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ABSTRACT

Nuclear Physics in Neutron Stars: Study of
Superfluidity in Hypernuclei and Constraining the
Nuclear Equation of State

Hasim Zahid Giiven

Department of Physics
Doctor of Philosophy Thesis

Advisor: Prof. Dr. Kutsal Bozkurt
Co-advisor: Prof. Dr. Elias Khan

In this thesis, we first investigated the effect of A pairing on the ground state
properties of hypernuclei within the Hartree-Fock-Bogoliubov formalism. The SLy5
Skyrme functional is used in the NN channel, while for NA channel we employ three
functionals fitted from microscopic Brueckner-Hartree-Fock calculations: DF-NSC89,
DEF-NSC97a and DF-NSC97f. These functionals reproduce the sequence of single-A
experimental binding energies from light to heavy hypernuclei. For the AA channel,
we used the empirical prescription EmpC, calibrated to 1 MeV on the experimental
bond energy in ®He,,,. Based on this density-functional approach, several nuclei have
been studied with nucleon closed-shells and A open-shells. A AA pairing interaction
is introduced, which magnitude is calibrated to be consistent with the maximum BCS
predictions for the A pairing gap in hypernuclear matter. In this way, we provide an
upper bound for the prediction of the A pairing gap and its effects in hypernuclei.
We have shown that the effects of the AA pairing depends on hypernuclei. The
condensation energy is predicted to be about 3 MeV as a maximum value, yielding
small corrections on density distributions and shell structure. Generally, we found
that AA pairing could be active if the energy gap between shells is smaller than
3 MeV. Under this condition, A pairing could impact densities and binding energies.
Since only a weak spin-orbit interaction is expected in the A channel, A states are
highly degenerated and usually levels are distant by more than 3 MeV in energy. In

summary, it is shown that the A-related pairing effect can usually be neglected in

Xvi



most of hypernuclei, except for hypernuclei which have a single particle gap lower
than 3 MeV around the Fermi level. In addition, conditions on both Fermi energies
and orbital angular momenta are expected to quench the nucleon-A pairing for most

of hypernuclei.

The second part of the thesis is devoted to equation of states in neutron stars.
We confronted the tidal deformability values extracted from the gravitational event
GW170817 to nuclear physics constraints within a semi-agnostic approach for the
dense matter equation of state. We used Bayesian statistics to combine together
low density nuclear physics data, such as the ab-initio predictions based on yEFT
interactions or the isoscalar giant monopole resonance, and astrophysical constraints
from neutron stars, such as the maximum mass of neutron stars or the probability
density function of the tidal deformability A obtained from the GW170817 event.
The posteriors probability distribution functions are marginalized over several nuclear
empirical parameters (Lgy,, Kym, Qs and Qgy), as well as over observational
quantities such as the 1.4M, radius R, , and the pressure at twice the saturation
density P(2ng,). The correlations between Lg,, and K, and between K, and Qg
are also further analyzed. It is found that there is a marked tension between the
gravitational wave observational data and the nuclear physics inputs for the L, and
R, , marginal probability distributions. This could be a hint for nucleons to more
exotic particles phase transition inside of the core of neutron stars. We also conclude
that increasing the accuracy on the determination of tidal deformability from the
gravitational wave, as well as M, from the isoscalar giant monopole resonance, will

lead to a better determination of K, and Q.,,.

Keywords: Neutron Stars, Hypernuclei, Equation of State, Gravitational Wave,

Nuclear Structure, Superfluidity

YILDIZ TECHNICAL UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
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OZET

Notron Yildizlarinda Niikleer Fizik: Hipercekirdeklerde
Siiperakiskanlik Calismasi ve Niikleer Durum
Denkleminin Kisitlanmasi

Hasim Zahid Giiven

Fizik Anabilim Dali
Doktora Tezi

Danisman: Prof. Dr. Kutsal Bozkurt

Es-Danisman: Prof. Dr. Elias Khan

Bu tezde Oncelikle A ciftleniminin hipercekirdeklerin taban durum 6zelliklerine etkisi
Hartree-Fock-Bogoliubov yaklasimi ile incelenmistir. NN kanali icin SLy5 Skyrme tipi
kuvvet fonksiyoneli ve N A kanali icin Brueckner-Hartree-Fock hesaplamalarindan
elde edilmis 3 tip kuvvet seti kullanilmistir: DF-NSC89, DF-NSC97a ve DF-NSC97f.
Bu fonksiyoneller hafiften agira, biitlin tek-A’l1 hipercekirdeklerin deneysel baglanma
enerjilerini yiiksek dogrulukta yeniden diiretmektedir. =~ AA kanali icin, °He,,
hipercekirdeginin deneysel bag enerjisi olan 1 MeV degerini hesaplayan ampirik
EmpC kuvvet seti kullanilmistir. Yogunluk fonksiyonel yaklasimi ile, kapali ve
acitk kabuk pek cok hipercekirdek bu tez icerisinde hesaplanmistir. Agik kabuk
hipercekirdekler icin AA ciftlenim etkilesimi hiperniikleer madde hesaplarindaki
BCS yaklasimina dayanilarak tanimlanmistir. Boylece hipercekirdeklerdeki ciftlenim
enerjisinin st limiti ve ciftlenim etkilesmesinin hipercekirdeklerin taban durum
ozelliklerine etkisi hesaplanmistir. Bu ¢alisma sonucunda AA ciftlenim etkilesmesinin
hipercekirdekten hipercekirdege degismesi ile beraber, ciftlenim etkisinden kaynakli
yogusma enerjisinin maksimum 3 MeV oldugu hesaplanmistir. Ayrica ciftlenim
etkilesmesinin, niikleon ya da hiperon yogunluk dagilimlarina ve kabuk yapisina
sadece kiiciik diizeltmeler yaptig1 ortaya cikarilmistir. Genellikle bos-dolu kabuklar
arasindaki enerji farki 3 MeV degerinden diisiikse ciftlenim etkisinin ortaya ciktigi
ve bu durumda hipercgekirdegin yogunluk dagilimlarini ve baglanma enerjilerini
degistirdigi ortaya cikarilmistir. Ancak hipercekirdeklerde spin-yoriinge etkilesmesi
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cok kiiclik oldugu ve ihmal edildiginden otiirii kabuklar arasindaki enerji farki
cogunlukla 3 MeV degerinden fazladir. Dolayisi ile A ciftlenim etkisinin pek
cok hipercekirdek icin ihmal edilebilir oldugu goriilmiistiir =~ Buna ek olarak
niikleon-A c¢iftleniminin, Fermi enerjileri ve kabuklarin acisal momentumu arasindaki
farklardan otiirti cogunlukla sontimlendigi gosterilmistir. Tezin ikinci kismi noétron
yildizlarinin durum denkleminin incelenmesine ayrilmistir. Bu amacla GW170817
kiitle-cekim dalgas1 kaynakli gel-git deformasyonu verilerini kullanarak, niikleer
durum denklemleri hesaplanmistir. Boylece niikleer fizikten elde edilen sinirlar ile
kiitle-cekim dalgasinin tanimladig1 sinirlar karsilastirilarak, niikleer fizik ile gdzlemsel
kiitle-cekim dalgasinin isaret ettigi verileri arasindaki fark tartisilmistir. Durum
denklemleri, yari-agnostik yaklasim kullanilarak olusturulmus, Bayesian istatistik
kullanilarak nétron yildizinin durum denklemi, niikleer fizikten bilinen ve astrofiziksel
gozlemlerden elde edilen veriler ile sinirlandirilmistir. Ab-initio y EFT kullanilarak
olusturulan niikleer fizik verisi ve izoskalar dev monopol rezonansi niikleer fizik
kaynakli sinirlayicilar olarak kullanilmistir. Notron yildizlarinin maksimum kiitlesi
ve kiitle cekim dalgasi kaynakli gel-git deformasyonu A ise astrofizik kaynakli
sinirlayicilar olarak kullanilmistir  Bunun sonucu olarak posterior olasilik dagilim
fonksiyonlar1 niikleer ampirik parametreler iizerinden marjinalize edilerek (L,
Kyms> Qsar and Qgyy), her bir niikleer ampirik parametrenin olasilik dagilimlar
hesaplanmistir. Bununla beraber kanonik nétron yildizi kiitlesi ( 1.4M,) icin yari
cap dagilimi R, , ve niikleer doyum yogunlugunun 2 katinda varolan basing P(2ng,,)
gibi gozlemsel verilerde bu tez icerisinde ayrica hesaplanmugtir. Ayrica Lg,-Ky,,, ve
K,-Qqo nlikleer ampirik parametreleri arasindaki korelasyonlar da bu tez igerisinde
gosterilmistir. Biitlin bunlarin akabinde niikleer fizik verileri ile kiitle cekim dalgasi
verileri arasinda ozellikle L, ve R, 4 igin ¢ok bliylik uyumsuzluklar gézlemlenmistir.
Bu uyumsuzluk notron yildiz1 cekirdeginde, maddenin daha egzotik bir haline dogru
faz degisimine isaret edebilir. Ayrica kiitle-cekim dalgasinin ve dev izoskaler monopol
rezonans kaynakli M, degerinin Ol¢iimsel dogrulugunun arttirilmasi, K, ve Qg

parametrelerinin daha iyi belirlenmesinde rol oynayacagi sonucuna vardik.

Anahtar Kelimeler: Notron Yildizlar, Hipercekirdekler, Durum Denklemi,
Kiitle-Cekim Dalgasi, Niikleer Yapi, Siiperakiskanlik

YILDIZ TEKNIK UNIVERSITESI
FEN BILIMLERI ENSTITUSU
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1

INTRODUCTION

1.1 Literature Review

One of the most important quests of nuclear physics is the finding an universal
interaction for the whole baryon family. In order to pursue this quest, more than
4000 scattering experiments have been performed until now [[1]]. The scattering data
tightly constrains our models of the nucleon-nucleon interaction. However, while
these experiments for finite nuclei probe a range of densities around saturation density
of nuclear matter (n,, ~ 0.16 fm~3, p.,. ~ 2.7 x 10** g/cm®) and heavy-ion collisions
explore a wider domain of densities with small isospin asymmetries, neutron stars
(NSs) are the only system (for now) which explores the equilibrium properties of
dense matter at densities well above saturation density and isospin asymmetries close
to pure neutron matter [2]. NS physics addresses thus one of the most fundamental
questions in nuclear physics which is the understanding of the nuclear interaction
in dense medium as a function of the density and the isospin asymmetry. They are
excellent systems where the high density behavior of the nuclear equation of state
(EoS) can potentially be determined. Although there are considerable astrophysical

observations, a lot of uncertainties related to the structure of NS still exist.

Let us first give some information about the structure of NS. The outermost surface
of the NS contains a very thin atmosphere of only a few centimeters thick that is
composed of H, but may also contain heavier elements such as He and C [3]]. The
detected electromagnetic radiation may be used to constrain critical parameters of
the neutron star. For instance black-body emission from the stellar surface at given
temperature provides a determination of the stellar radius from the Stefan-Boltzmann
law. Unfortunately there are lots of uncertainties to determine exact values of radii
(see Sec. for details). Just below the atmosphere, the 1 km thick envelope
(which also named crust) behave as a blanket between the cold atmosphere (with
T = 10° K) and hot core (with T = 108 K) [13, 4]]. The crust density varies from
1073p,,, to 0.5p,, [3]. It consists of electrons, free neutrons, and neutron-rich atomic

nuclei. However, free neutrons start to appear where the density higher than the



neutronization density (oyp = 4 x 10! g/cm?®). This region usually named inner
crust. As the density grows, the fraction of free neutrons increase [3]]. Besides,
free neutrons and neutron rich-nuclei can also be in a superfluid state depending on
temperature which has a significant impact on cooling scenarios of NSs [[4, [5]. At
a density larger than 0.5p,,, the finite-nuclear phase disappears and a new state of
matter is formed [3]]. This section of NS is called "core" which is responsible for all the
mass of NS and approximately 95% of its total radius. Besides, its density could even
reach up to 10p,, [6]]. However, this reality comes with its own problems since the
behavior of the EoS for densities p > p,, is not accurately known from experiments
of nuclear physics and also their extrapolations to 2 — 10p,,, are not solely reliable.
For convenience, a general nomenclature is created which is named "outer core" for
densities 0.5p,,, < p < 2p,, and "inner core" for densities p > 2p,, [I3]]. The EoS
of NS for outer core can be investigated by using nucleonic models derived from
the nuclear physics experiments since these experiments represent the knowledge
around the saturation density. In this case, NS can be considered as nuclear matter
consisting of neutrons and protons, as well as a gas of electrons and muons at f3
equilibrium [12] 3} [7, 8]]: This is the traditional description of the NS. However for
densities p > 2pg,,, the EoS of NS is completely unknown. Therefore, three main

hypothesis are proposed to explain the inner core of NS:

* Phase transition to hypernuclear matter: Appearance of hyperons on some onset
density (typically p > 2p.,,), specifically ¥~ and A hyperons [[9H13]].

* Phase transition to quark matter: Deconfined light u and d quarks and strange
s quarks, and a small admixture of electrons (or not) could form a true ground
state of matter which is also called strange matter hypothesis [[14]. However, it
is a debated issue and there can be a two different scenarios leading to either
the whole star could be quark matter which is also called as a quark star or the
quark phase transition could occur only at a sufficiently high density [15H18]].
In the case of quark phase transition, building core of NS by using quarks results
in significantly small radii compared to the traditional ones [[I5H18]] except
for the quarkyonic model, which describes the transition to quark matter as a
crossover [[19].

* Pion condensation: The appearance of a boson condensate of pion-like
excitations with a strong renormalization and mixing of nucleon states [20~
22]]. This hypothesis is considered as the least likely, since the effect of
pion condensation on EoS is predicted to be negligible from nuclear matter
calculations [21]].



1.2 Objective of the Thesis

Considering the first hypothesis, at large densities, a substantial population of
hyperons are expected because the Fermi energy of neutrons becomes of the order
of their rest mass, leading to an increase of the hyperon fraction, but it also reduces
the degeneracy pressure inside the NS, leading to soft NS EoS at high densities, causing
a problem to reach maximum observed NS mass: 2M, [23] 24]] where M, is the
solar mass. This problem could be alleviated by adding the hypothetical repulsive
interaction using some vector mesons, specifically the ¢ meson (see Ref. [[15] for
details.) Therefore, extracting the hyperon interaction inside the nuclear medium
from hypernuclear experiments has an utmost importance. Besides, for the case of
multi-strange hypernuclei, there could be superfluidity (or in simple terms: pairing)
which can affect the interpretation of the experiments related to multi-strange
hypernuclei. However, the A pairing channel in hypernuclei is completely unknown.
Besides, the pairing interaction in the strange sector could have an important effect
on the cooling curves of neutron stars. Therefore, the first part of the thesis is devoted

to the investigation of the A pairing channel on hypernuclei.

The advent of first detection of gravitational waves from a binary NS merger
(GW170817) by the LIGO-Virgo collaboration [25, [26/], opens a new era for nuclear
astrophysics since it provides an additional observable related to the EoS of NS,
among which the Tidal deformability (A) [27-29]. Considering this "new" observable,
the second part of the thesis is devoted to constrain the nuclear EoS. To do this,
nuclear EoSs generated by using observational data such as the maximum mass
(2M, see Refs. [[23] [24] for details) and A from the gravitational wave event of
GW170817 [25, 126, 30, [31]] as well as predictions from nuclear physics such as
Chiral Effective Field Theory (yEFT) [132]] and Isoscalar Giant Monopole Resonance
(ISGMR) [33} [34] are confronted to each other.

1.3 Hypothesis

In Chap. the theoretical foundations of mean field approximation (with
Hartree-Fock-Bogoliubov or Bogoliubov-de Gennes equations) for hypernuclei are
explained [J35, [36]]. We considered hypernuclei with proton and neutron closed
shells, e.g. *°;3Ca, '*2:%Sn and *°*;’Pb, since semi-magicity often guarantees that
nuclei remain at, or close to, sphericity. In Chap. |3 both nucleon-A and A-A pairing
channel are investigated and their effect on the ground state properties such as binding
energies, single particle spectrums and particle densities are calculated on 4?;§Ca,

132-S 208- :
“sion and <7 °Pb hypernuclei.



In Chap. the theoretical fundamentals of meta-model [37],
Tolman-Oppenheimer-Volkoff (TOV) [38, 39] and Pulsation equations [27-29]]
are given. In order to connect observational data with theoretical predictions of
nuclear physics, a brief overview on Bayesian statistics is also given [40]]. Finally
with the power of Bayesian statistics, the building of the posterior probability from
the likelihood one, which includes all constraints, and from the prior on the model
parameters, are detailed. In Chap. |5, the analysis of the posterior probabilities is
undertaken for the following empirical parameters: L, Ko, Qg and Qg as well
as for the radius of 1.4M,, , R, 4, and the pressure at 2ng,, P(2n,,). We then analyze

origins of the correlation between the L, -K;,,, and K -Qg, parameters. Finally,

sym
their implications on nuclear and NS physics are discussed in detail.



2

PAIRING IN HYPERNUCLEI: THEORETICAL
FOUNDATIONS

2.1 A Strange System: Hypernucleus and Hypernuclei

A hypernucleus is an extra-ordinary nucleus including ordinary nucleons with one
(or more) strange baryons (hyperons). It was first detected from hyper-fragments
exposed to cosmic rays [41] in 1952. One year after, a new quantum number,
"strangeness", was introduced [42, [43]]. The reason why it is called "strangeness"
is that, these systems are bound with the time-scale of strong interaction (10723 s)
but decay only with the weak interaction (which time-scale is 1071° s) inside of
the nuclear medium. Therefore, hypernuclei can be investigated with a many-body
framework typically used in nuclear physics. Within the last 40 years, modern particle
accelerators and electronic instrumentation have increased the rate and breadth of
the experimental investigation of strangeness in nuclei (especially, the Japan Proton
Accelerator Research Complex in Japan and the proton antiproton detector array
at GSI Facility for Antiproton and Ion Research [[44-47]]). As often, the theoretical

interest has closely followed the experimental development.

A hyperon is characterized by its strangeness number S which is S = —1 for A, X7,
¥, ¥%and S = —2 for Z7, E°% The strangeness of a hypernucleus is determined
by the strangeness number of the hyperon if the hypernucleus contains only one
hyperon. However, some hypernuclei can contain more than one hyperon, forming
a multi-strangeness hypernucleus where the strangeness of the system is defined by

the total number of each hyperon.

