k) 2V (k+1) - V(k) = AVi(k) + AVy(k) + AVs(k) (5.11)
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where

AVi(k) = a(k+1)Pz(k+1) — 2" (k) Px(k)
= 2T (k)(ALPAy — P)x(k) + 227 (k) ALP Az (k — d(k))
+227 (k)AL PB,w(k) + z(k — d(k))AY PAyz(k — d(k))
+227(k — d(k))AY PB,w(k) + w” (k) B PB,w(k) (5.12)
AGHR) = S Qs - S aT(5)Quls)
s=k—d(k+1)+1 s=k—d(k)
= 2" (k)Qu(k) — " (k — d(k))Qz(k — d(k))
Y s - Y T()Qu(s)  (513)
s=k—d(k+1)+1 s=k—d(k)+1
Since
k k k—dmin
S @Qas) = > A+ > 2T(s)Qals)
s=k—d(k+1)+1 s=k—dmin+1 s=k—d(k+1)+1
< 3 A+ S A(5)Qu(s)
s=k—d(k)+1 s=k—dmaz+1
we can write
k—dmin
AVy(k) < 2" (F)Qu(k) — «"(k — d(k)Qu(k — d(k)) + Y 2" (s)Qu(s).
(5.14)
Finally,
—dmintl k k—1
AVz(k) = | Z ( Z'xT(s)Qx(s) — Z xT(s)Qaj(s)>
= '_ % (" (k)Qxz(k) — =" (k+i—1)Qz(k +1i— 1))
= (dmaz — dmin)2” (K)Qx (k) — | _273"‘ z7(5)Qx(s) (5.15)
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Then, in the light of (5.12), (5.14) and (5.15), a bound on AV (k) can be obtained as
follows:

AV (k) < 2T(k)(ALPAy — P)x(k) + 227 (k) ALPAgx(k — d(k))
+227 (k) AL PBw(k) + 27 (k — d(k))AY PAgx(k — d(k))
+227 (k — d(k)) AT PB,w(k) + w” (k) BL PB,w(k)
+xT(k)Q:c( ) — " (k — d(k))Quz(k — d(k))

+ 27 (8)Qx(8) + (dmaz — dmin)2” (K)Qz (k)
s=k—dmaz+1
k—dumin
- Y 2"(5)Qux(s) (5.16)
i=k—dmaz+1

Then, if we define the right-hand side of (5.16) by AV (k), it is obvious that
AV () + 27 (k)z(k) — Y*wT (k)w(k) < AV (k) + 2T (k)z(k) — v?w (k)w(k)
Therefore, if

AV (k) + 2T (k)z(k) — v*w” (k)w(k) < 0, (5.17)

is satisfied for all £ > 0, then the nominal closed-loop system (5.6) with (5.4) is
guaranteed to be globally, asymptotically stable when w(k) = 0 for all £ > 0, and we
get ||2]|2 < 7?{|w]|3 for all w(k) € I3[0, 00). Equivalently, a straight forward application

of the Schur complement formula on (5.17) allows to write

de — P + C’gC’d * *
cTc., -Q+CfC *
Drc, ¢ o " prp, 21 ok | <0 618)
Acl Ad B, —p1

where dn, £ diaz — dmin + 1. Applying the Schur complement formula on (5.18) for
the terms, C1C,, CTCyand DT D, yields

d,Q — P * * * *
0 —Q * * *
0 0 —~2I * * < 0. (5.19)
Acl Ad Bw —P_l *
Cu Cy D, 0 —1

Then, substituting A = A + B,K and Cy; = C + D, K into (5.19) and pre- and post-
multiplying (5.19) by diag {P~1,Q, I, I, I'} allows to get
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d,P~ QP! - P! * * * *
0 Q! * * *
0 0 —~2T * x | <0 (5.20)
AP™' + B,KP! AgQ7t By —p1 *
cPt'+D,KP! CaQ1 D, 0 —1

Finally, defining Y := P~%, W := Q~!, L := KP~! and applying Schur complement
formulae, immediately lead to the LMI condition given in (5.9). This concludes our

proof. B

5.3 Robust Moving-Horizon H., Control For Time Delay Systems

Now, let us consider (5.1) with uncertainties. The following corollary considers the
robust state-feedback .. controller design problem for the uncertain system given in
(5.1) and (5.5).

