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ABSTRACT

Numerical and Synchronizational Behaviors of Some
Evolution Equations

Shko Ali TAHIR

Department of Mathematics

Doctor of Philosophy Thesis

Advisor: Prof. Dr. Murat SARI
Co-advisor: Prof. Dr. Abderrahman BOUHAMIDI

This study provides several new combined methods to capture the numerical
behaviour of nature, governed by the nonlinear advection-diffusion-reaction equa-
tion, in one and two dimensions. To achieve this, the implicit backward differenti-
ation formula-spline (BDFS), the optimal five-stage and fourth-order strong stability
preserving Runge-Kutta (SSPRK54)-spline and the modified cubic B-spline-SSPRK54
methods are proposed. Without any linearization, the given problems through the
proposed schemes are converted to a system of nonlinear and linear differential equa-
tions. The current methods are seen to be very reliable alternatives in solving the
problem by conserving the physical properties of nature. In addition, the generalized
synchronization behaviours of nonlinear advection-diffusion-reaction processes, with-
out losing their natural properties, are investigated to demonstrate the effectiveness
of the proposed technique and to reduce computational difficulties in capturing nu-
merical solutions for advection dominant cases. Within the framework of this thesis, a
new version of the synchronization methods, based on the design of response systems,
is also proposed to solve the synchronization problem discussed here. This technique
utilizes the driver configuration to monitor the synchronized motions. To show the
effectiveness and feasibility of those approaches, various numerical simulations are
carried out.

Keywords: Nonlinear advection-diffusion-reaction, Dynamical system, Chaos, Syn-
chronization, Approximation theory.
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OZET

Baz1 Evoliisyon Denklemlerinin Niimerik ve
Senkronizasyonal Davranislari

Shko Ali TAHIR

Matematik Bolumi

Doktora Tezi

Danigman: Prof. Dr. Murat SARI
Es-Danisman: Prof. Dr. Abderrahman BOUHAMIDI

Bu calisma, dogrusal olmayan adveksiyon-difiizyon-reaksiyon denklemi tarafin-
dan yonetilen doganin niimerik davranisini bir ve iki boyutta yakalamak icin birkag
yeni kombine yontem sunmaktadir. Bunu gerceklestirmek icin, kapali geri fark-
spline (BDFS) ile SSPRK54-spline ve modifiye kiibik B-spline-SSPRK54 yaklasimlarini
barindiran optimum bes asamali ve dordiincii mertebeden kuvvetli stabiliteye sahip
yontemler onerilmektedir. Herhangi bir dogrusallastirma yapmaksizin, o6nerilen se-
malar araciligiyla ele alinan problemler, dogrusal olmayan ve dogrusal diferansiyel
denklem sistemlerine doniistiiriili. Dogal 6zellikleri muhafaza ederek, problemin
¢coziimiinde Onerilen yontemlerin giivenilir alternatifler oldugu goriilmektedir. Ayrica,
viskozite katsayisinin diisiik degerinde, dogal ozelliklerini kaybetmeden dogrusal
olmayan adveksiyon-difiizyon-reaksiyon siireclerinin genellestirilmis senkronizasyon
davraniglari, onerilen teknigin etkinligini gostermek ve adveksiyon-baskin durum-
lar icin niimerik ¢oziimleri yakalamadaki hesaplama giicliiklerini azaltmak amaciyla
arastirllmistir. Bu tez cercevesinde, burada ele alinan senkronizasyon problemini
¢ozmek icin cevabi sistemlerin tasarlanmasina dayali, senkronizasyon yontemlerinin
yeni bir versiyonu da onerilmektedir. Bu teknik senkronize edilmis hareketleri izlemek
icin ana yapilandirmay: kullanir. Bu yaklasimlarin etkinligini ve uygulanabilirligini
gostermek icin cesitli niimerik simiilasyonlar yapilmstir.

Anahtar Kelimeler: Dogrusal olmayan adveksiyon-difiizyon reaksiyonu, Dinamik
sistem, Kaos, Senkronizasyon, Yaklasim teorisi.