Although in principle, any hyperon could bound with an ordinary nucleus to form
a hypernucleus, there is indeed a specific attention for the A since the mass
(m, = 1115.683 % 0.006 MeV/c?) is the lightest one compared to other hyperons
(my: = 1189.370 + 0.070 MeV/c?, myo = 1192.642 + 0.024 MeV/c?, my =
1197.449 £ 0.030 MeV/c2, mz- = 1321.710 £ 0.070 MeV/c? and mzo = 1314.860 +
0.200 MeV/c?) [48]]. It is therefore easier to produce A than other hyperons. Another
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reason for choosing A is that since other hyperons (", ¥, 2° =~ and Z°) decay to A
inside the nuclear medium, observing A hypernuclei is the easiest way to understand
hyperon-nucleon interaction at first order [[49]]. As a consequence, there are sufficient
experimental data related to single-A hypernuclei, from >He to 2*Pb, which are
relevant to understand the A-nucleon interaction, at least at very low density. A
separation energies and single particle structures of these hypernuclei is now fairly
known [|50, 51]]. However, for % hypernuclei, it is generally assumed that the bound
Y hypernuclear system does not exist except for ;He [52, 53]. The %" separation
energy for $He was measured to be 3.2 MeV [52] (for comparison: 2.39 MeV for
j‘\He [50, 51]]). Besides, Ref. [|53]] shows that ;He has not any excited state. In the
—S > 2, the situation is slightly better than the 3 case. There are few experimental
data about double-A hypernuclei due to their low production rates of kaons, with some
observed hypernuclei such as f’\ +He or 1% Be, allowing to extract of the bond energy
which is strongly related to A-A interaction [45] 146, (54, 55]]. The famous "NAGARA"
event allows to determine the bond energy of /6\ 1He to be 0.6-1 MeV [[45], |46, 54, [55]].
Another case for —S = 2 is the = hypernucleus. Unfortunately, there is only one event
reported related to Z hypernucleus, "KISO" event for 1> C [56]] where - separation
energies allow to conclude either Bz~ = 4.38 £0.25 MeV or Bz~ = 1.11 £ 0.25 MeV
(see Ref. [[1] for details). However, if one considers the coulomb interaction which is
predicted to be 3 MeV for és, C [I], E-nucleon interaction could be either attractive or
repulsive. All in all, due to the large experimental uncertainty on > and = hypernuclei

measurements, in the present work, we consider the case of A hypernuclei.

Let us now discuss about the theoretical description of hypernuclei. A hypernuclei
have often been considered as the best system to investigate the nature of
hyper-nuclear interactions in the baryon octet [51, [57]. Despite the numerous
theoretical works about hypernuclei physics within various frameworks, such as
relativistic mean field [[58-61]], G-matrix combined with Skyrme-Hartree-Fock for
finite-nuclei [|[62-65]], generalized liquid drop model [66]], as well as more recently
quantum Monte-Carlo approach [67, [68]], there are still open questions concerning
the understanding of multi-strange nuclei and the hypernuclear equation of state. In
general the main difficulties for theoretical approaches is the very scarce amount of
experimental data, as explained in the previous paragraph. Constraints on the hyperon
interactions are therefore still weak. As an example, the NNA interaction is still subject
of debate [67,68]. Most of the recent theoretical approaches predict binding energies
and single particle energies of single-A systems such as ;He, 'Be, °C, **’Pb in good
agreement with the experimental data [58, (59]]. In the present work, for instance,
we consider density functional approaches where the nucleon sector is treated with

Skyrme interaction and the NA channel is based on G-matrix calculations starting from



various bare interactions such as NSC89, NSC97a—f (Nijmegen Soft Core Potentials)
or ESCO8 (Extendend Soft Core Potentials) [[63} 165/]]. The older DF-NSC89 functional
can reproduce with a good accuracy the experimental single particle energies of A
hyperon for light hypernuclei such as ;He or '*C, but for heavier hypernuclei like #/Ca
or *°’Pb, DF-NSC97a—f and DF-ESCO8 are better [63, 65]]. It should be noted that this
discrepancy between the interactions can be removed with adequate fitting such as
adding new terms in the energy functional for the single A hypernuclei (see Ref. [63]
for details).

However, there are still many open questions related to hypernuclei. The first one
deals with the strength of the AA force. In general, the experimental bond energy
of multi-strange systems, such as A/?He or AlﬁBe, are not reproduced by the usual
density functionals [[61]]: the DF-NSC89 and DF-NSC97f forces predict bond energies
ranging from —0.34 MeV (,[’Be) to —0.12 MeV (*/'Pb) while the DF-NSC97a, which
has strong AA interaction, predicts bond energies from 0.37 MeV ( All(iBe) to 0.01
MeV (2/\1/‘3Pb) [65]. It should be noted that more recent density functionals, e.g.
the one derived from the ESCO8 potential, do not better to reproduce the bond
energy (—0.57 MeV for ESCO8 in , °He [65]). In order to improve the description
of the AA force, an empirical correction for DF-NSC89 and DF-NSC97a-f in the
AA channel has been proposed and fitted to the bond energies of AEHe (which is
~ 0.6-1 MeV [[45, 146, 54} 55]]) and named EmpC (see Ref. [[69] for details). Note that
similar issues exist with relativistic approaches for hypernuclei and it was recently
proposed than the fit of the bond energy shall enter directly in the definition of the
Lagrangian [[12]]. Therefore we shall use DE-NSC89+EmpC, DF-NSC97a+EmpC and
DE-NSC97f+EmpC potentials, due to the compatible results of AA channel.

Besides, a well-known issue is indeed the so-called hyperon puzzle in neutron stars [[9~
13| [15]]. It refers to the difficulty for many approaches to reach the largest observed
mass of neutron stars, of about 1.9 —2.0M,, [23],[70] when considering the softening
induced by the onset of hyperons in the nuclear matter. The possible solutions may
be that the hyperon interaction turns strongly repulsive in dense matter, counter
balancing the softening of the phase transition to hypernuclear matter [[9-13] [15]], or
quark phase appears before the hypernuclear matter [16H19]]. A detailed discussion
about the phase transition considering hyperons (or a quark phase) on neutron stars

is given in Sec. 4.2

There is however a question which has not been addressed yet and may modify our
understanding of the AA channel in finite hypernuclei: are A particles paired, and
how much A pairing impacts the ground state properties of hypernuclei (density
distributions, binding energies, etc.)? It should be noted that although there is



currently no microscopic calculation in hypernuclei including A pairing, the pairing
gap in hypernuclear matter has been calculated within the Bardeen—Cooper—Schrieffer
(BCS) approximation [[71H75[]. The present work aims to provide a first investigation
to the A pairing in finite hypernuclei by considering a rather optimistic scenario for
the strength of AA pairing.

Another question related to multi-strange nuclei deals with the presence of other
strange baryons than A, such as =, X or Q. E is the most crucial one because the
A+ A — N + E decay channel (also called E-instability) can make it appear in the
ground state of hypernuclei [|69, [76]]. The attractive nature of the Z potential in
nuclear matter (Ug = —14 MeV)[[77] stabilizes = and both Z° and =~ hyperons are
predicted in hypernuclei with a strangeness number —S > 20 — 30 [|69]. Besides, a
A hyperon can also decay to ©°, £ and ~~. However, due to the high Q/™ values
of % hyperons (QL = —80 MeV for % and QL* = —26 MeV for E [69, [76]), the
decay of A to ©*° is not favored in finite hypernuclei. Since the presence of Z in the
ground state is not expected to enhance the A pairing, and since the pairing in the =
channel is even less known that the one in the A channel, we shall focus our present
study on the pairing in A hypernuclei. We do not expect our conclusions to be strongly

modified by the presence of hyperons other than A in finite nuclei.

2.2 Main Principles

In the present work, the ground state properties of single and multi-A hypernuclei
are investigated with Hartree-Fock-Bogoliubov (HFB) formalism considering AA
pairing interactions. On this purpose we neglect the A spin-orbit interaction, which
is estimated to be very small [50, 78], [79] and the three body interactions such
as NNA [67, 68] is effectively included from the functional approach. We have
considered a zero range pairing force in the AA channel, opening the possibility
to calculate accurately open-A shell hypernuclei. In addition, our calculation are
performed in spherical symmetry since deformation is not expected to greatly increase
pairing correlations. We have considered hypernuclei with proton and neutron closed
shells, e.g. *;3Ca, *2;Sn and ***;°Pb, since semi-magicity often guarantees that
nuclei remain at, or close to, sphericity (see Ref. [[80] for the general case of N = Z
hypernuclei). A future study evaluating the effect of deformation on the pairing
correlation for open shell A states would however be interesting to confirm our

conclusions.



2.3 Mean Field Approximation

Considering a non-relativistic system composed of interacting nucleons N=(p,n) and

A’s, the total Hamiltonian reads,
H=Ty+T,+Hyy+Hy\+Hyp, (2.1)

where T, are the kinetic energy operators and H,; are the interaction operator terms
acting between A and B species (A,B = N, A).

2.3.1 The Particle-Hole Channel

In the mean field approximation the ground state of the system is the tensor product

|Wy) ® |¥,), where |[¥y) (|¥,)) is a slater determinant of the nucleon (A) states.

The total Hamiltonian (2.1]) can be turned into a density functional e(py, p,), of the

particle densities py and p,, as H = f e(py, pa)d>r. The energy functional € is often
expressed as [65] [81]],

h
e(pn,Pr) = %TN + 2m,
+ena(Pn, Pa) + €an(pn)s (2.2)

Ta+ enn(on)

where 7 (7,) is the nucleonic (A) kinetic energy density and €;; are the interaction

terms of the energy density functional describing the NN, NA and AA channels.

In the following, the nucleonic terms will be deduced from the well known SLy5
Skyrme interaction [82]] widely used for the description of the structure of finite
nuclei, while the NA channel is given by a density functional ey, adjusted to
Brueckner-Hartree-Fock (BHF) predictions in uniform matter [[65} [81]],

enalows o) =—filen)onpa + fz(PN)PNPIS\/S- (2.3)
Since the spin-orbit doublets are experimentally undistinguishable [50, (78], the
spin-orbit interaction among A particles is also neglected [83]]. The following density

functionals are considered for the N A channel: DF-NSC89 from Ref. [|81]], DF-NSC97a
and DF-NSC97f from Ref. [|65]].

In the AA channel €,, is adjusted to the experimental bond energy in Af\;He [69] from
Nagara event (see Sec. [2.1]for details) [45] 146, 54, [55]):

eanlpa) = _fz(PA)P,Z\- (2.4)



Table 2.1 Parameters of the functionals DF-NSC89, DF-NSC97a and DF-NSC97f
considering EmpC prescription for a, [69]]

Functional a; a, asg a, Os ag a;
DE-NSC89

327 1159 1163 335 1102 1660 22.81
+EmpC
DF-NSC97a

423 1899 3795 577 4017 11061 21.12
+EmpC
DE-NSC97f

384 1473 1933 635 1829 4100 33.25
+EmpC

The corresponding empirical approach EmpC for the AA channel is considered in the
present work (see Ref. [|69] for details). The functions f;_5 in Egs. (2.3] are

expressed as,

filey) = a;—aypy + a3P§p (2.5)
falen) = as—aspy +agpy, (2.6)
fzlea) = a;—agpp+ agp,z\, (2.7)

where a,_, are constants given in Tab. Since we completely don’t know the
high density behavior of hyperon-hyperon interaction, the parameters ag and a, are

therefore simply chosen to be 0 (the same approach has been done in Ref. [69]).

In uniform nuclear matter the single particle energies read,

h2k> h2k>
en(k) = o T vt and e, (k) = —— + v, (2.8)
N A

where the v}?*‘*" decomposes as,

matt. __ ,,matt. matt.
Vit =yt v (2.9)

The potentials v'¢", v and v derive from the energy functionals. Namely,

NN > VNA AA
matt. _ Skyrme aeNA
vun (PnsPA) = vy +—=—, (2.10)
pn
de
ymatt. = A 2.11
NA (pA) apA ( )
de
ymatt. = A8 2.12
AA (pA) apA ( )
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Table 2.2 The parameters of the A-effective mass

Force 231 2% 2%} My
DF-NSC89 1.00 1.83 5.33 6.07

DF-NSC97a 0.98 1.72 3.18 0
DE-NSC97f 0.93 2.19 3.89 0

The nucleon effective mass is given from Skyrme interaction [[84]] and the A effective

mass is expressed as a polynomial in the nucleonic density py as [[81]],

m} (pw)

A= My — U2pn + MBP}%} - M4Pip (2.13)
my

The values for the parameters u,_, are given in Tab.

In hypernuclei, energy densities €y and €, are corrected by the effective mass term

before deriving potentials as (see Ref. [|69]] and therein),

3h2 6m2\*[ m
nucl, 5/3 N
_ _ 1 2.14
eNN (pN) eNN(pN) 10mNpN ( gN ) m;:, ( )
3h2 6m2\/*[ m
nucl, 5/3 A
e on,rn) = exalon,Pr)— o ( ) - —1, (2.15)
NA AN A NAENEMY 10m, 7 gy m*
GT\L;\CI'(PA) = exlens (2.16)
where el!{ p,) satisfies

— = vf,ky . (2.17)
9pn

The present functional (SLy5 in the NN channel, DF-NSC in the NA channel and
EmpC in the AA channel) therefore yields an optimal set to perform HF calculations

in hypernuclei (see [[69]] for details).

2.3.2 Hartree-Fock-Bogoliubov Equations

The Hartree-Fock-Bogoliubov (HFB) framework is well designed for the treatment
of pairing both for strongly and weakly bound systems. In this work, we study
hypernuclei which are magic in neutron and proton and open-shell in A. We thus
consider the HFB framework in the AA channel, and the NN channel is treated within

Hartree-Fock (HF). In addition, because of their magic properties in the nucleon sector,
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which still contains the majority of particles, we consider spherical symmetry. In the
HFB approach the mean field matrix that characterizes the system is obtained from
the particle and pairing energy densities [|36]]. Particle and pairing densities can be
expressed as

p(roq,¥'o'q) = (Pla} . Q). (2.18)
p(roq,ro'q’) = —20"<1/J|a;5_0,q,amq|1/)>. (2.19)
where a:r,a,q, and qa,,, are creation and annihilation operators which affect nucleon

with o = £1/2 spin and q isospin from nucleon to hyperon at point r. The variation
of the energy expectation value E = <<I> | H | <1>>, with respect to p and p under the
conservation of particle numbers, leads to HFB (or Bogoliubov-de Gennes) equations
in coordinate space:

fd3r’ 5 (h(ra,r’a’) h(ro,r'o") ) (Qpl(E,l‘/O'/))

h(ro,r'c’) —h(ro,r'c") )\ y,(E,r'c")
E+ A 0 E
_ ¥i(Er0)) (2.20)
0 E—AXAJ\yY,(Ero)
where the mean field matrix elements (h(ro,r'c’) and h(ro,r'c’)) are obtained by

variation of the expectation value of the energy with respect to the particle and pairing
densities:

5€(pN: P> TN TA)
op(ro,r'c’)

5€(pN7 Pa>TN> TA)
5p(ro,rc’)

h(ro,r'c’) = , (2.21)

h(ro,¥'o’) = (2.22)

In Eq. (2.20), the diagonal elements of the matrix in the integral correspond to
the particle-hole (Hartree-Fock) field while the non-diagonal elements of the matrix

correspond to particle-particle field which includes contributions of the pairing to the

mean field of the hypernucleus. Recalling Egs. (2.14} [2.15/and [2.16)), one can rewrite

the total energy functional for hypernucleus:

L
Ty + To+ e (o)
* * NN N
2my, 2m’
nucl.

+61T6Lxl.(pN’ p/\) + €an (pA); (2.23)

e(pN: P> TN TA) =

as it is shown in Eq. (2.21)), taking derivatives of Eq. (2.23)) leads to the mean field
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operator for the particle-hole channel (i = N, A):

2

f d3r’Z h(ro,r'c’) = [— v2rr’;(r)v + Vi(r) —iW,(r)(V x 0)], (2.24)

where W,(r) is the spin-orbit term (W,(r) = O see Sec. for details), Vy(r) is the
nucleon potential and V,(r) is A potential, respectively defined by:

Jde 0 m
V. = Skyrme + NA + |: A ]
W) = vy dpn  IpyLmy(py)

232/3%2
2m, S 2m,
G G 372)?/3h?
VA(I‘)E aEN/\ + aEAA_[ *mA _1]( ) P,Z\/g- (2.26)
Pa Pa m3 (on) 2my

2.3.3 The Particle-Particle Channel

For the particle-particle channel, due to scarce available information, especially for
the A pairing channel, it is convenient to consider a volume type zero range pairing
interaction in the AA channel as,

Vo = V8 —1)8,4, (2.27)

pair
where V, is the A pairing strength.

We now discuss the strength V, —of the A pairing interaction. At variance with
the NN pairing interaction, there are not enough experimental data to set the AA
pairing interaction. We therefore choose to calibrate the AA pairing interaction to
calculations of A pairing gaps in uniform matter, see for instance the recent work
in Ref. [85]]. There are several predictions for the A pairing gap in uniform matter
which have been employed in cooling models for neutron stars. These predictions
are substantially different for several reasons: they were calibrated on either the
old [71] [72] or the more recent [[73] [75] value for the Nagara event [[54]; they were
considering non-relativistic [[71} [72]] or relativistic mean field [[73] [75] approaches;
as a consequence, they incorporate different density dependencies of the nucleon
and A effective masses; they are based on various A interactions which are weakly
constrained. As a result, qualitatively different predictions have been performed in
nuclear matter: the influence of the nucleon density on the A pairing gap has been
found opposite between non-relativistic approaches [[71},[72]] and relativistic ones [[73]].