5.3.1 Robust Stability Condition

Corollary 5.2: The control law u(k) = LY ~'z(k) robustly asymptotically stabilizes the
uncertain system (5.1) and guarantees the H., performance index, v for any time-
varying delay, d(k) satisfying (5.4), if there exist matrices Y = YT > 0, W = WT > 0,

matrix L in appropriate dimensions and a scalar € > 0 which satisfy the following LMI

condition:
[ Y * * * * * x|
0 W * * * * *
0 0 V21 * * * *
AY +B,L AW B, Y —eGGT « * x | >0 (5.21)
cy+bpb,L Cc;W D, 0 I * *
Y 0 0 0 0 6w *
| EoL+EYY  EW 0 0 0 0 el |

Proof: Replacing A, Ay and B, with A(k) = A+ AA, Auk)=As+AA; and
Bu(k) = B, + AB,, in (5.9) and utilizing the definitions given in (5.5), together with

the definitions
n£[EL+EY EW 00 0 0] (5.22)
and

©2[000 GT 0 0]" (5.23)
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yield

-Y * * * *
0 W * * *
0 0 —2I * * *
AY + B,L AW B, -Y * *
cY+D,L CiW D, 0 -1 *
| dnY 0 0 0 0 —d, W ]
+IITF(k)eT + OF (k)1 < 0 (5.24)

Note that for any matrices X; and X2 of appropriate dimensions, there always exists an

€ > 0 such that

1
¥y, +3I%, < Ezle + €27 %,

Therefore
1
N7 F (k)T + OF (k) < 1171 + 067 (5.25)
€
Then, if
[ -Y * * * x
0 -W * * *
0 0 —7?I * *
AY + B,L AW By -Y * *
cYy +D,L CagWw D, 0 I *
dY 0 0 0 0 —dnW |
+%HTH +e007 <0 (5.26)

is satisfied, (5.24) is also satisfied. Finally, applying Schur complement formulae to
(5.26) yields (5.21). This completes the proof. &

Also, we need to take the constrained input into consideration to fulfill the requirement
given in item IV of the problem statement. The next subsection is devoted to the

derivation of the requirement which guarantees an unsaturated signal for all times.

5.3.2 Input Constraint

If the dissipation inequality (2.2) holds true for any system trajectory of (5.1) and (5.4),
then for any disturbance signal satisfying (5.3), the energy of the controlled output is

also bounded as
S llz@IF < (5.27)
=0
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and l> gain of the closed-loop system (5.6) from the disturbance w(k) to the

performance output z(k) is bounded by ~.

Regarding the state trajectories belonging to «,, the control constraint condition given in
(5.2) is satisfied as follows [52]:

I};lgginuz(k)umam rilzag(”(LY )Zx(k)“max
< LY_li mazx
< (el
< LY = H(EY T (5.28)

Therefore, the taking the Schur complement of (5.28) gives the following LMI

condition which is equivalent to the constraint (5.2):

{ 1/rX L

LT Y :| 2 07 Xii S uzz,maz (529)

whereY = P tand L = KP 1,

Next we’ll introduce some LMI conditions which fulfills the requirement given in item
I

5.3.3 State Constraint

Lemma 5.3: Suppose that there exist a solution (7, Y, W, X) that meets the stability
condition (5.21) with input constraint (5.2) for system (5.1) and (5.4), then state

trajectory starting from x(0) remains in 1 (P, r), if there exist matrices Y = Y7 > 0 and

W = WT > 0 for given positive scalar constants « and =, such that

r —y2a? * * * * * * ]
(k) Y 0 - 0 - 0 0 0
ok — 1) 0 W -~ 0 - 0 0 0
z(k — dmin) 0 0 e d W 0 0 0 | >0
eh—dpw+2) 0O 0 -~ 0 - 3W 0 0
2k —dpw+1) 0 0 - 0O 0 27W 0
2(k—dpee) 0 O o0 -0 0o W |
(5.30)

where dm = (dmax - dmin + 1)
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Proof: The LMI condition (5.30) corresponds to the state constraint that is defined in
(5.8). Utilizing the energy bound of disturbance given in (5.3), the dissipation inequality
(2.2) implies

V(z(k)) + z_: 12(D)||* < V(2(0)) + v*a® VEk > 0. (5.31)

Therefore, the output energy is bounded as (5.27).
As explained in [43],
(i).ifr >0, z(k) € e1(P,r) for Vk > 0.