YILDIZ TEKNIK UNIVERSITESI
FEN BILIMLERI ENSTITUSU
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1

INTRODUCTION

The nonlinear advection-diffusion-reaction (ADR) problems have been taken much at-
tention in studying many problems encountered in science such as viscous fluid flow,
filtration of liquid, gas dynamics, heat conduction, biological species and chemical re-
actions [58, 145]. Such a prediction was investigated to approximate their solutions
numerically, while it is not easy to crack these problems analytically. In the process
of historical development, these model equations have been considered by many re-
searchers for both conceptual understanding of physical flows and testing various nu-
merical methods with having challenges of small or large values of the viscosity and
independent parameters. The major difficulty of the nonlinear ADR equations with
forcing terms is producing their numerical solutions without any linearization. Re-
searchers are still investigating new techniques to find the solution of the nonlinear
ADR problems with the aim of improving accuracy, especially when the initial and
boundary functions are not smooth or are available only at the grid points. For the
nonlinear ADR processes with low values of the viscosity coefficient, several interac-
tions between reaction, convection and diffusion mechanisms can be observed [67].
Thence, many characteristics of chaos such as instability and limited predictability in
time can be existed in the nonlinear ADR problems. Some researchers have pointed
out that there exists close relationship between chaos and nonlinear ADR processes
[161, 184, 255]. Further studies carried out herein, the dynamical behavior and gen-
eralized synchronization (GS) of two dependent or independent nonlinear processes
are discussed. Study of synchronization behaviors of the nonlinear ADR equations
remains new and mostly unexplored field. Since the nonlinear coupled ADR model
cannot synchronize, some controller functions should be designed and applied to force
the driver system to synchronize with response system. One of the reasons for this is
that motivated us to examine the phenomenon and develop suitable synchronization
control function via the classical Lyapunov direct method. In the present work, due to
aforementioned aims, we propose various newly combined techniques for the approx-
imate solution of the nonlinear ADR processes and solving synchronization problems

of nonlinear coupled models. Let us now give some important key definitions and



properties that will be useful for the later chapters.

1.1 Principal Terminology

Advection, diffusion and synchronization are main parts consisting of principal ter-
minology. Their physical meaning and mathematical representation bring the whole

picture of understanding of them and developing numerical solution techniques.

1.1.1 Advection

Advection plays a fundamental role in the field of physics, engineering, and applied
mathematics. The amount of substance traverses the cross-section over which the
count is performed depending on nature of the transporting process by bulk motion,
this process is called advection. A well-known example is the advection of the pollu-
tants in a river by bulk water flow downstream. The one dimensional concentration
gradient of the pollutant is described mathematically as a vector field and given by
means of partial differentials equations (PDEs) as:

du du .

E'FVE—O, (11)

where v is fluid velocity. u means concentration, amount of heat or mass transfer. The
smooth function u = u(x, t) represents physical processes that can be in one or many
dimensional space. Figure 1.1 presents the important property of advection as given:
the shape and amplitude are unchanged. However, the position moves to the direction
of velocity.

t=time

v

Figure 1.1 Schematic solution of the advection problem in one dimension

1.1.2 Diffusion

The word has a latin root, which means "to spread out". A well-known spread out is a
substance transport from an area of high concentration to an area of low concentration
in both fluids and solids, without requiring any bulk fluid motion. There are various

problems in the physical sciences that we associate with the idea of diffusion, for

2



instance: electrons, ions diffuse, macroscopic, atomistic and molecular approaches.
Besides, we introduce the concept of the diffusion in mathematics. It includes all
topics of concentration, heat, momentum, information and that can be diffused, by

means of the PDEs. One dimensional form of the diffusion equation is given by:

du _Aazu

o e (1.2)

where A > 0 is the molecular diffusivity. From Figure 1.2, we can conclude that the
diffusion has the following properties: the shape spreads or diffuses, the amplitude

decreases and the position spreads but stays at center fixed.

t=time

A J

X

Figure 1.2 Schematic solution of the diffusion problem in one dimension

1.1.3 Model equations

Structure of the nonlinear ADR model plays an important role for describing the
relation among the reaction mechanisms, convection effect and diffusion transport.
They arise in various fields of science such as fluid dynamics, financial mathe-
matics, turbulence, traffic flow, shock waves, gas dynamics, heat conduction, etc
[70, 120, 153, 195, 199]. The nonlinear ADR equation can be expressed as