Despite these differences, the predictions of the A pairing gap at saturation density
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and forky ~ 0.8 fm™ (corresponding to the average A density p,,,/5 in hypernuclei)
are rather consistent across the different predictions and reach a maximum at about
0.5-0.8 MeV. For instance, under these conditions the A pairing gap is predicted to be
about 0.5 MeV for py = p,, with HS-m2 parameters [73]], and 0.5 (0.75) MeV for
NL3 (TM1) parameters with ESC00 A force sets [[75]]. These values are also consistent
with the extrapolations of earlier calculations [[71, [72] in hypernuclear matter. Some
interactions predict however lower values. In the following, we will therefore calibrate
our AA pairing interaction on hypernuclear matter predictions of Ref. [73]], which

represents an average prediction for the maximum possible A pairing gap.

In addition to the AA pairing, let us mention the existence of a prediction suggesting
a strong NA pairing interaction in nuclear matter [[74]. In finite nuclei, large NA
pairing gaps may however be quenched by shell effects, due to large single particle
energy differences between the N and A states, or mismatch of the associated single
particle wave functions. This will be discussed in more details in the next chapter of
this thesis.

2.3.4 The Calculation of Nuclear Observables

Let us now discuss how to extract ground state properties for any hypernucleus
with HFB framework. Considering Eq. (2.20), one can find energy eigenvalues and
quasi-particle wave functions by solving two coupled differentials equation by using
numerical iterations starting from a trial wave-function. However, we don’t give the
full detail about the numerical solution of HFB equations, we refer to Refs. [35, 36]
for details. After the HFB iteration is converged, the particle and pairing densities can

be expressed as

p(ro,r'o’) = Z Yo(Ep, o )5 (E,, 1'0") (2.28)
En<ECll[

p(ro,¥o')=— Z Yo(E,, ro)Yi(E,, ¥'o'), (2.29)
E,<E .

where E_,, is the cutoff energy which simulates the finite range of the interaction for
mean fields. We used a 60 MeV cutoff energy and 157 cutoff total angular momentum
for quasi-particles, allowing for a large configuration space for all hypernuclei under
study. The fact that the density matrix p(ro,r’'c”) vanishes for r — oo or ' — oo has
an important consequence for the canonical basis of the HFB problem formed by the

eigenfunctions of the density matrix,

f d3r'Zp(ra,r’a’)¢n(r’a’) =v2¢,(ro), (2.30)
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where the vrf is the occupation probability and ¢,(ro) are canonical states which also

represents the wave function of nucleons. We now are ready to introduce pairing field
h(ro,r'o") by using Eq. (2.27) in the following way:

h(ro,¥o)=V, = V), 0(r—1)5,,. (2.31)

pair

Making the same approach as we did for Eq. ti , one can also generate u> (while
satisfying vi +ur21 = 1 condition). As a result, quasi-particle wave functions 1, and v,
are now proportional to the canonical basis wave functions as,

wl(En:rO-) = un(nbn(En’ro-) (232)
Yo(Ep,10) = v,¢,(E,,10), (2.33)

which are also eigenfunctions of the particle-hole (Hartree-Fock) and particle-particle
(pairing) field:

f &t > h(ro,r'0)p,(r,0) = (e,—N,(r,0), (2.34)
f d3r’Zf1(ro,r’a’)¢n(r', o) = A, (r,0). (2.35)

The eigenvalues €, — A and A, represent particle and pairing energies for each
shell respectively where A is acquired from the HFB iteration is already defined in
Eq. (2.20). Besides, A can also be interpreted as the Fermi energy of each channel
when the HFB iteration is converged [36]].

Finally we shall obtain the total energy of a hypernucleus and also density distribution
of each nucleons and hyperons. The total energy of a hypernucleus E,,, can be
calculated by using €, and A, as

Eoe = Z V(e — A2+ AL (2.36)

i=N,A

The particle and pairing densities for an each shell is easily calculated by taking the
trace of densities which are already defined in Eq. (2.28):

PN,A(I') = TT[PN,A(TO',I'IO'/)], (2.37)
Pya®) = Tr[pya(ro,r'o’)]. (2.38)

In the following chapter, we show the calculated results of single particle spectrums,

densities and binding energies for the selected hypernuclei.
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2.4 Concluding Remarks

In the present chapter, we provided theoretical foundations for calculating ground
state properties of A hypernuclei. On this purpose, we first described a density
dependent interaction for NN, NA and AA channels. For NN channel, the SLy5
Skyrme functional is used, while for the NA channel we use three functionals fitted
from microscopic Brueckner-Hartree-Fock calculations: DF-NSC89, DF-NSC97a and
DE-NSC97f. These functionals reproduce the sequence of single-A experimental
binding energies from light to heavy hypernuclei. For the AA channel, we used the
empirical prescription EmpC which is calibrated on the experimental bond energy in
®He,, in which, we excluded the high density behavior of the AA functional due to the
lack of experimental information. In order to modelling pairing, we consider a zero
range pairing force in the AA channel, opening the possibility to calculate open-A
shell nuclei. We also reviewed the current situation about A pairing in hypernuclear
matter sector where, the A pairing gap varies between from 0.5 MeV to 0.75 MeV for
the density py = p,,, depending on different interactions. All things considered, we
use all these interactions within the Hartree-Fock-Bogoliubov formalism to calculate
ground state properties of A hypernuclei. In addition, our calculations are performed
in spherical symmetry since deformation is not expected to increase greatly in the
case of pairing correlations. Therefore, we shall consider hypernuclei with proton
and neutron closed shells, e.g. *°;Ca, **;3Sn and *°*;Pb, since semi-magicity often

guarantees that nuclei remain at, or close to, sphericity.
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3

PAIRING IN HYPERNUCLEI: RESULTS

3.1 An Overview

In the present section, we show predictions for the A pairing gap and its impact
on multi-A hypernuclei. In order to achieve this quest, we first discuss relative
gaps between N and A single particle energies predicted by HF calculation without
the pairing to assert our calculation without NA pairing. @We then employ
Hartree-Fock-Bogoliubov (HFB) framework including pairing in the AA channel to

study binding energies and density profiles in multi-A hypernuclei.

3.2 Hunting Clues for the A Pairing: Results of the Hartree-Fock
Approach

3.2.1 A Single Particle Spectrums for Multi-A Hypernuclei

Let us first discuss the hypernuclei of interest in this work, without AA pairing
interaction. On this purpose, we investigate closed shell hypernuclei such as ZS’XCa,

10aSn, >7%Pb shown in Fig. These nuclei are triply magic. Due to the absence
of spin-orbit term, the shell structure of hyperon is also expected to be similar to
that of the spherical harmonic oscillator, with magic numbers 2, 8, 20, 40, 70, etc,
and the energy gaps are larger than in ordinary nuclei. While the central potential is
also expected to modify the details of the single particle spectrum, the gross increase
of the single particle gap compared to ordinary nuclei, is mostly due to the absence
of spin-orbit interaction. New magic numbers in the A channel is clearly caused by
absence of spin-orbit interaction, increasing the degeneracy of the states as well as the
average energy gaps between single particle states. In order to check this statement,
we have calculated the single particle spectrum for other Skyrme interactions, e.g.

SGII [[86]], SAMI [|87] and SIII [|88]], and we found the same gross conclusions.

The average single particle gaps between two neighboring orbitals can be estimated

from Fig. where the A spectrum is shown for ,>°Ca, ,7>Sn, and 2/Pb hypernuclei
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Figure 3.1 The A single particle spectrum of 2/%Pb (c) hypernucleus, calculated with

the HF approach (Continued)

and for 3 different density functional in the A channel (the Skyrme interaction SLy5
is fixed in the nucleon channel): the average single-particle gap is found to be
generally larger than 4 MeV, except for the gap between the 2s-1d and 3s-2d states,
where it is between 1 and 3 MeV. These smaller energy gaps may be related to the
pseudo-spin symmetry [89, 90], since the 2s-1d and 3s-2d states are pseudo-spin
partners. The small energy gap between these states makes them good candidates
for pairing correlations: These states could largely mix against pairing correlations
when they are close to the Fermi level, represented in dashed lines in Fig. For the
selected nuclei in Fig. the Fermi level is indeed close to either the 2s-1d or the

3s-2d states in the cases of Ca and Pb hypernuclei, respectively.

The energy spectra predicted by DEENSC89+EmpC and DF-NSC97f+ EmpC are
mainly identical, while the single particle states predicted by DF-NSC97a+ EmpC
are systematically more bound, since the NA potential is deeper for DF-NSC97a+
EmpC compared to the two others functionals [[69, [83]. We give a more quantitative
estimation of the single particle energy differences between the predictions of
DF-NSC97a+EmpC and DF-NSC89+EmpC in Tab. As expected, the larger the
number of hyperons, the larger the differences. The larger the nucleon density, the

19



-15

Fermi Energy (MeV)
S

-20

Fermi Energy (MeV)
|_\
o

-20

T T T T T T T T

—=—n SLy5+DF-NSC97f+EmpC (@)

- —*— P 40-s 1
A -SA Ca

\\\-

2 4 6 8 10 12
Strangeness Number -S

SLy5+DF-NSC97f+EmpC (b)

132-S
-SA S

—=—n
P

n

M
N M i

5 10 15 20 25 30 35
Strangeness Number -S

Figure 3.2 Evolution of proton, neutron and A Fermi energies function of strangeness
number -S for **;Ca (a) and '**;Sn (b) hypernuclei with the HF approach

20



0 . . . ;

—s—n  SLy5+DF-NSC97f+EmpC ()
[ —*— P 208-S |
" 2Pb

5| 4

-15

Fermi Energy (MeV)
AN
o

)
o
T
1

30 35 40 45 50
Strangeness Number -S

Figure 3.2 Evolution of proton, neutron and A Fermi energies function of
strangeness number -S for 2°_5Pb (c) hypernuclei with the HF approach (Continued)

-SA
larger the differences as well, since the NA potential strongly depends on nucleon
density. Hence, the difference is larger for the deep single particle states than for the

weakly bound ones.

3.2.2 Possibility of the NA Pairing Channel

We now discuss the NA and AA pairing channels. These two pairing channels are
expected to compete: a Lambda can be paired either to a nucleon or to another
Lambda. Drawing an analogy with T = 0 and T = 1 pairing channels in ordinary
nuclei, the pairing interaction between two different particles (T = 0) can occur under
the condition of a good matching between their wave functions and also between their
single particle energies. This is the main reason why T = 0 pairing is expected to

appear mainly at (or close to) N=Z nuclei [91], [92]].

Let us first focus on the NA pairing. A necessary condition for this pairing to occur is
that the neutron or proton Fermi energy is close to the A one. The neutron, proton and
A Fermi energies are displayed on Fig. as function of the strangeness number —S

for the three representative nuclei: **;3Ca, *2;%Sn and **®;SPb. The intersections of
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Table 3.1 Energy difference of each shell between DF-NSC97a+EmpC and
DE-NSC89+EmpC force sets. The detailed spectra are shown in Fig.

Shell Energy Difference (MeV)

200CA 40ASD 70APD
1s 6.00 7.50 8.50
1p 6.00 6.87 7.10
1d 3.32 5.80 6.36
2s 2.59 5.57 6.42
1f - 4.81 6.30
2p - 4.20 5.20

nucleons and A Fermi energies occur at —S = 4 (neutrons) and 8 (protons) for 4?;§Ca,

—S = 10— 16 (proton) and 20 — 32 (neutrons) for '*?:°Sn and for —S = 34 — 40 for

208-S

both neutrons and protons ;2

Pb hypernuclei.

Let us now take typical examples of the nuclei which are located at these crossings.

+tCa and /¥Ca single-particle levels are shown in Fig. and the ones of 2iPb is

shown in Fig. The A Fermi level is mainly the 1p state in }¢Ca and /?Ca, and

there are no p states in the neutron and proton spectrum around the Fermi energy.
The conditions for NA pairing are therefore not satisfied for Ca isotopes.

A similar analysis can be made for the Sn isotopes. We also calculated [+2Sn, ,>*Sn

and zljlfSn hypernuclei for which the proton or neutron and the A levels cross. The
last occupied A states is 1d for [#2Sn (resp. 2s for ,52Sn and 1f for J>°Sn) while the

corresponding proton (res. neutron) state is 1y, (resp. 1h;;,,). Since the quantum
orbital numbers does not coincide between the nucleons and the A states in the cases
where their respective Fermi energies cross, the NA pairing is not favored for these Ca

and Sn nuclei.

The case of ***_*Pb hypernuclei is different. Fig. displays the single particle
244Pb hypernucleus, since the crossing of the nucleon (neutrons and
protons) and A Fermi levels occurs at around S = —36 (Fig. [3.3). Fig.[3.4] shows that

the last filled orbits are 3s, , for proton, 3p,,, for neutron and 2p for A. Since Pb is

spectrum for

magic in proton, only neutrons and A may be paired. We therefore predict that nA

208-S
-SA

For lower or higher values of S, the mismatching of the single particles orbitals does

pairing may occur for Pb hypernuclei and for A between S = —34 and S = —40.

not favor nA pairing. Since the level density increases with increasing masses, it is

expected the general trend that NA pairing may occur more frequently as A increases.

208-S

°sAPb is a typical case representing heavy hypernuclei. Since the =-instability is
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expected to occur around —S = 70 [|69]], we can infer that pairing may occur for about
10% of 2085

of heavy hypernuclei where NA pairing may occur. The amount of hypernuclei where

Pb isotopes. This number may be considered as the maximum percentage

NA pairing is possible is therefore predicted to be small. In the following, we will

avoid the cases where it may occur.

3.3 Investigating Impacts of the AA Pairing on Hypernuclei: Re-
sults of the Hartree-Fock-Bogoliubov Approach

3.3.1 A Fitting Protocol for the AA Pairing Strength

We now focus on the AA pairing and consider the cases of semi-magical hypernuclei,
such as **;°Ca, 2:%Sn, and ***_*Pb. It should be noted that these nuclei are magic
in both proton and neutron numbers, which helps most of these hypernuclei to resist
against deformation, as in the case of normal hypernuclei. They have however an

open shell in the A channels.

The A pairing strengths, mean gaps and averaged mean gaps of isotopic chains are
displayed in Tab. The fitting procedure for the AA pairing is the following:
we first remind that the AA mean-field interaction is calibrated to the AA bond
energy in ®He (Nagara event; see Sec. for details). We then consider
open-shell nuclei and calibrate the average A-pairing gap to its expectation from
uniform matter calculations. Densities are averaged from r=0.2 fm to 10 fm for each
hypernucleus and each force set using HF results for each isotopes. Fermi momentums
corresponding to these densities are calculated as kp, = (% )3, The density profile
of hypernuclear matter calculations [[73]] which has corresponding Fermi momentum
and density fraction allows to extract AA pairing gap for each hypernuclei for each
force sets. In order to find adequate A pairing strength (V Apay 1 EQ. ), starting
from -50 MeV fm? to -300MeV fm?, we iterated and determined mean gap values for
each hypernuclei chain in HFB calculation. For each iteration, the mean gap values are

averaged over the isotopic chain until similar values of pairing gaps of hypernuclear

40-S
-SA

mean gap was calculated by summing each mean gap of hypernucleus starting from

matter calculation are obtained. Namely for the Ca isotopic chain, the average

—5=6 to —S=20 and dividing by the total isotope number. Similarly for the '**_%Sn

208-S
( -SA

—S=40 (—S=70) range. The average mean gaps for each isotopes with each force set
is given in Tab. A typical 0.5 MeV gap is obtained in all nuclei, leading to a pairing

Pb) isotopes, the average man gap determined between —S=18 (—S=58) to

effect independent of the number of A involved.
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3.3.2 The AA Pairing and Nuclear Binding Energies

The effect of AA pairing on the binding energy can be estimated from the condensation
energy, defined as E_,,; = Eyyr — Eypg. The condensation energy measures the impact
of the pairing effect on the binding energy. Fig. displays the condensation energy
for a set of *°;¥Ca and "*?;7Sn semi-magical hypernuclei. As in the case of normal
nuclei, the condensation energy evolves as arches, with zero values at closed shells
and maximum values for middle-open shells. The condensation energy can reach
about 3 MeV in mid-open shell hypernuclei for Ca and Sn isotopes. Since the AA
pairing interaction considered here is calibrated on the maximum prediction for the A
gap in uniform matter with respect to A force sets, the condensation energy represents
the estimation of the maximum value for the condensation energy generated by AA
pairing interaction. Besides, the A numbers at which condensation energy is zero
signs the occurrence of the shell closure. It is therefore not surprising to recover the
magical numbers 8, 20, 40, as we previously discussed. Strong sub-shell closure occurs

for A=34 in Sn isotopes corresponding the filling of the 1f state.

Investigating the effect of AA pairing on the single particle energies, it turns out to be
weak: states around the Fermi level are shifted by about 100-200 keV at maximum.

The impact of A pairing on single particle energies remains therefore rather small.

3.3.3 The AA Pairing and Nuclear Densities
We now discuss the effect of AA pairing on both normal and pairing densities. Fig.

shows normal density profiles for *°;Ca, '**;¥Sn and °*;°Pb series of hypernuclei. For
the 49;§Ca series we consider cases where the NA pairing is not expected to occur. As
mentioned above, the 1d and 2s states are almost degenerate, and can largely mix due
to pairing correlations. Namely, before the 1d orbital is completely filled, A hyperons
start to fill the 2s state due to the pairing interaction, resulting in a small increase at
the centre of the hypernucleus which corresponds the effect of the s state. Similar
results can be seen on the density profile of *°®$Pb hypernucleus: Before the 2d state
is completely filled, A hyperons start to fill the 3s state due to the pairing interaction
resulting from the almost degeneracy of the 2d and 3s A-states. In the case of '*2;7Sn,

there is no major difference on density profiles: because of the large gap between 1f

132-S
-SA

in —S=24 to —S=30 zone but does not impact the occupation numbers of 1f and 2p

and 2p states, the A pairing changes only the total energy of the Sn isotopic chain

orbitals.
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Pb (c) hypernuclei,

Fig.|3.7| displays the A pairing density for *°;*Ca, **:%Sn and *°*;’Pb. As mentioned

above, pairing interaction effects result in the partial occupation of A hyperons in the s

54
14A

1d orbital. As strangeness number increases, hyperons start to fill the 2s state and the

and d states. The pairing density of . ?*Ca hypernucleus peaks at 3 fm due to half-filled
contribution of the 1d state decreases. For —S=18, A hyperons starts to largely fill
the 2s state before the 1d state is completely full, resulting in a pairing density having
non-negligible contributions of both s and d states. Similar result can be seen for the
pairing density of *°*_°Pb hypernuclei which has 2d-3s coupling. At —S=64, pairing
densities are mainly built from the 2d state but as the strangeness number increases,

the pairing of 2d orbital decreases while pairing density at 3s state increases. However

132-S
-SA

2s and 1f states, the pairing interaction does not change the occupation of these states.

for Sn hypernuclei, the situation is different. Due to the large energy gap between
For this reason, the pairing density is only built from the 1f orbital and its magnitude
increases when the occupation of the 1f orbital increases until it is half-filled. When the
1f state is more than half-filled, the magnitude of the pairing density starts to decrease.
The spatial distribution of pairing effect in hypernuclei is therefore expected to exhibit

strong variations from one hypernucleus to another, because of the weak spin-orbit
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effect, giving rise to well separated sets of states.