(ii). if r > 72a? z(k) € e1(P,r) for z(0) € e3( P, 7, ).

2 the state trajectory starting from z(0) meets

Here, by choosing 7 > 72%a
S 212012 < r and V(z(k)) <7 if V(z(k)) <r—~y2a® with respect to (5.31) as

mentioned in (5.7). Note that it is easy to see that the LMI condition (5.30) is congruent

to
k—1 —dmin+1 k-1
zT (k) Pz (k) + Z 27 (5)Qx(s) + Z Z 27 (5)Qx(s) < r — ~*a?
s=k—d(k) i=—dmaz+2 s=k+i—1

(5.32)

in view of the variable changes Y := P! and W:=Q ! and the successive

implementations of Schur complement formulae together with the bounding

k—1 k—1 k—dmin—1
Y 2"(s)Qa(s) < 2"(9)Qu(s)+ Y a"(s)Qu(s) (5.33)
S:k:—d(k) s=k—dmin s=k—dmax

which has been used to eliminate the requirement on the knowledge of d(k).

Therefore, for given scalar constants « > 0 and 7 > 0, the optimization problem can be

stated as follows:

min ?
LY,W,X

subject to  (5.21) and (5.29), (5.30). (5.34)

Next, we will extend the H controller design approach to the moving horizon scheme.

Exploiting the moving horizon strategy, one would solve the optimization problem
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given in (5.34) utilizing the actual state measurements provided at each time instant k.
Unfortunately, this simple implementation of the moving horizon strategy might fail to
guarantee the dissipation requirement given in the statement of the problem (see [51] for
details). For this reason, in order to extend the idea of H., control approach provided
for the TDSs to the moving horizon platform, one needs to introduce some additional
convex requirement so that the dissipativity of the closed-loop system is ensured. Next
theorem provides an LMI condition for the optimization problem so that the closed-loop

system is guaranteed to be dissipative.
5.3.4 Dissipativity Condition

Theorem 5.4: Suppose that there exist an optimal solution (7o, Yo, Wo, Xo) that meets
the LMIs, (5.21), (5.29) and (5.30) for system (5.1) that is controlled with ©v = Kz,

where Ko = LoY; *. Then the dissipation inequality

k

Y (@1 = llw@)P?) <

=0
—1 —dmintl -1
z(0)7 Pyz(0) + Z 2(5)TQoz(s) + Z Z 2(5)TQox(s)
s=—dp j=—dmaz+2s5=73—1
(5.35)
also holds if the LMI condition
[ Q * * e * e * x ]
z(k) Y 0 N 0 .- 0 0
z(k—1) 0 d;}Wk “ee 0 0 0
: . . . . . N
(k=dmn) 0 0 =1, o o |2V
z(k — dpax + 2) 0 0 e 0 271w, 0
| 2(k — dppaz + 1) 0 0 0 0 Wi |
(5.36)
Q=po+qo—pr-—1— Qk 1+ 27 (k) Pe_1z(k)
m’L’n+1
+ Z $)Qraz(s)+ Y Z $)Qr-12(s).
s=k—dmax j=—dmaz+2 s=j+k—1
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with

pr = pe-1— (k)" [Peor — P (k)

k—1 k—1
QG = Qqk-1— Z I(S)TQk—lfC Z »T TQkaT
s=k—dmin k—dmin
—dmin+1
- > Z 2(5)7[Qr-1 — Qila(s) (5.37)

j=—dmaz+2 s=j+k—1

is satisfied when Y and W, are replaced with Yy = YT and Wy = W, respectively.