%(x, t) =2(Au,vu,u,x,t) + N (Au, yu,u,x,t), (x,t)eQ=[a,b]x[ty, T].
(1.3)

Here, Z(Au,u,u,x,t) = a, Au(x,t)+a; v u(x,t)+a, u(x, t) is a linear partial
differential operator of the second order, a; are constant coefficients, and .4 defines

a nonlinear differential part. The initial and boundary conditions are given by

u(x, to) = up(x), ula,t)=gy(t), u(b,t)=gy(t), (1.4)

where both boundary functions g;, g, and initial function u, are known. Even though
some researchers assume that the boundary functions g; and g, are differentiable, it is
not necessary for all the times. In the present research, we only assume that the bound-



ary functions g; and g, are defined on the time interval [¢t,, T ] without requiring the
differentiability of these functions. In the ADR equation, %(x, t) is the accumulation
term. This term provides the change of concentration over the time. The advection
term presents the gradient of concentration corresponding to distances and it is con-
sidered by the term s7u. The term Au is the diffusion. It provides the divergence of
scalar gradient with a constant diffusivity. From Figure 1.3, it can be deduced that
the nonlinear ADR equation has the following characteristics: the shape spreads and
diffuses, the amplitude decreases and the position changes with the direction of ve-
locity. It is noticeable that, the ADR equations are highly nonlinear equations because
they present the interaction between reaction, convection and diffusion mechanisms.
The nonlinear ADR equations also contain free parameters. Thus, examination of the
physical and numerical properties of the nonlinear ADR equation becomes quite com-
plex. A large number of researchers have mainly carried out to handle such problems
by reducing the computational difficulties on capturing their numerical solutions and
keeping their real features of the nature at low value of the viscosity at various free
parameters. Therefore we concentrate on analysis of the nonlinear physical phenom-
ena without losing their natural properties. To achieve the aforementioned aims, the
BDFS, SSPRK54S and modified cubic B-spline SSPRK54 methods are considered. The
relative importance of chaotic advection, diffusion and reaction within nonlinear ADR
models have extensively been pointed out by [235, 240]. Synchronization can be
considered as the adaptation of objects to each other’s behavior. Recently, in some re-
searches attention has been paid on generalized synchronization of PDEs [118, 172].
Thus, study of synchronization behaviors of the nonlinear ADR equation remains new
and mostly unexplored field. Therefore, next we address the dynamical and general-

ized synchronization (GS) of coupled chaotic identical and nonidentical models.

t=time

v

Figure 1.3 Schematic solution of the nonlinear ADR problem in one dimension

1.1.4 Synchronization

The origin of a word has a greek root, syn = common and chronos = time, which
means to show the same behaviour over time or to occur at the same time, in which

two or more systems interact with each other resulting in a joint evolution on some of



their dynamical properties. Thus, synchronization of two or more dynamical systems
generally means that one system somehow follows from the behaviour of another.
Chaotic phenomena have been seen to be new kinds of oscillating system for the suc-
cessful applications in different scientific fields including physics, chemistry, ecology,
biology, etc. Chaotic oscillators are found in many dynamical systems of various ori-
gins. Their behaviors are characterized by instability and limited predictability in time.
The original work on synchronization was introduced in coupled pendulum by Huy-
gens [44]. Since this discovery has been carried out, it has attracted very considerable
attention over the past three decades in different scientific fields including physical and
biological processes. The surprising synchronization phenomena generated between
coupled chaotic systems has been discovered by Pecora and Carroll [149]. They pro-
posed that "synchronization can be observed even in chaotic systems" [156]. Then,
the synchronization of coupled chaotic systems has been extensively and intensively
studied. They split the system into two subsystems, the first one is the driver system

and the second one is the response system and may be given in the following form:

{x(r) = H(x(t)) driver, (1.5)

y() = G(y(t))+(x(t),y(t))  response,

where the functions H : R" — R" and G : R™ — R™ are continuous vector valued
functions. The vector x(t) € R" represents the driving signal and y(t) € R™ repre-
sents the response signal. The function 2) : R — R™ is a controller function, here
k, = m+ n. After this discovery, several types of synchronization were discovered
such as: identical or complete synchronization appears as the coincidence of states of
interacting systems, phase synchronization which means the phases of chaotic oscilla-
tors in a closely controlled phase relationship, lag synchronization appears as having
a parameter mismatch in mutually coupled chaotic oscillator. This type of lag syn-
chronizations has important technological implications in engineering systems. In
the case of synchronization of driver-response systems, the designed controller makes
the trajectories of the state variables of the driver system to track the trajectories of
the response system. This fact may pose a trouble in using the results of theoret-
ical analyses in practical applications of synchronized chaos. Thus, we investigate
general methods to detect the existence of the transformation and study this kind of
synchronous behavior. Besides, we present the dynamical and GS of two dependent
chaotic nonlinear ADR processes with forcing terms, which unidirectionally coupled

in the driver-response configuration.



1.2 Literature Review

Numerical solutions of nonlinear ADR models with source functions have been subject
to a huge number of studies by many researchers for both conceptual understanding
of mathematical and physical reasons. In the process of historical development, var-
ious versions of the schemes have been analyzed and implemented successfully to
investigate the nonlinear ADR models with challenging values of the viscosity and
independent parameters.

In particular, the Burgers equation represents some of the interesting nonlinear
ADR phenomena. For the past century, the Burgers equation which has attracted
much attention in studying many problems encountered. Bateman [83] considered
the ADR equation in his work along with its corresponding initial and boundary con-
ditions. Later, Burgers [120] provided the mathematical modelling of turbulence by
using (1.3). Hopf and Cole [57, 114] provided independently that this equation
can be transformed to the linear diffusion equation and solved exactly for an arbi-
trary initial condition. The infinite and finite domains for solving the Burgers equa-
tion were suggested by Benton and Platzman [65]. Accurate solution of the Burg-
ers model by using the Galerkin method with fully upwind cubic functions was dis-
cussed in the references [37, 96]. Some other studies [66, 90, 97] have considered
the space-time finite elements incorporating characteristics for the Burgers equation.
Sari and Gurarslan [179] presented the sixth-order compact finite difference method
to approximate the solution of the nonlinear Burgers equation. Here, the authors
combined the tridiagonal sixth-order compact finite difference scheme in space and
the low-storage third-order total variation diminishing RK scheme in time. Many
researchers have paid particular attention to solving this problem using various nu-
merical approaches, such as Fourier expansion scheme [205], finite element methods
[5, 138, 164, 170, 171, 228, 238, 252], variational method [62, 155, 233], homo-
topy analysis method [4, 166, 173, 174], spectral collocation method [11, 63], fi-
nite volume method [1], differential quadrature methods [16, 18, 210], Haar wavelet
[190, 208]. In many studies, researchers have used linearization of nonlinear terms
to produce numerical solution of the Burgers equation, which are likely to move away
from nature of problems, taking into account various assumptions. For more de-
tails see references [10, 68, 87, 139, 207, 218, 227, 232]. The Fisher equation is
an important model for describing the process of interaction between diffusion and
reaction. There have been vast variety of numerical techniques to obtain solution
of the Fisher equation. Canosa [112, 113] considered numerical solutions for the
Fisher equation by using a space derivative method. In dealing with the Fisher pro-
cesses, various numerical techniques to investigate the Fisher models were developed
[54,71,75,76,77,129, 160, 176, 177, 185, 201, 220, 234, 236, 241, 246, 249, 250].