3.4 Concluding Remarks

In the present chapter, we first investigated the shell structure of **;%Ca, '**:°Sn and

208-S
-SA

seen that since the energy difference between the N and A Fermi levels are usually

Pb hypernuclear chain with using HF approach to discuss the NA pairing. It is

large (more than 5 MeV) in the considered hypernuclei, the NA pairing is quenched

208-S
—SA

a match between S = —34 and S = —40 for neutron and A Fermi energies which

in most of the cases. An exception however is Pb hypernuclear chain. There is
means that neutron-A pairing may occur for the related interval. We can infer that
pairing may occur for about 10% of ***_*Pb isotopes. Besides, the expected general
trend is that NA pairing may occur more frequently as A increases because the level
density increases with increasing masses. However, since the Z-instability could limit
the maximum number of A around —S = 70, the amount of hypernuclei where NA

pairing is possible, is therefore predicted to be small.
We then used the HFB approach on same hypernuclei. A AA pairing interaction
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is therefore introduced, which magnitude is calibrated to be consistent with the
maximum BCS predictions for the A pairing gap in hypernuclear matter. The impact
of AA pairing on the binding energies, density profiles and single particle energies
have been analyzed for *°;Ca, **;Sn and *°*;*Pb chains. We have shown that the
effects of the AA pairing depends on hypernuclei. At maximum, the condensation
energy in these chains is about 3 MeV. Density profiles reflect the occurrence of

almost degenerate states in the A single particle spectrum, such as for instance the

40-S
-SA

almost-degeneracy in gngb. The effects of the A pairing also depend on the NA and

AA force sets, but we found only a small overall impact. Generally, we found that

almost degeneracy between the 1d and 2s states in Ca hypernuclei and 2d and 3s

AA pairing could be active if the energy gap between orbitals is smaller than 3 MeV.
Under this condition, A pairing could impact densities and binding energies. Since
only a weak spin-orbit interaction is expected in the A channel, A states are highly
degenerated and usually distant by more than 3 MeV in energy. In conclusion, the
present microscopic approach shows that the A-related pairing effect can usually be
neglected in most of hypernuclei, except for hypernuclei which have a single particle

gap lower than 3 MeV around the Fermi level.
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4

NEUTRON STARS: FOUNDATIONS AND CONSTRAINTS

4.1 Prologue: A Dying Star

An ordinary star is at a delicate balance between the gravitation and the pressure
caused by thermonuclear reactions. Since the fusion of light nuclei into ever increasing
heavier elements terminates abruptly with the synthesis of the iron-group elements
(mostly >6Fe) that are characterized by having the largest binding energy per nucleon,
the >°Fe accretion continues at the core of the star as long as it has fuel to support
thermonuclear reaction. Once, >Fe accretion at the core reaches the Chandrasekhar
limit (1.44M,,) or its fuel to ignite thermonuclear reaction is finished, the gravity starts
to win and the collapse begins [[93], [94]]. If the mass of star is greater than 9M,,
the >®Fe scenario happens and during the collapse, the star goes into the supernovae
phase [94]. However, if it has a smaller mass than 9M,, the out-of-fuel scenario
happens and the star will turn to a red giant [93]]. In both cases, the thermonuclear
reaction inside the core is slowed and eventually stopped. Since the thermonuclear
reaction is the only source of pressure to counterbalance the gravity, the gravity starts
to compress the interior of the star. First solid state forces try to stop gravity, however
it is not enough: electrons start to be compressed by gravity while they resist placing at
same quantum state due to their fermionic nature. This is called electron degeneracy

pressure [3]].

If the electron degeneracy pressure is large enough to stop the gravity, the dying star
core becomes a white dwarf [[3] [7, 8]]. This is a typical end for red giants. However,
if the dying star is a supernovae, the degeneracy pressure of the electrons is not large
enough to stop the gravity. Therefore, the electrons start to get close from each other
and their wavelength become of the order of fm, with an increased Fermi momentum
allowing for appearing electrons near or inside of the nucleus at high pressure. This

starts a massive electron capture process:

pte —n+v (4.1)
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Because of electron capture, there is also a 3 decay:

n—p+e +v (4.2)

56 62Ny
Consequently, > Fe turns to ,¢Ni by electron capture process and subsequent 3 decay

(for instance, 62 ggFe nuclei create 56 ggNi nuclei with the help of highly energetic
degenerate electrons due to the gravity) then to a heavier neutron rich nucleus é?Y

and it continues to heavier nuclei with an increased neutron fraction [8]]:

Gravity . Gravity Gravity Gravity
SoFe —> 2Ni — 12°Y — ... — Nuclear Matter (4.3)

Since the driven force is the work done by the compression due to the gravity,
it continues until the gravity is counterbalanced: nuclear matter could stop the
collapse due to its incompressibility. If then, accelerated particles during collapse
will bounce from the nuclear matter core and create a shockwave which is called
supernovae explosion [94]. Consequently, the matter outside of the core is ejected to
the interstellar medium. The remaining neutron rich, hot and dense nuclear matter

in the core forms an object named Neutron Star.

4.2 Neutron Stars: General Properties

Neutron stars (NS) are one of the most interesting objects in universe. They have
a typical mass M = 1 —2M,, where M, = 2 x 10* g is the solar mass, and a radii
R=10—14km [2,3,[7,18]. Their place on stellar evolution between white dwarfs and
black holes, makes them a very charming object to understand the exotic phases of
matter. While experiments in finite nuclei probe densities around saturation density
of nuclear matter (ng,, &~ 0.16fm™3, p,, & 2.7 x 10'* g/cm?®) and heavy-ion collisions
explore a wider domain of densities with small isospin asymmetries, NSs are the solely
system to explore the equilibrium properties of dense matter at densities well above
saturation density, and with large isospin asymmetries (Note that instead of Ch.|[2|and

Ch. [3, we used n for the particle density and p for the matter density.) [2].

From the astrophysical side, the observation of NSs allows to set limits on the
maximum mass which also affects the maximum density of stable baryonic matter.
The maximum mass of neutron stars, which is yet not well-determined, fixes the
mass boundary between NSs and black holes, which give clues on the understanding
of supernova core-collapse mechanism [[94] as well as of the fate of NS mergers
as kilonovae [95]. The observed masses vary from 1.174(4)M, [6, [70] to about
2M, [6, 23] and the centroid value is 1.4 M, [6]. The well established upper
mass limits are: 1.908(16)M, for PSR J1614-2230 [24] and 2.01(4)M, for PSR
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Figure 4.1 Observed NS masses from Ref. [[6]]
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J0348+0432 [23]]. Nowadays, widely accepted observed maximum mass of NS is
(M°P =2.01(4)M,) [23]. Recently, two new observations have raised up the upper

max

limit to M,,,,, = 2.147%-1°M_ from Shapiro delay (which is an observable when a stellar

max —0.09

object passes behind its companion during the orbital motion, creates a small delay
in pulse arrival times induced by the curvature of space-time in the vicinity of the
companion star) associated to the MSP J0740+6620 [96] and M,,,, = 2.277%/ M

0.15MMe
from magnesium lines associated to the "redback" PSR J2215+5135 [97]].

Unlike mass, radii observations from NS thermal emission or X-ray burst is not very
accurate [|6, [98H103]]. A clear understanding of the composition of the atmosphere,
the magnetic field, the NS spinning as well as the density of the interstellar medium is
however necessary to get reliable estimation of the NS radius [6]]. Model dependence
is also an important source of uncertainties since it was shown that it can shift radii
up to 2 km [102]]. Eventually, the predicted radii from the X-ray observations for
M = 1.4M, is in the 9.8 — 11 km range. However, it could also be as small as
R, 4=28.9"17 km from Ref. [[102] or as large as R , = 1273 km from Refs. [198, [99].
In a recent work, a semi-agnostic meta-model identical to ours was directly injected
in the analysis of the thermal emission from 7 qLMXB [103]]. The constant radius
approximation of Ref. [[104]] was also performed with the new data, providing a
radius of about Ryg ~ 11.06 = 0.4 km. Injecting constraints from nuclear physics
and neglecting possible phase transitions in dense matter, the radius of a 1.4M_, NS
is predicted to be R, 4, ~ 12.4 £ 0.4 km. The observation of a NS with a lower radius
would clearly indicate a softening of the EoS induced by new degrees of freedom which

are not contained in our nuclear physics meta-modeling.

Now let us start to give some technical details. Since NS are formed from the balance
between pressure and gravity, it is fundamental to define a term named as equation of
state (EoS). This "EoS" represents the dependence of the pressure P on mass density p
(associated energy density € = pc?) and on temperature T of matter where p is source
of gravity, and P is governed by the interactions between the particles. Approximately
1 minute after the explosion, NS reaches a thermal equilibrium between the core and
the crust in which its core temperature is around 0.03—0.12 MeV [[105]. Temperature
T therefore can be neglected on EoS at first order. The model dependency comes
from P(p) and the related interactions. Therefore, theoretical predictions of models
and interactions from nuclear physics cannot accurately constrain observational
measurements. More precisely, the extrapolations to p = 2 — 10p,,, is still under
discussion since the behavior of EoS for p > pg, is not known from nuclear
experiments. Therefore, more precise observations are needed to understand the high
density behavior of the EoS.
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Another debated topic about the high density behavior of NS EoS is the phase
transition. For densities above p ~ 3p,,,, new degrees of freedom could appear,
such as pion condensation [20H22]], hyperonization [9H13] [15]] or phase transition
to quark matter [[16H19]. In general the occurrence of new degrees of freedom tends
to soften the EoS, and thus reduce the radius, except in the case of the quarkyonic
model, which describe the transition to quark matter as a crossover [[19]]. However,
the softening is smaller at second order phase transition such as hyperonization and
pion condensation compared to first order one such as quark matter. In addition,
it is also possible to consider pion condensation as a first order phase transition,
which dramatically softens the NS EoS (see Ref. [20] for details). A recent article
(Ref. [22]]) discuss a possibility for pion condensation in nuclear medium by extracting
Landau-Migdal parameter from Gamow-Teller transitions of *Sn to 32Sb. However,
the effect of pion condensation on EoS is predicted to be negligible from nuclear matter
calculations due to the low energy gap of superconductivity [21]]. Therefore, other
kind of phase transitions are subject of debate: Hyperonization and quark matter. At
large densities, a substantial population of hyperons are expected because the Fermi
energy of neutrons becomes of the order of their rest mass, leading to an increase
of the hyperon fraction, but it also reduces the degeneracy pressure inside the NS,
leading to soft NS EoS at high densities. The softening of the EoS also reduces the
maximum mass, and therefore the observation constraint for M;ZSX could be crucial for
the EoS selection. This is often referred as the hyperonization issue [9H11},13]]. On the
other hand, phase transition to deconfined quark matter could also soften the NS EoS
without breaking down the M;l;ic constrain, if the speed of sound in dense quark matter
is fixed to a large value (above the conformal limit of CSZ)c>c> =1/3 [106]) [107-109].

4.3 A New Constraint: GW170817

As reviewed in previous discussion, the precision of observational mass/radii
measurements is not enough to determine NS EoS, while nuclear experiments are only
constraining the densities around saturation densities (p,, = 2.7 x 10'* g/cm?®) which
is far from the densities of NSs (p = 3—10 pg,.). Therefore, the extrapolation of these
models are indeed inside the observational margins but not enough for an accurate
definition of interior structure. However, there is an additional constraint which is
directly connected to the interior structure of NS: Tidal deformability [27-29]]. During
the in-spiral, two NS in a binary emit gravitational wave while dancing with each
other and during that process, each of them is deformed due to the tidal gravitational
field created by their companion. The emitted gravitational wave can be understood
as a composition of two different parts: The orbital motion of each individual mass

and the quadrupole response of the tidal gravitational field. The quadrupole part is
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important since it includes geometry/distribution of mass (energy) inside the NSs. In
other words it is directly connected to the NS EoS. This kind of effect is characterized
by the tidal deformability (A) which will be detailed in Sec.

In 2017, the first gravitational waves (GW) from a binary NS merger (GW170817)
have been detected by the LIGO-Virgo collaboration [25, 26]], providing an estimation
of the NS tidal deformability A. The tidal deformability is similar to the measure of
compactness of star [25]], and together with a measure of the mass, is can be used
to extract the NS radius [[I09]. The tidal deformability extracted from GW170817
is 70 < A < 720 at 90% confidence level from Ref. [26], and 70 < A < 500
from Ref. [30]. Moreover the A probability distribution function (PDF) exhibit an
interesting structure, doubly peaked in Ref. [[26]] (with a large and a small peak) and
only single peaked in Ref. [[30].

After the detection, the GW170817 signal has been confronted to various nuclear
models of EoS, going from the most agnostic ones, such as piece-wise polytropes [110~
113]] and sound speed EoS [[108] [109], semi-agnostic approaches where matter
composition is known, Taylor-Expended EoS [[108,109,[114-116]]) or more traditional
approaches based on nuclear interactions or Lagrangian, such as Skyrme-Type
Functional [[115] [117H120], and Relativistic Mean Field [[115} 117, 121H123]]. In
Refs. [[121], [122]], based on Relativistic Mean Field modeling, the authors concluded
that the nuclear empirical parameters L;,,, is independent from the radius at 1.4M,
and that most of the explored EoSs are inside the tidal deformability limit (A <
720). In Refs [[118]] and [[120], 5 and 28 Skyrme Type Functionals were analyzed
predicting NS radii to be 11.8 < R; 4, < 12.8 km from Ref. [118] (R, , = 11.6+ 1 km
from Ref. [120]) and the tidal deformability for canonic NS mass (1.4M,) 308 <
A, 4 < 583, respectively. Additionally, it is suggested that the nuclear isoscalar giant
monopole resonance (ISGMR) could constrain the compactness of NS [[120]. This
result is important since we also use ISGMR to constrain NS EoS. In Refs. [111] [112]],
polytropes were used to calculate NS EoS leading to 12 < R, < 13.7 km for the
canonical 1.4M, NS radius. Similar results are found using both Relativistic Mean
Field and Skyrme Type Functionals [[114] 115, [117]] , as well as Taylor-Expended
EoS [[114, 115]]. Contrary to Ref. [[121]], Taylor-Expended EoS from Ref [115]
showed that the tidal deformability has a specific impact on both the slope of the
incompressibility at the saturation density M, and L, (see Eq. . Recently,
GW170817 has been reanalysed based on an agnostic approach and including a
constraint on the maximal mass of NS [[124]]. This analysis concluded that the NS
radius shall be R~ 11 £ 1 km.

In addition to the GW signal, the GW170817 binary NS merger have produced an
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observed electromagnetic signal (AT2017gfo) and a gamma-ray burst (GRB170817A).
These additional signals are influenced by the properties of the in-spiral NS, and
could potentially also help the characterization of the tidal deformability. A recent
multi-messenger Bayesian analysis have been performed based on the present
knowledge and modeling of the EM and GRB signals [31]]. This analysis has
considerably reduced the Bayesian probability corresponding to A < 300, which
incidentally reinforce the probability for A > 300 [31]. While one should expect
improved modeling of the electromagnetic and gamma-ray burst emission before
rising strong conclusions, this analysis illustrates how a global understanding of the

transient event could shed light on the estimation of the tidal deformability.

4.4 Main Principles

Until now we provided observational and theoretical data about NSs, which also
describes the starting point and framework of our work. Therefore, it is worth to
mention about the principle of this work before explaining theoretical foundations.
As we discussed above, the most common description of the NS is a giant nuclear
system which contains neutrons and protons, as well as a gas of electrons and muons
at the 3 equilibrium [2]]. If we assume this description is true, it opens a possibility
to define high density region of nuclear EoS from the NS observations. Hence, since
we aim at exploring the limits of nucleonic hypothesis for the composition of the core
of NS, we currently did not include phase transition at high density. All in all, the NS

EoS should satisfy following conditions:

* The EoS should have compatible results at finite nuclear properties and its

implications should feasible to the nuclear physics without model dependency.

* The EoS should satisfy to the NS observations in terms of maximum observed
NS mass and tidal deformability:.

* The EoS should naturally satisfy causality and stability conditions at all
densities [[125]].

4.5 A Semi-Agnostic Approach: The Meta-Model

4.5.1 Meta-Model: Introduction

We consider an semi-agnostic approach which is mainly parameterized in terms of
nuclear empirical parameters (describing EoS fundamental properties such as the

nuclear incompressibility) and can thus be easily related to experimental knowledge
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from nuclear physics. At variance to fully agnostic approaches such as piece-wise
polytropes [110-H113]] or sound speed model [[108], [109], the present meta-model can
predict proton, electron and muons ratios as function of the density. These ratios
are controlled by the density dependence of the symmetry energy, and therefore the
meta-model establishes correlations between particle ratios and nuclear empirical
parameters. It allows to follow the 3 equilibrium and any path out-of-equilibrium,
such as the ones encountered in supernovae core collapse [[37]. Hence, it can
reproduce the EoSs based on any nuclear interactions such as Skyrme-Type Functional
or Relativistic Mean Field by choosing a unique empirical parameter set. Thanks to the
meta-model, the problem reduces to find empirical parameters rather than working

either on interaction or framework.