Proof: Assume there exists a feasible solution set which holds (5.36). Let us consider

the predetermined L-K candidate functional for the :—th energy level as follows:

1—1 —dmin+1 1—1
Vi=a"(i))Pz(i)+ ) 2"(9)Qu(s)+ Y. Y = ) (5.38)
s=i—d(i) j=—dmaz+2 s=i+j—1

By rearranging the inequality (2.2) at each step 2, and assuming that the applied control
at i—th instant is kept constant up to the (i + 1)-th instant, one can write the dissipation

inequality as

Vi + 2@ < ¥ lw(@* + Vi.

Re-arranging the dissipation inequality together with using the L-K functional given in
(5.38) leads to

] mzn+1 %
i+ DPz(i+ 1)+ > 2T (9)Qz(s)+ Y > 2T()Qa(s) + [|2()]
s=i—d(i+1)+1 j=—dmaz+2 s=i+j
1—1 —dmin+1 1—1
< Plw@)| + 2" @) Px(i)+ Y " (s)Qu(s) + Z Z

(5.39)

In order to get rid of the term d(i + 1) in (5.39), we need to find an upper bound on the
second term on the left side of (5.39). Note that

7 T i—dmin
Yoo dT(9)Qx(s) = D 2T(s5)Qau(s)+ > (s)Qa(s)
s=i—d(i+1)+1 s=i—dmin+1 s=i—d(i+1)+1
i i—dmin
< Y S+ S (6)Qu()
s=i—d(i)+1 s=i—dmagz+1
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fort=0,1,...,k where Vi1, is the energy of the closed-loop system attained by using

the Lyapunov matrices obtained at the 2-th step. Then we get

0 mzn+1 0
WP+ > 2T(5)Qoz(s)+ Y. > T (s)Qox(s) + [|z(0)]
s=—d(1)+1 j=—dmaz+2 s=j
-1 m1n+1 -1
<Pw©) +2T0)Rx(0)+ > 2T ()Qoz(s)+ D > zT(s)Qox(s
S:—d(O) .]— dmaz+28—] 1
1 m1n+1 1
QP2+ Y, (@) + Y Y aT(9)Qia(s) + [z(1)]|
S=—d(2) jf—dmaz+2 S—]"’l
0 dmzn+1 0
< Ylw@)| + 27 (1) P2(1) + Z (5)Q1z(s) + Z ZxT YQ1x(s
s=1— d j——dmaz+25 .7
k . mzn+1 k
'k+Dhak+1)+ Y 2 (@) + Y D 2 (5)Qka(s) + [|z(k)l|
S:k—d(k‘-l—l)-I—l ]_—dmaw+2 Ss= k+]
k—l mzn“l‘l
<Plwk)| + 2" (k) Pexk) + Y 2T ()Qua(s) + ) Z 8)Qr(s
s=k—d(k) j=—dmaz+2 s=k+j—1
(5.40)
Note that (5.40) can be rewritten in a compact representation as follows:
k k
(O = llw@?) < 2(0)" Poz(0) — z(k + 1) Pea(k +1) = Y 2(i)" [Pi-1 — Pla(i)
i=0 i=1
k k
+ Z 2(s) Qox(s) — > w(s)TQua(s) =) Z 2(5)7[Qi—1 — Qi (s)
s=—dop s=—dp11+k+1 i=1 s=i—d;
mzn+1 -1 mzn+1 k
) Qe - 3 ) a(s) Quals)
]7 dmaz+2 3—.7 1 ]7 dmuz+25 ]+k
k —dmin+1 i—1

—Z Z E a:(s [Qi—1 — Qi]z(s)

i= 1]—_dmax+25 j+i—1

(5.41)
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Assuming that P, > 0, @ > 0 for all £ > 0, one can write

D @I = Plw@I?) < 2(0)"Pox(0) = Y 2(i) [Py — Pla(i)
=0 =1
k i—1
£ o) Qoa(9) =D D (s)1Qi ~ Qiles)
e » s=—do ) o i—l slzz;d
+ Z Z z(s)" Qoz(s) Z Z Z 2(s)"[Qi—1 — Qilz(s)  (5.42)
Jj=—dmaz42 s=j—1 1=1 j=—dmag+2 s=7+i—1
Note that if
k k i—1
> 2@ (Pa = P)a(i) + 3 3 a(s)"[Qir — Qals)
i=1 i=1 s=i—d;
k dmin+1 i—1
+Z Z 2(s)"[Qi—1 — Qi]z(s) > 0