The generalized Burgers-Fisher equation (GBFE) and the generalized Burgers-Huxley
equation (GBHE) with forcing terms can also be presented to be good examples of
the nonlinear ADR processes. In fact, the GBFEF and GBHEF have been applied to
describe the interaction between diffusion and transports, convection and reaction
mechanisms. In the past few years, a great deal of effort has been spent to compute
the solution of these models. The GBFEF was first studied by Fisher, with free of forc-
ing terms to describe the propagation of gene in a habitat [199]. Mickens and Gumel
[59] gave the non standard finite difference method for the approximation solutions
of the GBFE. Kaya and El-Sayed [52] introduced the numerical and explicit solutions
of the GBFE. In these works [89, 103, 104, 137], the authors proposed approximate
solutions for the GBHE and GBFE by using the adomian decomposition method. The
spectral collocation scheme in space and the fourth order Runge Kutta method in time
to solve the GBFE were considered by Golbabai and Javidi [8, 168]. Sari et al. [181]
investigated the numerical solution of the GBFE and GBHE by using a compact finite
difference method with minimal computational cost. Sari et al. [178] also used the
higher order finite difference schemes in space and RK4 scheme in time to produce
numerical solutions of the GBHE. Dehghan et al. [163] considered the interpolation
scaling functions and the mixed collocation difference scheme for solving the GBHE.
Recently, many researchers have paid their attention to produce numerical solution of
these problems by investigating various methods. For instance, differential quadrature
methods [6, 180, 203, 243], series-based methods [21, 22, 34, 86, 95, 110, 175, 215],
finite difference schemes [35, 117, 130, 154, 244, 245].

In the last few years, another numerical technique was widely used to solve math-
ematical models with higher degree piecewise polynomials. Among them, the spline
based methods come into existence to solve the nonlinear ADR models in the com-
putational mathematics. First, Schoenberg [105] found mathematical relations of
the splines in the context of piecewise polynomial approximations. The continu-
ity, smoothness and local supports of the spline functions were defined by Boor and
Prenter [42, 197]. Also these methods have additional advantages over some rival
techniques such as they are relatively easy in use and are of computational cost effi-
ciency. Bickley [248] published a study on solutions of the two-point boundary value
problem by using the cubic spline interpolation method. Following this research, Fyfe
[51] worked on this approach and concluded that the spline method was better than
the usual finite difference method. Hence, the applications of spline interpolation of
the boundary value problems were developed [12, 20, 55, 125]. Types of piecewise
polynomial spline functions are utilized with other numerical techniques for getting
the solutions of the nonlinear ADR equations while they are playing important roles
together in their computation. This means that any B-spline basis functions are often

governed by the spline function that have minimal support with respect to degree,



smoothness and domain partition. The first reference to the B-spline function was in-
troduced by Schoenberg [106], who presented it as the piecewise smooth polynomial
approximation. Fundamental properties of the spline functions and their limits were
proposed by various researchers [40, 41, 82]. Rubin and Graves [223] used the cu-
bic spline interpolation based on the quasi-linearisation scheme to solve the Burgers
equation. The spline collocation method was developed to solve the Burgers equation,
for instance, see [9, 99, 101, 109, 111, 136, 151, 158, 189, 194, 213, 217, 222, 230].
The finite difference scheme with the cubic splines interpolating space derivatives in
solving the Burgers equation was developed by some authors [3, 36, 38, 47, 60, 61,
128, 143, 144, 157, 159, 192, 193, 237]. Zhu and Wang [43] proposed a method for
solving the Burgers equation via a spline approach. Various numerical methods based
on of the modified cubic B-splines in space were studied in [30, 73, 186, 212]. There
has been vast variety of numerical techniques based on splines to obtain solution of the
ADR problems such as quadratic B-splines method [15, 93, 182], cubic B-spline meth-
ods [17, 98, 231], trigonometric quadratic B-spline algorithms [28, 33, 72, 209, 211],
exponential modified cubic B-spline differential quadrature method [29, 183]. Zhu
and Kang [49] presented the numerical solution of the Burgers—Fisher equation based
on the cubic B-spline scheme and a forward difference to approximate the time deriva-
tive of the dependent variable.