Lets us explain how the meta-model can potentially include all EoSs from nuclear
physics. To do so, one should perform a link between experimental nuclear
observables and theory, which can be done by nuclear empirical parameters. The
link between NS matter and nuclear experiments can be performed through the
nuclear empirical parameters, directly connected to the properties of the EoS. These
parameters are defined as the Taylor coefficients of the binding energy density for

symmetric matter (SM) e, and for the symmetry energy e,

1 1
esat(no) = Esat + §I<satx2 + ngatx3
1
+EZsatx4 +0(x*), (4.4)
1 , 1 3
esym(g) = Egm+ LoymX + EKSme + astmx
1
+Zzsymx4 +0(x>). (4.5)

where the Taylor expansion parameter is x = (n, — ng,)/(3ng,) [[126], n, being
the isoscalar density for protons and neutrons, n, = n, + n,. In the equation
above, E, is the saturation energy, K, is the incompressibility modulus, Q,, is the
skewness parameter, E,, is the symmetry energy, Ly, is the slope of the symmetry
energy, K., is the curvature of the symmetry energy sometimes called the symmetry
incompressibility and Qs is the third derivative of the symmetry energy. Besides, the
parameter Zg,, (Zgy,) is the fourth derivative of saturation (symmetry) energy which
is completely unknown. Assuming that these two quantities (e, and e;,,,) are the
leading ones, the binding energy in isospin asymmetric matter (AM) can be expressed

as,

2
e(n0: nl) = esat(no) + (%) esym(no): (46)

0
where the isovector density is defined as n; = n, —n,. Note that Eq. (4.6) neglects
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the small contribution beyond the quadratic terms in isospin asymmetry.

4.5.2 Enhanced Fermi Gas Calculation

Let us now turn to the meta-model. As it is well known, neutrons and protons can be
considered as independent particles in Fermi Gas (FG) approximation. Since the FG
can be considered only kinetic contribution of particles, one could make an extension
by including interactions. Let us start to explain the FG model, before meta-modeling.

The kinetic energy of FG can be expressed as:

<PpP?> 3\ P?
T = - (_) I 4.7)
2M 5)2M,

n

where M, is the mass of nucleons (n =n for neutrons or p for protons), P and P; are
the momentum and the Fermi momentum respectively. In the case of AM, the total

kinetic energy can be written as

T(p,n,T,,T,)=pT,+nT,. (4.8)

Here T, (T,) is the kinetic energy for proton (neutron) and p (n) is proton (neutron)

number. However, one needs to relate p (n) to n, and n;. This can be done by

(4.9

-

, (4.10)

he]
D=0

where 2 is the total volume. Since the volume is unchangeably large in the nuclear
matter concept, we do not use energy but rather energy density as a measurable
quantity. We then define the kinetic energy density instead kinetic energy:

T(p) n! Tp’ Tn)

tFG*(npa nn: Tp: Tn) = Q

=n,T,+n,T,. 4.11)

On the other hand, the neutron and proton densities, n, and n,, can be defined as

1 3
Moo = 53K5, (4.12)

in terms of the Fermi momentum kj . Using Eq. (4.12) to Eq. (4.11) in terms of n,
and n,, one can obtain to kinetic energy density for isospin asymmetry as

FG

£ (g my) = (22 ), (5) 4.13)

sat
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where t¢ = 3#%/(10m)(37?/2)**n?/? is the kinetic energy per nucleons in SM and
at saturation, m is nucleonic mass taken identical for neutrons and protons (m =
(m, +m,)/2 = 938.919 MeV/c?), giving t'¢ = 22.1 MeV. The function f,(§) is
defined as

()= +8)°°+(1-6)73, (4.14)

where, 6 = (n;/n,) is called isospin asymmetry parameter. The two boundaries 6 =0
and 1 correspond to SM and to neutron matter (NM), respectively, while any value of
0 between -1 and 1 defines AM.

Let us focus on look the Landau effective mass. The effective mass is a useful concept
used to characterize the propagation of quasiparticles inside a strongly interacting
medium, such as nuclei or nuclear matter. It reflects the nonlocality in space and
time of the quasiparticle self-energy. The nonlocality in space, also called the Landau
effective mass, is related to the momentum dependence of the nuclear interaction.
The Landau effective mass depends on the isoscalar and isovector densities and can
be different for neutrons and protons. The Landau effective mass can also be different
for SM and AM: m; = m;‘; for SM whereas in AM, the neutron and proton Landau
effective mass can be different. Therefore the isospin splitting of the Landau effective

mass can then be generally expressed as
Am*(ng, ny) = m;(ng, ny) —my (ng, ny). (4.15)

Two quantities (m”(ny,n;) and m;(no, n,)) can be written as an expansion for SM at
saturation m, and the isospin splitting taken for ny = n; = ng, in NM, Am, . The
momentum dependence of the nuclear interaction gives rise to the concept of effective
mass: An average effect of the in-medium nuclear interaction is to modify the inertial
mass of the nucleons. Thereafter the Landau effective mass can be parameterized

according to isospin asymmetry in the following way;

1 (K + TRy O) (4.16)
mﬁ(no: n;) T N

where 75 = 1 for neutrons and —1 for protons (7 is proton and neutron), and the
parameters kg, and kg, are a function of m}, and Am; . In the framework of the
meta-model, we use m}, and Am? as inputs as well as the empirical parameters
defined in Eq. (the connection to empirical parameters will be shown explicitly
in this section). In Eq. both kg, and x, can be rewritten from m;, and Am;

sat

43



at n = ng,:

Koy = %—1 = «,, in SM(5 =0),
sat
1| m m .
Koym = 5[%—5] = Kk,—kK,,in NM(6 =1). (4.17)
n p

Thereafter, one can write m from m*(ny, n;) and m*(ny,n,) at n, = n; = ng, with
P n

the help of Eq. (4.16) to the Eq. (4.13)), the new expression for the kinetic energy in

nuclear matter appears which includes effective mass parameters:

tFG 2/3
6 (ngymy) = (”—) [(1+xsatﬂ)f1(6)

2 sat sat

+Ksm:—°fz(5)], (4.18)

where the new function f, is defined as

f(8)=6(1+6)°—5(1—-8)°°. (4.19)

4.5.3 Meta-Eos: Linking Nuclear EoS Parameters to the Model

In this work, we consider the metamodeling ELFc introduced in Ref. [[37]. In this
metamodeling, the energy per particle is defined as

e(ng,ny) = t7*(ny, n;) + v(ngy, n,). (4.20)

The first term is the kinetic energy density as presented in Eq. (4.18) and the second
term is the interaction potential which can be expressed as

N
1

v(ng,ny) = Z E(C‘Slat +cYM5%)x Uy (x), (4.21)
a=0

where u,(x) = 1—(—3x)"*'"%exp(—bn,/n,,) and b is fixed to be b = 10In2 ~ 6.93.
The function u,(x) and the parameter b are fitted according to the high density
behavior of nuclear EoSs which is generated from various models [37]].

t

Fixing parameters k , and k the coefficients ¢}** and c>™ are directly related

sym>
to the empirical parameters through the following one-to-one correspondences by
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comparing Eq. (4.20) and Eq. (4.4),

C(S;l:t() = Esat - tfa?(]- + Ksat):
¢l = —tfaf(Z + 5Kg,0),
¢l = Ku— thaf(—l + 5Kg,0),
C(slaztg = Qsat - 2t5af(4 - SKsat),
Yy = Zga— 8t (=7 + 5K), (4.22)
and
5
Ci}gg = Esym - §t5af[1 + (Ksat + SKsym)]:
sym 5
= Lym— 5tfaf[z + 5(Kgar + 3K gym) ],
sym 10 FG
.l = Kym— Etsat [—1 4 5(Kga + 3K ym) ],
sym 10 FG
Co=z — strn - Etsat [4 - 5(Ksat + 3Ksym)]:
sym 40
Sl = Zgm— — =7 4 5(K gy + 3K gym) - (4.23)

sym 9 sat

The one-to-one correspondence between the meta-model coefficients c;*‘, ¢;’™ and
the empirical parameters directly bridges the analysis of the impact of the empirical
parameters on the properties of the equation of state to the predictions of NS
properties. To summarise, we got 10 empirical parameters from the Taylor expansion
(Esat> Nsats Ksars Qsars Zsars Esym> Lsym> Koyms Qeyms @and Zgy)) and 2 parameters from

Landau effective mass (m*

- and Am? ) which are inputs of the metamodel.

4.5.4 The Condition of 8 Equilibrium

Let us now discuss about the 3 equilibrium. Until here, we discussed how to calculate
EoS if isovector (n,) and isoscalar (n,) densities are known. In case of NSs, these
densities are determined from the 3 equilibrium condition: As discussed in Sec.
dying star core becomes neutron rich nuclear matter with electron capture processes.
However, 1 minute after the supernovae explosion, NSs begin to reach thermal
equilibrium where electron capture process and 3 decay occur at a same rate. At this
point particle fraction will no longer change and the EoS will become stabilized [[105]].
Therefore, NS EoS can be investigated as 3 equilibrium nuclear matter. Given a proton
fraction x, = n,/n,, charge neutrality condition immediately imposes x, = x, where
x, is the electron fraction and we also have p; = Pr, for Fermi momentums. The

impact of the 3 equilibrium condition can easily be calculated by minimizing the total
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energy of the system:

n n
e(n,,n,) = e(n,,n,) + Eqe. + —pmpc2 + —Lm,c?, (4.24)
Mo Mo

where m, (m,) are the rest mass of proton (neutron), e(np,nn) the energy density

from the meta-model and E,. the electron energy density which can be written from

elec

the ultra-relativistic limit:
Eelec = C(pIZ,e + micz)l/z’ (425)

where pp_is the Fermi momentum, ¢ speed of light and m, the rest mass of electron.
One then can calculate each particle fraction by minimizing the total energy (see
Ref. [[127] for details):
de(n,,n,)
dx -

p

(4.26)

The advantage of the meta-model is that it is analytical, fast computed, very flexible
and can reproduce most of existing nucleonic EoS. Moreover, it keeps information
concerning matter composition, such as the neutron/proton ratio, the fraction of
electrons and muons. It is therefore optimal for extensive statistical analyses which
require the set-up of a large number of EoS samples. In the next sections, we briefly
detail how the NS properties such as masses, radii and tidal deformabilities can be
related to the nuclear equation of state assuming general relativity (TOV and pulsation
equation) [I3, 272938, [39].

4.6 Building a Neutron Star: Tollman-Oppenheimer-Volkoff Equa-
tions

According to Birkhoff’s theorem the Schwarzschild solution is the most general
description outside a nonrotating, spherically symmetric star [|8]. Although, the
Schwarzschild solution works well outside spherical objects, one need to define
a more general metric to describe energy and pressure profiles inside the NS.
Starting time-independent form of the Schwarzschild solution, ds* = guydxtdx” =
—e22c2d 2 + e22dr? 4 r2(d0? + sin®0d ¢?), where the potential ®(r) and the
function A(r) only depend on r (the function A being fixed to e %* = 1—2Gm/(c?r)),
the Einstein equation produce the necessary relations to describe the hydrostatic

equilibrium in the NS. Let us first write the Einstein equation as:

_ 1 8nG
G,uv = R,uv — ERgW, = C_4T“w (427)
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where G is the gravitational constant and c the speed of light in the vacuum. The
general approach for solving Einstein equation is equalling the left hand side (Einstein
Tensor) and the right hand side (energy-momentum tensor). The energy-momentum

tensor can be written as
™ =(p + P)u*u” + Pg"”, (4.28)

where P the pressure and p the mass-energy density containing contributions from
the nucleon rest mass (my) and from the total energy per particles (e): pc? =
(myc?* + e)n,. Besides one can obtain diagonal components of 4-velocity by using

—c? = guu'u”. Equalling the left hand side and the right hand side the G,, = Sf—tht

component of Eq. (4.27):
dm(r)

dr
where m(r) the enclosed mass at radius r.

= 47'[r2p(r)’ (4.29)

From the G,, = Sf—fTrr component, one gets

3 -1
de(r)  Gm (1 N 4mPr )(1_ 2Gm) ' 4.30)

dr c2r2 mc2

However, a differential equation for the pressure is also required This is done by
using conservation of energy, implying that the divergence of the stress-energy tensor
vanishes. Since the system is spherical symmetric, this can be done by using radial
component (u =r):

ry

dxv

0=V,T" = +T7TT +TT) (4.31)

oy’

eventually leading to

(4.32)

1+—
dr dr

dP(r) 2( p )d@(r)
= —pc .
pc?

Egs.(4.29] [4.30| and [4.32) are named as the Tollman-Oppenheimer-Volkoff (TOV)

equations [[8, 38, [39]. For convenience we show these equations all together:

dm(r
df,) = 4nr’p(r),
dP(r) ~ pe? 1+i dd)(r)’
dr pc2 ) dr
-1
de(r) _ Gm 47Pr3 2Gm
§) Czr2(1+ e )(1_ ) . (4.33)



Egs. are integrated in coordinate space starting from O to the radius R, fixing
the boundary conditions m(0) = 0 and P(0) = P. where P.(p = p.) is arbitrarily
varied. The pressure P decreases from the center to the surface and the NS radius is
defined as the coordinate for which the condition P(r = R) = 0 is reached. The family
of solutions with unique mass m(R) = M and radii R are generated by varying the

central density p..

Since there are three equations for four variables (m, P, pc? and ®) in Egs. , one
need another equation to close the system. This additional equation is provided by the
equation of state of dense matter, P(pc?), which is evaluated at f3-equilibrium for the
NS conditions. NSs are formed by a crust and a core whereas in its present form the
meta-model only applies to uniform matter inside the core. Since the crust includes
multiple phases, we did not make an analysis for a crust EoS as well as transition
density n,,. Besides, we expect that the impact of the connection between the crust
and the core is small for our analysis (for more details see Ref. [128]]). The core EoS
is matched to the crust EoS with a cubic spline starting from an arbitrary transition
density n,, = 0.1n,,, to ny,,. Below n,,, we set crust EoS to be SLY for all core EoSs.
SLY is based on the Skyrme nuclear interaction SLy4 [[129]], which has been applied
for the crust EOS considering a compressible liquid-drop model [130]. In next section

we will discuss how we to GW to our advantage to describe NS EoS.

4.7 Pulsation Equations and Gravitational Wave

4.7.1 Tidal Love Number

As discussed in Sec. the observational constraints on the internal structure of NSs
are weak and there is no direct method to measure radii of NS. X-ray observations
requires to have a model for the emission itself, which can be thermal (improved
black-body) or a burst, or generated by a hot spot (or several) located at the surface
of the neutron star. In all these cases, in addition to general relativity, a model for
the emission process is required. The art of the observation is to isolate some neutron
stars for which there is almost no ambiguity in the interpretation of the data, for
instance see Ref. [103]] for details. In the latter case, one could still argue that there is
a 1—1.5 km uncertainty coming from systematical uncertainties (model dependence).
While it is not entirely satisfactory, it is comparable with the uncertainty from binary
neutron star mergers. Thus, binary neutron star mergers are presently not much better
in the constrains it provides, but it is a promising new observable which could bring
more accuracy by accumulating more events, and it could be contrasted with other
methods to provide a consistent picture. However, measuring GW from NS in-spiral

can provide additional constraint on the NS EoS. Coalescing binary NSs are one of the
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most important sources for ground-based gravitational wave detectors [[131]].

One way to utilise GW to describe EoS is to make hydrodynamics simulation of NS-NS
mergers by using several last orbits before the merging [[132]]. However, trying to
extract EoS information in this way rises several difficulties which complex behavior
requires solving the nonlinear equations of general relativity together with relativistic
hydrodynamics. Moreover, the signal includes unknown quantities such as spins and
angular momentum distribution inside the NS (see Ref. [27] for details). There is
however an easier method to use GW in NS EoS favour. During the early time of
in-spiral, the GW signal is very clean and the influence of tidal effects correspond the
only small correction to waveform’s phase. However, at the late times of merger,
it could corrupt GW signal, or alternatively could give information about the NS
structure. This has been studied by several authors (see Ref. [133]] and therein).
The influence of the internal structure of the NS on the gravitational wave phase in
this early regime of the in-spiral is characterized by a single parameter, namely, the
ratio A of the induced quadrupole to the perturbing tidal field. This ratio A (or A see
Eq. (4.49)) also called tidal deformability, is related to the star’s tidal Love number k,

by

= 2_k2 (4.34)
3RS '

where R the radius of NS [27, 28]].

4.7.2 Pulsation Equations

The tidal Love number k, is an outside solution of linearized perturbation equations
due to an external quadrupolar tidal field. To derive the expression of k,, we
first express the Einstein equation in the effect of a quadrupolar tidal field. We
use derivation from Ref. [[134] which uses spherical harmonics in Regge-Wheeler
gauge for the electrical part of the even-parity static pulsation. In the presence of
a quadrupole field, the metric can be described by making first order perturbation to
the Schwarzschild metric:

8 = gy +hyss (4.35)

where h,,, is a linearized metric perturbation and g,, is the Schwarzschild metric,
which is ds* = g,,,dxtdx” = —e**"c2d t?* +e**dr? +r*(d62 +sin*0d $*). Using the

Regge-Wheeler gauge condition, h,,, becomes
h,, = [—e**OH(r)c2dt® + e OHy(r)dr* + r’K(r)(d 62 +sin*0d $>) 1Yy, (4.36)

where Y, is the spherical harmonic. It should be noted that non-diagonal elements

of both g,, and h,,, are zero. In order to derive Hy(r), H,(r) and K(r) functions, one
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needs to use the linearized version of Einstein equation. Therefore, before finding
metric elements, we first discuss how to derive linearized Einstein equation. Thus is

obtained by taking variations of both side of Einstein equation:

oT". (4.37)
The left hand side is:
1 1
5G,uv = 6[Ruv - ERguv] = 6Ruv - E[huvR + g,u,véR]: (4.38)

where 6R = g""6R,,, + h*"R,,,. It is convenient to use 6G" instead of 6G,,, since the

equations are much simpler in this way. The corresponding form of Einstein tensor is

where Gg, = Rg, — %Rgﬁv is the unperturbed Einstein tensor based on the
Schwarzschild metric. The right hand side of linearized Einstein equation is based

on the perturbated energy momentum tensor which can be written as [[134],

§TH=6p, u=v=t;
§T!=1{6T'=—6P p=vand u=r,0,¢; (4.40)
oTF =0, u# v.