(5.43)
then the closed-loop system behaves dissipatively. However, the inequality
(5.43) involves the term

k

Z Z [Qz 1 ] (S)

i=1 s=i—d;

which is dependent on the knowledge of d(i). Therefore, if one can find a lower bound,
B such that

Zi )TQic1 — Qilz(s) > B> 0

i=1 s=i—d;
then we guarantee the dissipativity of the overall closed-loop system. Note that

i—1 1

> 2(5)"[Qicy — Qila(s) = ) |

-1
i=1 s=i—d; i=1 s=i—dmin

2(5)"[Qi—1 — Qilx(s)
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Hence, we need to satisfy

k k i—1
Zx ’Ll_ +Z Z -CE Qz 1_Q](S)
i=1 i=1 s=i—dmin

—dmin+1 i—1

22 2 w9 Qe - Qe 2

i= 1.7 maz+25 ]+'L 1

(5.44)

We infer from (5.37) that

k—1
Dk-1 = Do — Zﬂv(i)T[Pzel — Pj|x(7)
i=1
k
k-1 = qo— sz T[Qic1 — Qia(s)
=1 s=i—d;
k —dmin+1 i—1

=2 2 D w9 Qi - Qia(s) (5.45)

1=1 ]—_dmam+2 5—]"’_7' 1

Applying Schur complement formulae to LMI (5.36) yields

po—pe-1 + (k) [P 1—Pk]x( )

+ @ —qk-1+ Z TQr-1 — Qilz(s)
e s=k— dmm
+ ) Z TQi-1 — Qulz(s) > (5.46)

j—_dmaz+2 $=] i+k—1

Then, using the definitions given in (5.45), in (5.46), yields (5.44). This concludes the
proof. ®

Therefore, in view of (5.29) together with Corollary 5.2, Lemma 5.3 and Theorem 5.4,

we present a new convex optimization problem as follows:

Theorem 5.5: Given scalar constants ag > 0 and r¢ > 0, at each step £, if one can find

a common feasible solution set {%, Ly, Y., Wy, Xk} to the convex optimization problem

min 7>
LY,W,X

subject to  (5.21), (5.29), (5.30) and (5.36) (5.47)
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then system (5.1) controlled with state-feedback control law u(k) = Kyz(k) where

Ky = LY, " has the following properties:

(i). The closed-loop system is H stable,

(ii). The Hoo gain  from disturbance input w to controlled output z is minimum.
(iii). The control input constraint is satisfied.

(iv). The closed-loop system is dissipative.

The following receding-horizon H.. algorithm can be used to find the optimal control

law for system (5.1) with (5.4) which repeats at each time instant k.
Algorithm1:

Stepl. According to given «o, 7o, dmaes and dnm, find the optimal ~ by solving the
optimization problem (5.34). First, fix v to a sufficiently large value and solve the
optimization problem (5.34). If there exist a feasible solution to the problem, set
v = —dvy until infeasibility. Then, assign 7ot = v+ dvy. Compute Fy,Qo. Then
Ko=LoY;' and the initial dissipation level p(0) = z(0)" Pyz(0) and

g(0) =32, 2T(s)Qox(s) + . 3L 2T (s)Qox(s). Go to Step.

Step2. According to given ao, o, dmaz and dyn and obtained dissipation level p(k) and
q(k), solve the optimization problem (5.47). If there is a feasible solution, set
v(k) = ~v(k) — dvy until infeasibility. Then, assign v(k) = (k) + dv. If there is no
possible solution, increase » until a feasible solution is found and repeat 7y(k)
minimization procedure. Then, for the optimal value of ~,.:.., compute P, Qi and

K} = LY}, and the dissipation level p, and g.. Go to Step3.