Equalling left hand side and right hand side of Eq. (4.37)), one can express the variables
H,y(r), Hy(r) and K(r) in terms of H,(r) = H(r) as

5Gy—5G) =—6P+6P =0 => —H,(r)=H,(r) =H(r), (4.41)
56;=0= KO _ ppy(yd2) A (4.42)
dr dr dr

where d®(r)/dr is already defined in Eq. (4.33). Besides, there are still variables
coming from the perturbated energy momentum tensor (6P and 6p ). However, it
can be elegantly process by using §p = ¢,6P where ¢, = (dP/dp)~! is the speed of
sound. Keeping this mind, one can replace 6P as

0 ¢
46G9+6G¢

6P =—c s
167G

(4.43)

using in to
8nG
5G' —6G" = —25P(c, +1), (4.44)
r C4
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leads to the pulsation equation for NS interior;

dy(r)

r=r- +y(r)?+y(r)F(r)+Q(r) =0, (4.45)
with
1 r+4nGr
i) = r—ZGm/cz( P—pc2 )’ (4.46)

4nGr3/c? 9P P +pc?
= —————|5p+=+
Qr) r—2Gm/c2( P PC

_ 4nGri/c? 6 [ 2G*r
r—2Gm/c2\ 4nGr2/c? ct

y m+ 4nr3P/c? ?
r—2Gm/c? )’

where y(r) =RH'(r)/H(r) and H = dH/dr. However, Eq. (4.45) is only valid inside
of the NS. Outside of the NS, Eq. (4.45) becomes associated Legendre equation with
[ = m = 2 for which H(r) is analytically solvable.

4.7.3 An Observable: Tidal Deformability

In order to build a bridge between the pulsation equations and tidal Love number
k,, one can make a multipolar expansion (in the framework of general relativity) for

mass, by only taking leading terms [[135[]:

17 R (LB O 2ping 4 (4.47)
2 ro2r3 2

where Q;; = —ARy;o; and ii = (sin(6)cos(¢ ), sin(0)sin(¢), cos(0)). Using the outside

solution of H(r) (outside version of Eq. (4.45)) and Eq. (4.34), tidal Love number (k,)

can be extracted as:

k, = 8?6:5(1 —2C)*[24+2C(Y —1)—Y]

x{2C[6—3Y +3C(5Y —8)]

+4C3[13—11Y + C(3Y —2)+2C*(1+Y)]
+3(1—2C)*[2—Y +2C(Y —1)]

xIn(1—2C)} ", (4.48)

where Y = y(R) is the solution of the pulsation equation at the surface of the NS. Note
that Y = y(R) is a continuous quantity which is valid for both inside and outside of the

NS. The pulsation equation is solved once the density and pressure radial profiles are
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defined from the solution of the TOV equations. Despite that the tidal Love number is
proposed as a measurable quantity from GW (see Refs. [27,128]]), nowadays the mostly
used related quantity is dimensionless tidal deformability (which it is still called tidal
deformability) A [125,[30, 31]]. Similarly to A, it is defined from the tidal Love number

as
2k,

~ 3¢y’
where C = (GM)/(c?R) is compactness for the NS of mass M and radius R.

(4.49)

The wave-form extracted from the LIGO-Virgo GW interferometers is in fact impacted
at the fifth-order by the two-NS combined tidal deformability A, defined from each
individual deformabilities of the NS, A; and A,, as

16 (M, + 12M,)M}A, + (M, + 12M, )M A,

k=2 , 4.50
13 (M, + M,)5 (4.50)

where (M,, A;) and (M,, A,) are the masses and tidal deformabilities of the individual
NSs (by convention M, > M,) [25]]. If M, = M,, this expression becomes A = A, = A,.
However, as discussed below, we shall explore the general case of asymmetric masses
in our study.

4.8 Putting All Together: Bayesian Statistics

The relation between nuclear EoS empirical parameters and the NS properties is
performed within the Bayesian statistical analysis. The core of the Bayesian analysis
lies on Bayes theorem expressing the probability associated to a given model,
represented here by its parameters {a;}, to reproduce a set of data, P({a;} | data)
also called the posterior PDF [[40]]:

P({a;} | data) ~ P(data | {a;}) x P({a;}), (4.51)

where P(data | {a;}) is the likelihood function determined from the data comparison
between the model and the measurement, and P({q;}) is the prior PDF which
represents our knowledge or bias on the model parameters. Detailed discussions
for the prior P({a;}) and for the likelihood probability P(data | {a;}) are given in
Sec.
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Table 4.1 The prior parameters (The fixed empirical parameters from group P1 and

P3)
Esat Esym Ngat * * Zsat Zsym
MeV) (MeV) (fm?) Msa! ™ AMad/M ey (Mev)
158 32.0 0.155 0.75 0.1 0 0

The marginal one- and two-parameter probabilities are defined as [[40]]

5
P(q; | data) = { ]_[f dai}P({ai} | data), (4.52)
s
5
P(a;,a; | data) = { l_[ f dai}P({ai} | data). (4.53)
ik

These marginal probabilities represent the one parameter PDF and the two-parameter
correlation matrix, repectively.

4.9 Constraining a Neutron Star

4.9.1 General Framework

In our analysis, we evaluate the NS EOSs for each set of empirical parameters,
which are 12 free parameters in total (10 empirical parameters and two parameters
associated to the Landau effective mass, see Sec/4.5.3] for details). Some of these
parameters are however already well-known from the nuclear physics experiments
and their small uncertainties do not impact the dense matter EoS to a large extend
(see Ref. [128]] for details). The 12 free parameters are therefore separated into three
different groups:

(P1) The parameters which are not varied: Eg,, Eqp, N, My, /m and Am(, /m.

K

(P2) The less-known parameters, which are varied on a uniform grid: K, Lsym, Keym,

Qsat and stm .

(P3) The totally unknown parameters, which however do not impact our analysis
enough to be explored: Z, and Z,,, since they do not play a major role for
the dense matter equation of state associated to NS in the mass range between
1M, and 2M, which corresponds to possible masses of the binary NSs from
GW170817 (see Ref. [[128]] for more details).
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Table 4.2 The prior parameters (The empirical parameters from group (P2), which
are varied on a uniform grid for two different scenarios. Changes between the two
sets are indicated in bold characters. Here Min, Max are first and last values of the
each parameter, Step is an increment for each iteration and N is the number of total
fragment. For prior set #1 and #2, please see the text for details)

Empirical Lyym Ko Kyym Qe Qsym
Parameters (MeV) (MeV) (MeV) (MeV) (MeV)
Prior set #1

Min -10 150 -500 -1000 -2000
Max 70 280 1500 3000 2000
Step 5 10 200 400 400
N 17 14 11 11 11
Prior set #2

Min -10 180 -500  -1000 -2000
Max 70 280 300 3000 2000
Step 5 10 100 400 400
N 17 11 9 11 11

In Table. we show the parameters which are not varied (from group P1),
see Ref. [128] and references therein. The parameters like E,, E,, and ng, are
well-known from finite-nuclei experiments and their uncertainty does not impact our
analysis. The other parameters such as m}, /m and Am, /m are also constrained from
nuclear physics experiments, to a lower extend, but their uncertainties only weakly

impact dense matter EoS [37].

In the present analysis the model parameters {a;} which are varied (group P2) are:

Lgym,
grid defined in Table These parameters are varied between a lower (Min) and an

Kgats Koym> Qsar and Qgypy. These empirical parameters are sampled on a uniform

upper (Max) value, with N steps defining a constant step. We have considered two
different choices for the prior. In the prior set #1, the boundaries of the parameters
are determined such that the likelihood probability reaches zero, or a very small value
compared to the one inside the range. In the prior set #2, we fix the boundaries to
be the ones determined from nuclear physics experiments and reported in Ref. [37],
except for Lg,, for which we allow the exploration of small values. Anticipating our
results, we will show that low values for Ly, are favoured by the tidal deformability

from GW170817. A detailed discussion about Ly, is made in next chapter.

The likelihood probability defines the ability of the model to reproduce the data. In
the present analysis, it is defined as [[40],

P(data | {a;}) = Weyer X PR X Pyrrr X Pismr » (4.54)
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Figure 4.2 The generated likelihood functions for tidal deformability from
Refs. [26, [30]

where wg..({a;}) is a pass-band type filter which select only the models satisfying
the necessary condition (C1) expressed hereafter, and the probabilities pj, p,zrr and
Discumr are associated to constraints (C2)-(C4) expressed hereafter. The constraints
entering into the Bayesian probability (Eq. (4.54)) are:

(C1) The necessary conditions that each viable EoS shall satisfy: causality, stability,

obs
max*

positiveness of the symmetry energy and maximum observed mass M

(C2) pji: the probability associated to the ability of the EoS to reproduce the tidal
deformability extracted from the GW170817 event [126, [30].

(C3) p,gpr: the probability measuring the compatibility between the meta-model and
the energy and pressure bands function of the density predicted from y-EFT
approach below saturation density [132]].

(C4) pisgur: the probability of a given meta-model to be compatible with recent
analysis of the ISGMR collective mode [133} 34]].

The constraints (C1) are necessary constraints for all EoS, (C2) are constraints
from astrophysics impacting high densities, while (C3) and (C4) are constraints
from low-density nuclear physics. In the following, we detail how the probabilities

associated to these constraints are estimated in practice.
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Let us detail the constraints from the group (C1). Causality, stability and positiveness
of the symmetry energy are imposed as in Ref. [128]]. The constraints are imposed up
to the density corresponding to the maximum density of the stable branch. We also

impose that all viable EoS shall have a maximum mass M,,,, > M;l;; = 2M,, [23].

4.9.2 Constraints of the Gravitational Wave

We now come to the constraint (C2) associated to the tidal deformability from
GW170817. We consider two independent GW analyses which provide two slightly
different A PDE These PDFs are displayed in Fig. under the legend "TD-LVC-2018"
and "TD-De-2018". TD-IVC-2018 is the result of the latest analysis from the
LIGO-Virgo collaboration [[26]] while TD-De-2018 is an independent analysis proposed
in Ref. [[30]. Contrary to TD-De-2018, TD-IVC-2018 has a double peak; the highest
one is peaked around /N\rlnax ~ 180 and the smaller one is around f\rznax ~ 550. However,
in TD-De-2018, the only peak is A,,, ~ 200. The presence of a double peak has
an impact on the higher value for the 90% confidence-level: It is 720 in the case
of TD-LVC-2018 while it is about 500 for TD-De-2018. Anticipating our results,
the PDF from TD-De-2018 shall select more compact objects than the one assuming
TD-ILVC-2018.

Note that recently, a combined analysis including the electro-magnetic and GRB
counterpart observations has shifted up the lower limit for A and the centroid:
300 < A < 800 also displayed on Fig. [31]].

The probability p; is calculated in the following way. For a given parameter set
{a;}, the TOV and the pulsation equations are first solved, which provides a family
{M;, A;}, where i is an index running over the central density. We then sample the
mass distribution for the two NS (M;, M,) by taking a set of six masses, where M, is
distributed from 1.1M, to 1.35M,, and M, is calculated such that M; + M, = 2.73M,,,
accurately determined from GW170817. Note that eventually there are less masses in
the sample if M, exceeds the value M,,,, for the EoS. For each sample elements the
combined tidal deformability A is calculated from Eq. and a probability, p/’f\, is
assigned from the PDF shown in Fig. for the two scenarios. The final probability

pj is then obtained from the averaging over sample elements,

N
1
et 59

Note that there are several ways to calculate px. Another choice could have been, for

instance, to assign to the parameter set the maximum probability obtained for A, p; =
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max; p;. However, since the A PDF only weakly depends on the mass asymmetry [30],
we do not expect a large effect between these two possible prescriptions. It should also
be noted that this is true since we do not consider first-order phase transitions: the
mass asymmetry between the two NSs could have a strong impact on A if the phase

transition occurs at a mass in-between the ones of the two NS [[109, [136].

In the present analysis, we assume that each neutron star of the binary system has the
same EoS, the same particle composition and that their particle fractions is derived
from the 3 equilibrium condition. Other exotic compositions such as Delta resonances,

hyperons giving rise to Hybrid-Star/NS binaries could be considered, but are less likely.

4.9.3 Constraints of Nuclear Physics Observables

The constraint (C3) is a nuclear physics constraint which measures the proximity of
the meta-model to the prediction bands for the energy per particle and the pressure
in SM and NM obtained by many-body perturbation theory based on yEFT nuclear
two and three-body interactions [32], see Fig. for illustration. At low densities,
the many-body perturbation theory based on yEFT nuclear two and three-body
interactions has predicted bands based on 7 Hamiltonians which could equally well
reproduce NN phase shifts and the binding energy of the deuteron [|32]]. These bands
are represented in Fig.[4.3]together with a set of models. We compare these bands with
three different models which are SLy [[129], ArgonneV18 [[137] and FSUGold [[126].
The binding energies of these models are in good agreement with the y EFT bands
in both symmetric matter (SM) and neutron matter (NM). This is also true for the
pressure in SM, but there are deviations in NM for FSUGold and SLy models, which
predict the pressure above the bands for the high density region. The origin of these
deviations lies in the way the y EFT bands for the pressure is defined: It is the boundary
calculated from the derivative of the binding energy predicted from the 7 Hamiltonians
only. The pressure band does not exhaust all possible density dependence for the
binding energy. It is therefore possible for models, such as FSUGold and SLy, to be
inside the energy band and outside the pressure band. The pressure band from the
¥ EFT estimation provides a smaller band width than the one which would be based on
all the models compatible with the energy band. It is however the width compatible
with the 7 Hamiltonians that we will consider in the following. All in all, we can
interpret (C3) as an common expectation of the nuclear physics, since it is calculated
by using few-body observables at nucleonic scale with their theoretical uncertainties.

In practice, we estimate the following error function y,,ppr for each set of
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Figure 4.3 Energy (a) and Pressure (b) distributions calculated by using y EFT from
the Ref. [32] for both symmetric matter (SM) and neutron matter (NM)

58



4 | ! | ! | ! | ! | ! |
(a) Symmetric Matter n=0.12 fm*
- - -n=0.16 fm®
n=0.20 fm*
sl XEFT i
for n=0.12 fm™*
(Drischler 2016)
XEFT 1
a for n=0.16 fm™
o 2r (Drischler 2016)]
XEFT
for n=0.20 fm™ 1
(Drischler 2016)
1k i
0 | | 1 A |
1 2 3 4
P (MeV fm™)
5 I ! I ' I ! | ! I ! I
(b) Neutron Matter n=0.12 fm>
' n - - -n=0.16 fm®
4L n=0.20 fm*® |
XEFT
for n=0.12 fm™ |
(Drischler 2016)
3t XEFT .
a for n=0.16 fm>
o (Drischler 2016)|
A XEFT
2 ;1\ — -3 7]
\ for n=0.20 fm
,' \ (Drischler 2016)
| \
1} (A -
f \
1 \
/ \
O _I/ \\I | 1 L M
1 2 3 4 5 6
P (MeV fm™)

Figure 4.4 Pressure posterior functions in neutron matter (NM) (a) and symmetric
matter (SM) (b) obtained from the constraint C3 associated to the y EFT bands
calculated in Ref. [I32]]
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meta-models,

Ndata data 2
1 0; —0;({a;})
Xzz,)(EFT = Z ( . (4.56)
data ;=1 g
where Ny,,, = 20 is the number of data of““‘ considered here, 0,({a;}) is the

prediction of the model and o; is associated to the uncertainties in the data and
the accepted model dispersion. We consider 5 density points uniformly distributed
between 0.12 fm™ and 0.20 fm™>. If A, is the width of the band at each density
point, we fix o; = A;/2 to ensure that 95% of the models lie inside the band. The
small tolerance of 5% of the models outside the band is there to smoothly reduce the
probability of marginal meta-models. The associated probability is thus deduced from

the usual Gaussian expression,

1
Dyerr = €XP (_EXZ,XEFT) . (4.57)

An example of likelihood function associated to the pressure for a few densities (0.12,
0.16 and 0.20 fm™) is shown in Fig. for SM (a) and NM (b), where only the
constraint C3 is imposed. There is a nice overlap with all models inside y EFT bands
with 95% confidence level (shaded regions of Fig. [4.4).

The last constrain (C4) is obtained from a recent analysis of the ISGMR in finite
nuclei [33] [34]]. Theoretical models designed to describe finite nuclei and applied to
the calculation of the ISGMR centroid energy in '?°Sn and 2°®Pb suggest that the slope
of the incompressibility M, at n, = 0.11 fm™> is well correlated to the experimental
data. M. is defined as

n dK(n,)

M,=3
dn,

C

, (4.58)

ng=n,

where the incompressibility K(n,) in SM (6 = 0) is, y being the compressibility,

d2
My _ g delt) 18, (4.59)

K(n) = —
(M) =) =7 e T

and the pressure is
zdeO%)

P(HO) = no dn >
0

(4.60)

It is found that M, = 1050 MeV £+ 50 MeV [33] [34]]. The interesting feature of this
parameter is that it is much less model dependent that the more frequently considered

incompressibility modulus K,,, = K(n,,,)-

In practice, we calculate the value of M. for each of our meta-models by assigning the
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following probability,

1 M.({q;}) —1050)?
Disemr = €Xp {_5 ( (a }2)5 ) } ) (4.61)

where we associate the dispersion 50 MeV estimated in Refs. [33] 34] to the

distribution of 95% of the meta-models.

4.10 Concluding Remarks

Since the model dependency is a major problem to understand universal specifications
of the nuclear interactions, we used the metamodel which can reproduce all models
of the nuclear physics with the help of the unique set of nuclear EoS parameters.
Dealing with nuclear EoS parameters, we got 10 empirical parameters from the
Taylor expansion (Eg, Mg, Koy Qsars Zsas Esyms Lsym> Keym» Qeym» @and Zg) and 2

* ). In order to calculate NS

parameters from Landau effective mass (m;,, and Aml,

properties and their related probabilities, we defined nuclear EoS parameters in an
uniform grid by grouping them as a priori to our calculation. The first one is prior
set #1 in which the boundaries of the empirical parameters are unconstrained by any
background information or bias. The second one is prior set #2: The boundaries of
the empirical parameters are defined from the expectations of the nuclear physics.
We then have calculated the ff equilibrium nuclear matter by using the meta-model
and put them into the general relativistic equations for generating mass radius and
tidal deformability. Besides, we defined constraints from nuclear physics (y EFT and
ISGMR) and the tidal deformabilities from the GW170817 event.

On the nuclear physic side, we used yEFT predictions at near/below of the
saturation density (ng,) from Ref. [32] and the experimental value of M, from
the results of the ISGMR from the Refs. [I33] 34]. Additionally, three types of
tidal deformability probability distribution functions were considered: TD-IVC-2018,
TD-De-2018 and TD-Coughlin-2019. TD-IVC-2018 is the result of the latest analysis
from the LIGO-Virgo collaboration [26]] while TD-De-2018 is an independent analysis
proposed in Ref. [[30] and TD-Coughlin-2019 is a combined analysis including the
electro-magnetic and GRB counterpart observations from Ref. [31]]. Finally, we
showed how to generate posterior probabilities of each empirical parameters (Lgyp,
Koym> Qe and Q) and NS properties (P(2n,) and R, ,) by taking advantage of the

Bayesian framework.
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5}

NEUTRON STARS: PROPERTIES AND NUCLEAR
EQUATION OF STATE PARAMETERS

5.1 An Overview

Taking advantages of the Bayesian framework, we analyze the impact of the
constraints (C2)-(C4) (see Sec. for details) to analyze each individual
contribution coming from A, y EFT and ISGMR on the final posterior probability. Both
joint and sole posterior probabilities will be shown. The influence of the prior set and
two pj are also discussed. The uncertainty on probabilities are defined as the 68%

confidence level around the centroid values of PDE

In the present statistical analysis, we generate a large enough sample of 294 151
parameter sets for prior set #1 and 203 643 for prior set #2 before the filtering (see
Table. For each set, the probabilities pj, p,grr and pisgur are calculated according
to Egs. (4.55)), (4.57) and (4.61). The total likelihood probability is calculated from
Eq. (4.54). The reduction from the multi-dimension PDF to the one- or two-parameter
probabilities are obtained from the marginalization principle (see Egs. (4.52) and
for details). We analyze the PDF for Ly, Kom, Qs> Qsym> R1.4» P(2n,,) and
the correlations between the parameters Ly, -K,,, and K,-Q,, under the influence of
each constraint associated to p; (TD-IVC-2018, TD-Le-2018 and TD-Coughlin-2019

as named in figures), p gy (Y EFT as named in figures) and pisgyr (GMR as named

in figures). We also investigated the PDF for K,,,. However it is not shown here since

sat-*

K,,, has only a weak impact on pj.

5.2 Probability Distributions for the Nuclear EoS Parameters

We first study posterior distributions for nuclear EoS parameters: Ly, Kom, Qgats Qsym-
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5.2.1 The Slope of Symmetry Energy: L,
The empirical parameter Ly, is the slope of the symmetry energy at ng,,. InFig. the

detailed contributions of the constraints (C2)-(C4) as well as of the role of the p; and
of the prior scenario #1 (panel a) or #2 (panel b) is shown. Note the marked tension
between the PDF associated to yEFT and the A one (TD-LVC-2018, TD-Le-2018,
TD-Coughlin-2019). Being peaked at higher values for A, the TD-Coughlin-2019 PDF

favors slightly larger L, values than the two others. The influence of the prior is

sym
weak, but interestingly, the prior set #1 produces more peaked posteriors than the
prior set #2, which is inferred from analyses of nuclear physics models. This could
be interpreted as a signal for the marked deviations from nuclear physics predictions:
when the constraints from nuclear physics is relaxed (mainly the prior on Ky,,,) in the
set #1, there is a group of EoS which are clearly favored by the GW tidal deformability

and which are located well outside the domain for L, suggested by nuclear physics.

The GMR constraint has no effect on L, since the GMR mainly contributes to
parameters related to symmetric nuclear matter. The y EFT constraint gives values
for Ly, = 35.37%707,/41.83772°, MeV for the prior set #1/#2, while the tidal
deformability favors low or even negative Ly, values. For instance, TD-IVC-2018
gives Ly, = 0.00750/ —3.4477%°* MeV for the prior sets #1/#2. As expected, the
prior set #2 allows some positive values for Ly, in the PDF shown in Fig.

The joint probabilities naturally favor values for L, which are intermediate
between the two extremes. The most probable value for TD-IVC-2018
(TD-De-2018 and TD-Coughlin-2019) is L, = 0.007}%0°/16.58"*'2% MeV (L, =

—4.00 —6.79
0.00*201/15.47" 1,24 MeV and L, = 17.4471>23/16.48"%73 MeV) for the prior set

~13.07 sym ~15.23 —5.43
#1/#2. The difference between the prior sets #1 (panel a) and #2 (panel b) reflects
the choice for the prior distribution: the upper bound for K, is fixed to be 1500 MeV
for the prior set #1 and only 300 MeV for the prior set #2 (see Table [4.2). The
distribution of Ly, is thus impacted by the knowledge from the next order empirical
parameter Ky,,: The better defined K, the more peaked L,,,. The correlation
between Lg,, and K, will be analysed in Sec. Note that the influence of the

unknown high order empirical parameters was originally stressed in Ref. [[138]].

Interestingly, the empirical parameter L, is investigated by a large number of
experiments, see Ref. [[139]] and references therein. Confronting the predictions
of various nuclear physics experiments, namely neutron skin thickness, heavy ion
collisions, dipole polarizability, nuclear masses, giant dipole resonances and isobaric
analog states, the values of L, vary between 30 and 70 MeV [130, 37, (139, [140]. It is
however interesting to note that a few studies give for L, lower values, even negative

ones, see Refs. [[141],[142]], from the charge radius of Sn and Pb isotopes using a droplet
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model. A detailed analysis based on a few Skyrme and Gogny interactions advocates
also for a low values for Ly, [143]. The measurement of the ***Pb neutron skin
thickness from the PREX collaboration (Lead Radius Experiment [[144]) is expected
to provide a model independent estimation of L. The experiment has however not
yet been very conclusive, with a measured neutron skin thickness R¥ = 0.33*01¢ fm
points a lower limit for L, which is about 20 MeV if one includes the correlation for

L.,.. and R?® (see Ref. [143]] for details).

sym skin

Anticipating the results of Sec. there is a strong correlation between the
marginalized probability distribution as function of L, and the one as function of
Ry 4: a low value of Ly, coincides with a low radius R, ,. Hence the peak at low
Ly, observed for the tidal deformabilities TD-LVC-2018 and TD-De-2018 reflects that
the A PDF favors NS with small radii. Since the physical implications are clearer in

terms of radii, we further discuss the implication of low radii (equivalently low L)

in Sec.[5.3|

5.2.2 The Curvature of the Symmetry Energy: K,

The empirical parameter K, encodes the curvature of the symmetry energy at n,.
It is different from the parameter K. which is defined as the curvature of the binding
energy for a fixed proton fraction and can be related to other nuclear EoS parameters
as follows [[126]],

K = Kgym — 6L gy — QuacLgym /Kt - (5.1)

The isospin dependence of the isoscalar giant monopole resonance (ISGMR) is a
natural observable to determine the parameter K_ [[126]. K. = —550 &+ 100 MeV
has been extracted from the breathing mode of Sn isotopes (Refs. [[145] [146]]) and
also from isospin diffusion observables in nuclear reactions (Refs. [147,[148]). If Lyym
and Q, were well determined, Eq. would provide an equivalence between K,

and K,,,. However, the large uncertainties on L, and Q, induce a large error bar
for Ky, of the order of £600 MeV [37]. Besides, the statistical analysis of various

theoretical model predict a value K,,, = —100 & 100 MeV [I37]]. This result is also in
agreement with Ref. [115]], which is GW analysis done by using TE EoSs. On the other
hand, there is an experimental determination of K, by using latest ISGMR values of
#07r, 1°Sn and *°*Pb nuclei from Skyrme EDFs: K, = —120£40 MeV from Ref. [149].
The smaller error bar than the statistical analysis reveals the presence of correlations
between Ly, Qg and Kg,,, which does not vary independently from each other.

In our analysis, we explore two priors for K,,, one which is pushed until the

ym>

likelihood probability is quenched (prior set #1), and one which is compatible

65



PDF

PDF

0,003 @) prior set #1. —— TD-LVC2018+XEFT+GMR

0,002

0,001

- - - TD-De-2018+XEFT+GMR
----- TD-Coughlin-2019+XEFT+GMR
—— TD-LVC-2018
- - -TD-De-2018
----- TD-Coughlin-2019
XEFT
GMR  _ <

! 1 ! 1 ! 1 ! 1 ! 1
0,003 I~(b) Prior set #2 —— TD-LVC-2018+XEFT+GMR

0,002

0,001

0,000
-400

- - - TD-De-2018+XEFT+GM

---=- TD-Coughlin-2019+xEFT -
+GMR ’

—— TD-LVC-2018

- - - TD-De-2018 7

----- TD-Coughlin-2019 .~
XEFT o
GMR 27

-300

-200 -100 0 100

Ky, (MeV)

200

300

Figure 5.2 The generated PDFs of Kym for the prior set #1 (a) and #2 (b)

66



with the expectation Ky, = —100 & 100 MeV (prior set #2). In Fig.
the posterior PDFs for K, are displayed for both prior sets. The posteriors
are qualitatively similar between the prior sets #1 and #2. From yEFT, we
obtain Ky, = 13.71%32204/12.58+28742 MeV for the prior set #1/#2. The tidal
deformability however favors positive values since TD-IVC-2018 (TD-De-2018 and
TD-Coughlin-2019) predicts K,,;,, = 376.44",12%% MeV (K, = 389.65",)%* and
Kym = 273.8215551° MeV) for the prior set #1. TD-Coughlin-2019 favors values
for Ky, slightly below the distributions produced by TD-IVC-2018 and TD-De-2018.
This can be understood from the Lg,,-K,, anti-correlation originating in the causality
condition. Although we cannot define centroid values of K, since the prior set #2
limits the posteriors to K, = 300 MeV, shifting the prior set #1 to #2 adds 100 MeV to
the minimum values of K,,. There is also a difference between the expectations from
X EFT and from the tidal deformability, while at variance with Ly, the differences are

here less marked. The impact of the ISGMR is also pretty small.

Finally, the joint probabilities shown in Fig. (5.2 give K., = 438.57*31012 MeV (K, =

—210.12
561.201120-23 MeV and K., = 261.007237-14 MeV) for TD-IVC-2018 (TD-De-2018 and

~150.23 sym —237.14
TD-Coughlin-2019). Considering the —20,,;, value for each centroid, one can define
the lower limit for K,,: K, = 18.33 MeV for TD-IVC-2018, Ky, = 260.74 MeV for
TD-De-2018 and Ky, = —213.28 MeV for TD-Coughlin-2019. It should be noted that
several analysis have been done on the bounds of Ky, providing K, = —500 MeV
to Ky, = —250 MeV depending on considered models [I50-H153]]. Besides, an
interesting work about the lower limit of Ky is the Unitary Gas (UG) limit for the
NM, which is in a good agreement with our predictions [[154]. Since the ground state
energy per particle in the UG is proportional to the Fermi energy, one can describe a
forbidden zone for energy per particle of EoS in terms of the Fermi energy for neutron
matter. In Ref. [[154]], a suitable conjecture imposed from the UG limit is shown: Ey, >
Eyc = Ean(z)/ °. Eventually it leads to K, > —2ES, — K, where ES, = 12.6 MeV is
the Fermi energy of neutrons including Bertsch parameter £,. Using the average value

of K

sat

= 230 +£ 20 MeV (see Ref. [37]] for a complete analysis about the parameter
Ks,), @ minimum limit for K, can be obtained: Ky, = —255.2+20 MeV. However,
contrary to the UG, the NM includes effective-range effects and interactions in higher
partial waves especially for densities n > n,,. Therefore, it is expected that the lower
limit of K, should be higher then the one obtained from the UG.

sym

5.2.3 The Skewness Parameter for Symmetric Matter: Q.,,

The skewness parameter Q.,, is the lowest order empirical parameter in SM which is

almost unconstrained. While the incompressibility modulus K, is well defined, the
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density dependence of the incompressibility is poorly known and there are very scarce
experimental analysis to determine its value. An analysis based on charge and mass
radii of the Sn isotopes concluded that either Qg &~ 30 MeV or L, ~ 0 MeV [[142]].
Another analysis based on the Skyrme functionals which are fitted according to the
breathing modes concluded that Q,,, ~ 500 MeV [[155]. A systematic analysis also
suggests Q. = 300 400 MeV based on a large number of theoretical models of the
literature [37]].

There are also other analysis based on various models from the RMF and SHF
frameworks in which the tidal deformability of GW170817 constrains the parameter
M, of the nuclear EoS defined as [[115} [117],

dK(n,)

MO = M(nsat) = 3nsat dTl
0

(5.2)

No=Msat

The following predictions were obtained for M,: 2254 < M,, < 3631 MeV or 1926 <
M, < 3768 MeV depending on L, [117] and 1526 < M, < 4971 MeV [115]].

Using the relation M, = 12K, + Q,, (see Ref. [156]]), one can make a prediction
for Qg by considering adequate K, value. Considering K,,, = 230 £ 20 MeV from
Ref. [37], then —800 < Q. < 1100 MeV for Ref. [117] and —1200 < Qg <
2100 MeV for Ref. [115]].

In Fig. the posterior PDFs of Q,, are presented. It is clear that yEFT does not

constrain Q. This is because Q,, influences the EoS at densities well above saturation

density, while the data from yEFT are relevant until n, = 0.2 fm™>.

The empirical
parameter Q,, is however better constrained by both the tidal deformability from
GW170817 and the ISGMR while the predictions from prior set #1 and #2 are very
similar. Despite that all posteriors of tidal deformability considering TD-IVC-2018,
TD-De-2018 or TD-Coughlin-2019 independently agree on the lower limit of Q,,
(Qg:tn ~ —500 MeV), the higher boundary of Q, requires by applying both the tidal
deformability and the ISGMR constraints. The results from the joint posteriors are
Qe = —18071222/ — 162793 MeV (Q,, = —2207113°/ — 2147922 MeV and Q,,, =

93+13¢5/200%,19” MeV) for TD-LVC-2018 (TD-De-2018 and TD-Coughlin-2019) for the

prior set #1/#2, respectively.

Furthermore, we also study the impact of switching off the ISGMR constraint for
the prior set #1 on the posterior probability in order to see its global effect on the

joint posteriors, see Fig. The new the joint posteriors are Qg = —134*)757 MeV

(Qgye = —189718% MeV and Q,, = —130*22° MeV) for TD-LVC-2018 (TD-De-2018

and TD-Coughlin-2019). Removing the ISGMR constraints increases the uncertainty
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on the joint posteriors for Q,, by about 500 MeV. This shows that M. (see Sec.[4.9.3|for
details) is an important constraint for better defining the value of Q. Furthermore,
a reduction of the uncertainty on M., by a systematical comparison of the meta-model
predictions in finite nuclei for instance, would imply a more precise estimation for the

empirical parameter Q.

5.2.4 The Skewness Parameter for Neutron Matter: Qgy,

The nuclear EoS parameter Q,,, controls the skewness of the symmetry energy at
ng.. An analysis based on the various theoretical models (Skyrme Hartree Fock,
Relativistic Hartree Fock, RMF and yEFT) suggests Q,, = 0 & 400 MeV but still
its value runs over a large range from models to models, e.g. —2000 < Q,, <
2000 MeV [37]. Since Q, contributes to the EoS at supra-saturation densities, it
is quite difficult to estimate the value of this empirical parameter from low-density
xEFT or from terrestrial experiments in finite nuclei like the ISGMR. It furthermore
requires systems which probe asymmetric nuclear matter. It is therefore completely
unknown from nuclear physics traditional approach and one could easily understand
that yEFT and ISGMR constraints are ineffective for constraining Qy,, as shown in
Fig The most effective constraint is provided by the tidal deformability, but it is

interesting to remark that even if y EFT and ISGMR do not provide constraints taken
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individually, the joint posterior, including tidal deformability, y EFT and ISGMR, is
narrower than the probability distribution considering A alone. The joint posteriors
from TD-IVC-2018 (TD-De-2018 and TD-Coughlin-2019) favor the following values:
Qqym = —27071550/ —169*1376 MeV (Qqym = —677711°/ — 3767835 MeV and Qg =

218712%2/276%15)° MeV) for the prior set #1/#2. It shall also be noted that there is
a marked correlation between K, and Q,,,: the prior set #2, considering a tighter

prior for K,,,,, (compared to the prior set #1) also predicts a narrower peak for Q.

ym>

In conclusion, we point out that a more accurate PDF for ]\, a better constrain for stm.

5.3 DPosteriors for Neutron Star Observables: Radius and Pressure

Let us discuss the impact of the posteriors on the NS properties. In the present section,
we discuss the impact of the constraints on the posterior distribution for the NS radius
at 1.4M: R, 4, and the pressure at 2ng,: P(2ng,).

5.3.1 The Neutron Star Radius at 1.4M: R, ,

As discussed in Sec. X-ray observations of NS such as thermal emissions or X-ray
bursts, advocate for the following limits of NS radii: 7.9 < R;, < 12.66 km [6, 98]
99,,[102],[103]]. Moreover, GW analysis based on various models concluded to 11.80 <
R, ,<12.80 km in Ref. [118]], 12.00 <R, 4, < 13.70 km in Refs. [111,[112], and 11 <
R, 4 < 13 km considering 100 < A < 600 in Ref. [114]]. While being consistent among
them, these predictions are slightly different, reflecting the small model dependence

in the theoretical models employed.

We show in Fig. the posteriors PDFs for the NS radius R,, for the different
individual constraints and for the joint one. The predictions from TD-IVC-2018
and TD-De-2018 are R,, = 10.65721./10.51*;% km for the prior set #1/#2
at variance with the prediction from TD-Coughlin-2019 R, = 13.13%02]
which are consistent with the predictions from nuclear physics (yEFT): R, =
12.99+076/12.72*982 km for the prior set #1/#2. If the A distribution suggested
by TD-IVC-2018 and TD-De-2018 is correct, there is a difference of about 1.5 km

for the most probable radii compared to the prediction from yEFT. This difference

km,

is larger that the standard deviation for each PDE indicating a possible source
of tension, as also observed for the PDF of L,,. Finally, the joint probabilities
shown in Fig. [5.6| give R, , = 11.00%12°/10.98}% or R, , = 12.00%%3%/10.98+1-%

—0.25 —0.25 —1.25 —0.25
km (R, = 11.00%}22/10.99*}70 or R,, = 12.00%922/10.997}7% km and R,, =
12.91%043/12.50*0-5* km) for TD-LVC-2018 (TD-De-2018 and TD-Coughlin-2019) for
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the prior set #1/#2. Interestingly, the joint posteriors suggested by TD-IVC-2018
and TD-De-2018 predicts a double peak, where the first one is around 11 km and the

second one is around 12 km for the prior set #1.