Step3. Apply the control signal u(k) = Kyz(k) to the system. Change the step from k to
k + 1 and continue with Step2.
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CHAPTER 6

NUMERICAL EXAMPLES

Example 1:

In the first example, moving horizon H.. control used for tracking a desired methane
gas output from an anaerobic wastewater treatment reactor is compared with classical
‘H... control and PID. The nonlinear system is first linearized around the set of the
equilibrium points and the operating points selected, then LMI conditions required for
comply with the constraints and guarantee the stability are constructed. It is assumed
that time-delay, d =0. Finally, the experimental results are demonstrated by

implementing the proposed control method on Matlab environment.

r(k)

+ u(k) + 4
Discrete-time yik) - #(k)
w(k) State-Space > >
—
K
?(M
T o 'y
- server 70 ) )
h’\
L -

Figure 6.1 Linear state-space model (linmod) of the system with reference

The mathematical model of the system is described by the following ordinary

differential equations:
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dX;

- = — D)X
at (1 ) X1
dX,
—= = — D)X
dt (112 )Xo
dS :
d—tl = D(S"—8)) — ik Xy
dSs
i D(S1 — S3) + pka X1 — pioks X (6.1)

Here, the states of the system, X; and X denote biomass concentrations and S; and

So denote substrate concentrations. The disturbance, which is the influent

concentration, is denoted with Si". The dilution rate, D, is chosen as the control input.

The specific growth rate of the microorganisms, 1, is defined to be as

_ H/mamS
P Kst s (62)
The methane flow rate, @ is the measurable output and defined to be as:
Q = kapaXo (6.3)

The parameters of the anaerobic system to be controlled are presented in Table 6.1. The
values at the operating points, where the linearization process is performed are selected

as follows, D = 0.03 (day~!)and S{" = 1 (g/1).

Table 6.1 The parameters of the anaerobic system

Hlmax H2max K51 Kgo
(ddy) -1 (ddy) -1 (g/l) (g/l) /ﬂ] .’i‘.g I’\,O, 1[174
0.2 0.25 0.3 0.87 6.7 | 42 | 5 | 435
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forward calculations the linearized state-space model can be obtained as follows:

The linearization procedure is given in detail in the Ref. [53]. After some straight



[ 0.9999 0 0.0066 0

4 0 1 0  0.0023

~ |-0.0196 0 0.9525 0

| 0.0122 —0.0149 0.0307 0.9853
0 0 —0.0138
0 0 —0.0106

Bu =10 0.0020 Bu =1 0.0026
0 0 —0.0051

C, = [0 0132 0 1.79] C.=[0 —0.132 0 —1.79] (6.4)

As explained with a flow diagram shown in Figure 6.2, first, the minimum ~,, is
computed for .. problem with no constraint. We obtain ~,,: = 1.2247. The parameter
for bounding the disturbance was selected as o = 1 and consequently ro = 1042,,0% is

obtained. In this case, the control input is constrained as ||u(k)||mae < 1.

Stepl:

Solve the LMI (4.7), according to given oq
and rq values while E&=x(0)=0 by using initial
conditions. Then calculate K and P values.

Step2: Y
‘ Assign r=r, for k=0; ‘

x(0)=0 lx(O);&O

\ J
K=K Solve LMI (4.7) for E&=x(0). Is
0~ there any possible solution?

PO=P

po=0 lYes l No
Calculate
KOI POI pO

Increase r

Step3: Y Y Y
At step k, obtain the control signal u(k)=K,x(k) by using
the calculated value of K. Then calculate the next State
by x(k+1)=Ax(k)+B,u(k)+B,w(Kk). Any possible
solution?

lYes iNo

Calculate
Kk, Pk, Pk

Increase r

Figure 6.2 The flowchart of the algorithm for the moving horizon H. control
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During the control experiments, first, a PID control is applied to the system. The PID
coefficients that make the controller performance optimum were obtained by means of

the Ziegler-Nichols method given in [54] and provided in Table 6.2.

Table 6.2 The PID coefficients computed by means of Ziegler-Nichols method.

pr I‘({ E(D

2.23 0.98 1.32

A step type disturbance input, as shown in Figure 6.3 (a), is applied to the system
controlled with the PID controller. The variation of the states of the system under the

PID control is presented in Fig. 6.3 (b).