Our prediction for R, , favored by GW170817 only (TD-LVC-2018 and TD-De-2018
but not TD-Coughlin-2019) is very similar to the one recently performed in Ref. [124],
where R; , ~ 11 £ 1 km is obtained from the analysis of the GW waveforms and the
constraint from the maximum mass. This is not entirely surprising: even if the analysis
is different from ours, namely relaying on the bare data of Ref. [124] and based on
the post-processed analysis in terms of A in our case, the physics issued from GW is
the same. A low value for the radius R, , ~ 11 km is marginal with nuclear physics
(represented here by the yEFT and GMR constraints). This results of low value for
the radius suggest that the low peak value for A ~ 200 needs a softening of the EoS
that nuclear degrees of freedom could not produce for the typical masses estimated
from GW170817, which are around 1.3 — 1.5M, (coinciding to central densities of
about 2 —3p,,,). This softening could be obtained by the onset of new degrees of
freedom, such as pion or kaon condensation, hyperonization of matter or a first order
phase transition to quark matter. The requirement to reach about 2M, also limits the

softening, which could be obtained assuming a transition to quark matter [[18]].

5.3.2 The Pressure at 2ng,.: P(2ng,,)

It was recently proposed to analyze the constraint from the tidal deformability
from GW170817 in terms of the pressure at 2ng,, [[157]. An analysis done by
Ligo-Virgo collaborations [[I57] obtained (with 90% confidence interval) a pressure
P(2ng,,) = 21.8071>7% MeV fm™ where the error bars represent 90% confidence

—10.55

level (corresponding to P(2ng,) = 21.802:2? MeV fm™ for 65% confidence level).
Another analysis based on yEFT [[114] concluded that 15 < P(2ng,) < 25 MeV fm™>

considering 100 < A < 600.

We thus further extend this approach by also imposing nuclear physics constraints
on top of the tidal deformability, in the same spirit of the previous plots (Fig/5.7).
We have also added P(2ng,) from Ref. [[157] for comparison. The constraints
from yEFT and ISGMR generate a rather flat distribution between the boundaries
with small and marginal peaks. The tidal deformability imposes slightly stronger
constraints, with P(2ng,.) = 15 MeV for the prior set #1 and #2. It is however
interesting to note that here also, the joint posteriors predicts a peak narrower
when including all three constraints: P(2ng,,) = 24.6172442/26.02713>8 MeV fm™>

—5.00 —5.00
(P(2ny,,) = 23.69727:95/25.00"7%> MeV fm™ and P(2n,,) = 25.00"1%°1/30.00% %>’

MeV fm~3) for TD-IVC-2018 (TD-De-2018 and TD-Coughlin-2019) for the prior set
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Figure 5.7 The generated PDFs of the pressure at 2ng,, for the prior set #1 (a) and
#2 (b)
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#1/#2. Although the centroid value of each tidal deformabilities are quite similar
between the priors, the prior set #2 gives less uncertainty in the TD-IVC-2018 and
TD-De-2018 cases. All in all, we conclude that the limits of the pressure at 2n,, is:
19 < P(2ng,) < 50 MeV fm™>. Besides, considering the prior set #2 which has a
tighter bound for K, our prediction is in good agreement with the one proposed from
Ligo-Virgo (Ref. [[157]). The smaller dispersion is shown to come from the ISGMR,
xEFT and tidal deformability considered all together. There is however no inclusion
of quark phase transition in the present analysis, which is expected to increase the
width of the prediction [[108, [109].

5.4 Analysis of the Correlations Among the Nuclear Empirical Pa-
rameters

It is interesting to study the correlations among empirical parameters since they
could sometimes reveal physical and universal correlations, or spurious correlations
generated by the reduced number of free parameters. Therefore, the correlations
Egym—Lgym> Loym—Ksym and K, —Q,,, are widely discussed [33}134,150-153,[158-161]].
For instance, the correlation between K, and Q,, typically found for Skyrme and
Gogny interactions, is related to the presence of a single density dependent term in
the nuclear force [133],[34]]. Hence, a recent analysis of several of these correlations can
be found in Ref. [[138]]. In the present section we provide an analysis on L, — K,
and K, — Q,,, correlations under the influence of each constraint associated to pj,
Pyerr and prsgur- The correlation between Eg,,, and Ly, is not shown here since we

used a fixed Egym value for prior sets #1/#2 (see Table for details).

5.4.1 The Correlation between L, and K,

We first explore the correlation between Ly, and K, (see Figs. , which was also
explored in Refs. [150-153, [158-161]. We remind that the influence of the prior sets
on the PDF related to L, (Fig. , was suggesting the presence of a correlation
between Ly, and K,,,. Here also we find a marked difference between the Ly, — K,
domain favored by the GW constrain (low L, values) and the one favored by the
X EFT one (high Ly, values). The lower bounds in L, and K, are imposed by the
stability and M;';i constraints, while the upper bounds are fixed by the causality one.
Note that the L Ky domain favored by the TD-De-2018 A-PDF is a bit smaller

than the one favored by TD-LVC-2018. Moreover, the prior set #2 exploring a smaller

sym

parameter space than the prior set #1 (see Tab.[4.2]), the correlation domain is smaller
for prior set #2 compared to #1. Despite this main difference, there is still a small but

noticeable impact of the prior set.
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Figure 5.8 The values of the L, and K, inside of the 1-o probability for the prior
set #1 (a) and #2 (b) with the fit from Ref. [[150]
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Exploring a large set of RMF and Skyrme EDFs, the following relation K, = B(3E,,—
Lgym) + a, with f = —4.97 +£0.07 and a = 66.80 + 2.14 MeV] was suggested [[150].
Fixing E,, = 32 MeV (actually E,, = 32.1 0.3 MeV is taken in Ref [[150], but
we keep fixed E,,,, = 32 MeV in our analysis, for details see Table. and related
explanations), this correlation is shown in Fig. with the legend Mondal 2017.
This correlation was shown to originate from the physical condition that the energy
per particle in NM should be zero at zero density [[138]]. Using the meta-model, the
validity of this correlation has been confirmed and the contribution of higher order
parameter (Qgym, Qqar» Zsym and Zg,) has also been investigated, adding about 200 MeV
uncertainty to K., [[138]. There is an overlap between the Mondal 2017 correlation
line and the y EFT favored domain, as expected (Fig.[5.8). However, the y EFT favored
domain is much larger since we have considered only the n, > 0.12 fm™> energy band
in NM. The constrain at very low density is thus not included in the yEFT favored

domain.

We have also analyzed the impact of the ISGMR constraints on the Lg,, — Ky,
correlation, but since this is a correlation among isovector empirical parameter, there

is no impact of the ISGMR constraint.

Finally, the blue contours in Figs. [5.8] represent the 1-o ellipses including both the
GW and y EFT constraints together. This ellipse is only weakly dependent on the prior
sets #1 and #2. We therefore propose a new correlation which reproduces the joint
probability as,

Kgym = 0 Loy + By, (5.3)

where @, =—18.83*>0 and 8, = 616"} MeV.

5.4.2 The Correlation between K, and Q,,

The second correlation we analyze here is the one between K,, and Q,,. The physical
origin of this correlation is related to the ISGMR constraint reflected into the parameter
M, defined below saturation density at n, &~ 0.11 fm™ [33},[34]]. Setting n, = n, in the
isoscalar channel (6 = 0) of the meta-model, one can obtain the following relation:
M. ~ 4.6K,,, —0.18Q,,, — 0.007Z,, [[138]. Fixing M, = 1050 + 100 MeV, this relation
induces a correlation between K, and Q.. However, a general analysis based on
meta-model shows that this correlation is rather weak from the various EDFs, and the
parameter Q,, is yet unknown [[138]]. Since Q, can be constrained by the GW data,

it is worth analyzing the correlation K ,, — Q. under the influence of GWs.

In Figs. the K,,—Q.,. correlations are shown for various constraints with a spurious
correlation found for Skyrme and Gogny EDFs from Ref. [|34] as the legend Khan
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Figure 5.9 The values of the K, and Q,,, inside of the 1-o probability for the prior
set #1 (a) and #2 (b) with a spurious correlation found for Skyrme and Gogny EDFs
from Ref [34]]. Note that the y EFT constraint is included for all joint posteriors
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2013. The source of this correlation is the density dependent term from Skyrme and
Gogny EDFs(see Ref. [|34] for details). First, it should be stressed that the yEFT
constraint is included for all joint posteriors, but its effect was found negligible in
this case. The domain allowed from the ISGMR constraint is shown with purple large
dots, as previously discussed. A lower bound Q,, = —500 MeV is shown, originating
from the GW constraint has previously discussed in Fig. Finally we represent the
domain allowed by the GW data with the "+" (TD-LVC-2018), "x" (TD-De-2018) and
"x" (TD-Coughlin-2019) symbols. There is a nice overlap between the GW data and
the ISGMR. Furthermore, the confrontation of the GW data to the ISGMR correlation
band allows to identify a smaller domain in K ,,—Q,,, which is represented by the blue
1o ellipse. However there is a discrepancy between the correlations from Skyrme and
Gogny EDFs from Ref [|34]] and the GW, since the GW favors —500 < Q,, < 1500 MeV
and it forbids Q,,, < —500 MeV. The difference of this divergence can also be a hint

for a phase transition.

From the 10 confidence interval one can derive the following relation:

Ksat = aZQsat + /323 (54)

where a, = 0.035709% and B, = 199*2). Furthermore, it seems that the ISGMR
and GW constrain a different parameter at same time. While the GW is constraining
Q.ar> the ISGMR impacts K,,. Consequently, joint posteriors predict 170/180 < K, <
250/240 MeV and —500/ — 500 < Q, < 1200/1000 MeV for the prior set #1/#2,
respectively. An increased resolution of both constraints shall lead to more accurate

determination of K, and Q.

5.5 Concluding Remarks

In the present chapter, the main result is a marked tension between nuclear physics
constraints (y EFT and ISGMR) and the astrophysical constraints from GW170817 and
Mr‘;’(’fx , assuming the PDF from Refs. [26, [30]. The posteriors of GW for these two
PDF favors —4 < L, < 27 MeV and 218 < K, < 648 MeV while posteriors of
X EFT predicts 25 < Ly, < 49 MeV and —265 < K, < 608 MeV. Consequently, the
neutron star properties, R, , and P(2ng,,), also exhibit marked tensions between these
two constraints: the pj suggests smaller radii at 1.4M, and higher pressure at 2n,,,
at variance with nuclear physics. Since Ky, is responsible for the pressure at high
density, but not for the radius at 1.4M,, this effect can be understood as a consequence
of the low L,,— high Kj,,, case. However the models of nuclear physics predict high

Leym— low K, in an opposite way. This tension may be a hint for a quark phase

ym>
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transition which would lower the radius of NS with masses larger than about 1.3M,,
i.e. densities larger than about 2n,,,. This conclusion should however be contrasted
with the results obtained from a third analysis exploiting the multi-messenger signals
from GW170817 (GW, EM and GRB), which favors a larger value of tidal deformability
(A ~ 600). In this case, the tension with nuclear physics is solved and typical radii
R, ,~ 12.5—13 km are obtained. Note that the multi-messenger analysis is based on
the present state-of-the-art numerical simulations as well as on the single GW170817
event. Future improvements of the simulations as well as more binary neutron star
events will potentially influence the result of the present Bayesian analysis. This
illustrates the complexity of the multi-messenger analysis, which can be contrasted
with the GW waveform analysis which is almost only based on general relativity theory

and the assumption of low spin of the NS.

The second main result is that we could extract boundaries for a set of nuclear
empirical parameters from the joint probability from TD-IVC-2018:

(1) Ly = 0.001,209/16.587;-2% MeV]

(2) Ky =438.5721012 MeV (see related discussion for the prior set #2),

(3) Q= —18071222/ — 1627335 Mey,

(4) Qgm =—2707190/ — 16971376 MeV,

for the prior set #1/#2, respectively. It is also concluded that Qg,, is constrained by
both GW and ISGMR analyses.

With the use of these nuclear parameters, we obtained the following values for the NS

properties:

(5) Ry4=11.00*132/10.98*1% or R, , = 12.00%32/10.98*% km and

(6) P(2ny,) = 24.612442/26.02+13%8 MeV fm~>

for prior set #1/#2, respectively. It should be noted that these last results are in a

good agreement with other recent analyses using GW [114, 120, [157]].

Finally we have analyzed the Lg,-K,, and K,-Q,, correlations under the influence
of GW170817, ¥ EFT and ISGMR constraints and proposed fits for our joint probability
correlations. A different relation from nuclear physics is found: Ky, = o Lgyp, + 34

where a; =—18.83*300 and , = 616'1%0 MeV. Another correlation which we found
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is the K, — Q. one. As one expects, this relation is highly correlated with the
ISGMR [33],[34]]. However we showed that GW has also a decisive role in determining
these parameters since it constrains Q. Consequently, we found the following
relation: Ky = a,Qq + f, where a, = 0.0357201% and 8, = 199*2). All things
considered, increasing the accuracy on the determination of tidal deformability from

GW, as well as M, from the ISGMR, will lead to a better determination of K ,, and Q.
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RESULTS AND DISCUSSIONS

In the present thesis, we have investigated the nuclear equation of state (EoS),
impacting the structure of neutron stars (NS). On this purpose, we first discussed
two different cases of the NS core: the phase transition to hypernuclear matter and

the traditional nuclear matter approach.

Hypernuclear matter for NSs is problematic since hypernuclear equation of states
decrease the pressure inside the NS core [9H13] [15] leading to smaller maximum
mass than the observational maximum mass for NS (2M, [23, 24]). One of the
solution to this "puzzle" could be the better understanding of the hyperon interaction
inside the nuclear medium, which can be extracted from experiments on multi-strange
hypernuclei. In this case superfluidity (or pairing) in hypernuclei could impact the
interpretation of the experiments. Therefore, the A pairing channel was studied for
multi-strange hypernuclei in the first part of the thesis. On this purpose, we considered
Hartree-Fock-Bogoliubov (or Bogoliubov-de Gennes) formalism [35] [36]] to evaluate
ground state properties of “°;3Ca, '**:%Sn and *®*;?Pb hypernuclei which have closed
proton and neutron shells, since the semi-magicity often guarantees that nuclei remain
at, or close to, sphericity. We first investigated the possibility of NA (N=proton or
neutron) pairing channel by comparing the Fermi energies of each nucleons and A by
using the Hartree-Fock approach. Since the energy difference between nucleons and
A Fermi levels is usually large (more than 5 MeV) in the considered nuclei, the NA
pairing is quenched in most of the cases. We then fit a AA pairing interaction into the
Hartree-Fock-Bogoliubov equations, which magnitude is calibrated to be consistent
with the maximum predictions for the A pairing gap in hypernuclear matter [[73]].
Generally, we found that AA pairing could be active if the energy gap between orbitals
is smaller than 3 MeV. Under this condition, A pairing could impact densities and
binding energies. Since only a weak spin-orbit interaction is expected in the A channel,
A states are highly degenerated and usually distant by more than 3 MeV in energy.
Therefore, A-related pairing effect can usually be neglected in most of hypernuclei,
except for hypernuclei which have a single particle gap lower than 3 MeV around the
Fermi level.
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With the advent of a first gravitational wave detection from a binary NS merger
(GW170817) [25, 157, a new era for nuclear astrophysics has begun, since it has
provided an additional observable related to the EoS of NS: Tidal deformability
(A) [27-29]. It has also opened a possibility to test different EoSs for NSs. Taking
advantage of GW constraints on tidal deformability, we tested the validity of the
traditional nuclear matter hypothesis in the second part of the thesis. On this purpose,
nuclear EoSs were generated by using observational data such as the maximum mass
(2M, see Refs. [[23] [24]] for details) and A constrained from the gravitational wave
event of GW170817 [125, 26, 30, [31]], as well as predictions from nuclear physics such
as Chiral Effective Field Theory (y EFT) [I32]] and Isoscalar Giant Monopole Resonance
(ISGMR) [33], 34]]. Our main results are the presence of marked tensions between
various analyses of the GW signal from GW170817, depending on the inclusion or
absence of multi-messenger additional constraints, and also marked tensions between
astrophysical and nuclear physics constraints. For instance, the posteriors using the
Ref. [130] (TD-De-2018) favors L, = 0*2 MeV] K, = 390%}1.° MeV, while Ref. [31]

—400

(TD-Coughlin-2019) favours, Ly, = 177> MeV, K, = 275750 MeV. The posterior

predictions using A from Ref. [26]] (TD-LVC-2018) are intermediate between these two
cases. This tension also exists for the radius predictions R, 4, since R; , = 10.73::1,) km
in the case of TD-De-2018 and TD-LVC-2018, while it is R, ; = 13.102 km in the
case of TD-Coughlin-2019. These probability density functions (PDFs) of A are
however more consistent in their predictions for the pressure and we have found
P(2ng,) = 45" MeV fm™° for prior set #1 (see Sec. for details). Besides, these
predictions are also in marked tension with the posteriors obtained from y EFT which
predict Ly, = 357 MeV K, = 14752 MeV, R, , = 13.079% km and P(2n,) =
1272° MeV fm ™ for prior set #1. It is interesting to note that there is a marked tension
in the values for Lg,, between all A-PDF analyses and the yEFT one. However, it
should be noted that for the radius R, , the multi-messenger A-PDF from Ref. [31]],

which is peaked at A & 600 is in good agreement with y EFT predictions.

The tensions presented here between the posterior predictions are marked, but still
consistent at 2-30. The reduction of the uncertainties in our predictions requires a
reduction of the observational or experimental uncertainties. Hence increasing the
accuracy on the determination of tidal deformability from gravitational wave, as well
as M, from the ISGMR, will lead to a better determination of K, and Q. and NS
properties. Increasing the number of gravitational wave signals of binary NS merger
is also a way to refine our present analysis and conclude on the strength of the tension
between multi-physics constraints. Ultimately including hyperon degree of freedom
in the GW constrained EoS, shall allow to bridge the two main parts of the present
work in a unified form.
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