(a) (b)

15
1 -
08 1 X1(=),X2(- -)
506} Y ’
(= S
0.4} 1 .8
0581682
0.2f T AN S __
of . / —
0 20 40 60 80 0 20 40 60 80
k k
(c) (d)
5 : : 0.8 : -
4
0.7
< 3 >
g 2t Sos
o 1¢f (¢)
05
0 L
-1 ; ; ; 04
0 20 40 60 80 0 20 40 60 80
k k

Figure 6.3 PID control of the anaerobic system (a)Disturbance w(k), (b) bacteria
growth curves in the reactors, X1, X», and substrate levels S1, Ss, (c) control input,
u(k)(d) methane gas output y(k).

Figure 6.3 (c) shows the time-history of the control signal. It is practically obtained
through an input valve, which manipulates the dilution rate, D. Due to the effect of
integral term of the PID controller, the methane gas output reaches the desired level in a

reasonably short time as seen in Figure 6.3 (d). However, it should be noted that the PID

coefficients computed are valid only for the operating point taken into consideration.
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Then, as a second case, the system of interest is controlled first with the classical #...
controller followed by the moving horizon #.. controller. The simulation results
obtained from these two control approaches are plotted in the same graph as shown in
Figure 6.4. For this case the same disturbance signal is used as in the previous case. The
variation of the in the state variables of the first and the second reactor are shown in
Figure 6.4 (a) and Figure 6.4 (b), respectively. The energy of control signals are shown
in Figure 6.4 (c) and the variation of the methane gas outputs are depicted in Figure 6.4
(d). The methane gas outputs produced by applying the moving horizon #.. and
classical 7. controls to the system are plotted in the same graph for a fair comparison
as shown in Figure 6.4 (d). It is easy to see that, MHHC method allows us to obtain
much better control performance when compared to those obtained by using classical
‘H... method. This is reasonable because the optimization is performed at each step of
run-time instead of an off-line design. Furthermore, the energy of the control signal
used for the moving horizon control is found to be smaller compared to the classical H
control, as clearly indicated in Figure 6.4 (c). Thus, it is concluded that moving horizon

‘H... control has yielded satisfactory results.

1.5
s 5 A
— ~N
» 2 05 X2
x x 0 .
-0.5 - - - 0.5 . . L
20 40 60 80 0 20 40 60 80
k
d
14 ()

D[day']
CH, [Vday]

Figure 6.4 Moving horizon H control (— =) vs. Ho control (—) on

(a) State variables of the first reactor, (b) state variables of the second reactor, (c)
energy of inputs ||«(%)|| and, (d) controlled outputs, z(k).
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Example 2:

The following example is borrowed from [41] in which a nominal # .. control problem
has been considered. Consider a state-delayed system (5.1) whose model parameters are

given by

0 1 02 0 0
A:[—O.M 0.9} Ad:{ 0 0.1} Bw:B“:L}

[05 1] Cq=[0 0] Dy=[0] D,=[01]

C
(i) =0 —-15"7 i=0-1,...,dnae |Ju(k)|| <1,Vk > 0.

Choosing ro = 0.3, and using the energy bounded disturbance whose time-history is as
shown in Figure 6.5, we compute vopt = 1.18 fOr dpex = dmin = 2 at the initial step of
Algorithml. Applying the proposed algorithm on the system we obtain satisfactory
results in v minimization which also leads us to obtain a significant improvement in
disturbance rejection performance. Fig. 6.6 shows the changes in - with respect to delay

bounds. On the other hand, Table 6.3 provides the r values at each step.

0.6

0.4

0.2 - -

-04 - 1

-0.8 - 1

_ I I I I I I I
~o 10 20 30 40 50 60 70 80
k

Figure 6.5 Disturbance signal applied to the system
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Table 6.3 r values at each step in Example 2

k 1 | 240 | 41 | 42-48 | 49-50 | 51-58

r | 03| 04 | 06 0.7 0.75 0.45

For different delay bounds, dy.q.. and dn.:, the variation of the controlled output, z and

the control signal, u are shown in Figure 6.7, Figure 6.8, Figure 6.9 and Figure 6.10.

T T T T T T
22r dmin=1 i
dmax=10
2 i
dmin=1
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Figure 6.6 The variation of disturbance attenuation level, ~, for different delay sizes.
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Figure 6.7 The time-history of the controlled output, z, and control input, «, for
dmaz = dmzn =2
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Figure 6.8 The time-history of the controlled output, z, and control input, «, for
dmax = 37 dmzn =2,
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Figure 6.9 The time-history of the controlled output, z, and control input, «, for
dmaz = 67 dmin =L
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Figure 6.10 The time-history of the controlled output, z and control input, « for
dmaz = ]-05 dmzn = 1.
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Example 3: We utilize the example given in Ref. [17] in revised form as follows:

o[ 2 B] e[ 8] mene 2

—0.14 0.9 0 0.1 1

1 0 00 0 0
o[ var| @=[oo] 2=[o] 2= ][]
z(@) =007 i=0,-1,...,~dma [u(k)] <1, Vk>0.

where |AA| = [[AA4]| = |AB,| < 0.1.

The time-history of the disturbance applied to the system is as shown in Figure 6.5.
During the simulations, the best variation of r is obtained as given in Table 6.4. Figure
6.11 shows the variations in v with respect to different delay-bounds. For various delay
bounds, dmqz and d..in, We obtain the time-history of performance outputs and the

control efforts as shown in Figure 6.12, Figure 6.13 and Figure 6.14.

The disturbance signal applied to the system is as shown in Figure 6.5. During the
simulations, the best variation of 7 is obtained as given in Table 6.4. Figure 6.11 shows
the variations in v with respect to different delay-bounds. For various delay bounds,
dmaz and drin, We obtain the time-history of performance outputs and the control efforts
as shown in Figures 6.12, 6.13 and 6.14.

Table 6.4 r values at each step in Example 3.

k 1 | 2-40 | 41 | 42-48 | 49-50 | 51-58

r 03| 04 |06 0.7 0.75 0.45
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Figure 6.11 The variations of disturbance attenuation level, v, for different
delay intervals.
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Figure 6.12 The time-history of the controlled output, z, and control input, u, for
dmaz = dmin =2
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0 10 20 30 40 50 60 70 80

Figure 6.13 The time-history of the controlled output, z, and control input, u, for
dmaz = 37 dmin =1.
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Figure 6.14 The time-history of the controlled output, z, and control input, u, for
dmaz = 67 dmin =1.
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CHAPTER 7

CONCLUSIONS

The MHHC of a class of linear discrete-time, uncertain time-delayed systems having
time-varying interval delays was considered. Utilizing a standard discrete-time
Lyapunov-Krasovskii functional, some delay dependent, Linear Matrix Inequality
(LMI) based conditions which need to be solved iteratively in each step of run-time
were provided. The provided LMI based conditions guarantee the closed-loop
asymptotic stability, maximum disturbance attenuation performance and closed-loop
dissipativity in consideration of the physical limitations of the actuator. The dissipation
constraint that is utilized to guarantee closed-loop system dissipativity and Ho

performance is less conservative than requiring monotonicity of the value function.

The proposed MHHC has a capability of taking the performance criterion into account,
while some of other stabilizing state-feedback controls for time-delay systems can only
achieve stability. On the other hand, the proposed algorithm comes with a
computational burden that complicates the real-time applications. To overcome this
problem, certain calculations can be carried out offline, which can be stated as a future
study on MHHC for time-delay systems.

Three numerical examples which consist of nominal and uncertain system models were
considered to demonstrate the applicability of the proposed approach. Both the
numerical results and simulation results validated that the proposed approach of this
note can be efficiently used for the control of discrete-time, time-delayed systems

having uncertainties and physical control limitations.

For a further study, the conservatism of the approach can be alleviated by using
complete L-K functional and/or some delay-decomposition methods. However, it is
probable that both strategies would impose noticeable amount of additional

computational loads to the controller which will prohibit the use of the proposed method

53



in real-time. Also these types of methods cannot be solved by using convex
optimization methods and would require the use of some linearization techniques such
as cone-complementary methods. Extension of the proposed results to time varying

delayed systems with input constraint is also considered to be a future work.
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