For the last few decades, chaotic phenomena were seen to be new types of oscillat-
ing system for the successful applications in different scientific fields including physics,
chemistry, ecology, biology, etc [91]. In the literature, the large number of researchers
had extensively concentrated on the identical synchronization [146, 149, 156], the
generalized synchronization [121, 147, 187]. Several different studies of synchro-
nization were also proposed: the active control methods such as adaptive control,
feedback control, sliding mode control, adaptive lag synchronization for chaotic sys-
tem [64, 94, 122, 124, 216, 224, 251, 254]. It is clear that, the behavior of the non-
linear ADR problems can be visualized in chaotic synchronization. Some researchers
pointed out that there exists close relationship between chaos and nonlinear ADR
problems [26, 56, 78, 260]. However, in the case of synchronization of the transfor-
mation between the advection and diffusion terms, the designed controller makes the
trajectories of the state variables of the driver to track the trajectories of the response
problem. This fact may pose a trouble in using the results of theoretical analyses in
practical applications of synchronized chaos of the nonlinear ADR processes. One of
the reasons for this is that motivated us to focus on analysis of the nonlinear physi-
cal phenomena on capturing numerical behavior of nature governed by the nonlinear
coupled ADR equations with source functions.

The iterature tells us that the nonlinear coupled ADR models are characterized

by the reaction and diffusion or by the interaction between advection and diffusion



[102, 226, 242]. In recent years, many researchers have paid particular attention to
solving these problems using various numerical approaches [27, 123, 131, 133, 135,
162, 165, 169, 229, 239, 253, 257, 259]. Several authors paid their attention to pro-
duce approximation solution of the nonlinear coupled ADR problem by taking into
account various assumptions [7, 87, 119, 200, 219, 232]. Various numerical tech-
niques to investigate the coupled ADR model by using tensor product were developed
[107, 204, 225, 258]. Study of synchronization behaviors of the nonlinear ADR equa-
tion remains new and mostly unexplored field. Throughout the last two decades, the
ADR models have attracted a lot of attention to get the accurate results by using var-
ious methods under synchronization techniques. Basto et al. [161] considered the
Chebyshev spectral solutions of the Burgers equation at low values of the viscosity
values for synchronization. In the case that the nonlinear coupled ADR model cannot
synchronize, some control functions should be designed. Thus, the two theorems for
proposing controllers functions for the generalized synchronization were studied in
[24, 80, 84, 118, 132, 148, 172, 196]. The Lyapunov method was also studied for
the stability of the synchronization of chaotic models for instance, see [23, 32, 256].
Moreover, Yuan et al. [142] studied the synchronization of the PDEs by combining the
PDEs theory with the Lyapunov method. Some numerical methods have been devel-
oped in trying to get the accurate results of the nonlinear ADR models under various
conditions. Our aim is to find efficient schemes for these types of physical problems

with conserving the physical properties of nature.

1.3 Objectives

Beyond what has been stated, this research consists of five phases. The first phase
mainly focuses on capturing numerical behavior of the nonlinear ADR processes with
forcing terms, without doing any linearization. To achieve this, we present the BDFS,
SSPRK54S and the modified cubic B-spline-SSPRK54 methods. Comparison between
the current methods is carried out in dealing with the nonlinear ADR problems to check
the efficiency and utility of the proposed schemes. In the second phase, we propose
analysis of a synchronization of coupled chaotic identical and nonidentical dynami-
cal systems producing generalized synchronization in drive-response systems. Thus,
we have investigated general methods to detect the existence of the transformation
and study this kind of synchronous behavior. In the case of the drive-response meth-
ods, efforts to a systematic method that guide the development of solutions to syn-
chronization problems, when trajectories of driving and response systems are strongly
connected, then two close states in the state space of the response system correspond
to the two close states in the space of the driving system. The third phase mainly

focuses on analysis of the physical phenomena without losing their natural properties
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and reduces the computational difficulties on capturing numerical behavior of nature
governed by the coupled Burgers equations with source functions. To achieve this, the
BDFS method is proposed, in the sense that, it does not require either linearization,
or tensor product. Next phase, by combining the BDFS scheme with the Lyapunov
method, the GS is studied for designing control function of the coupled nonlinear
ADR equations. The proposed technique effectively guarantees the stability of gener-
alized chaotic synchronization of the nonlinear ADR model by constructing a driver
system to implement the generalized synchronization with a response chaotic system
by using the Lyapunov stability theory for the low value of the viscosity coefficients.
In the last phase, the development of the BDFS scheme for solving the 2D nonlinear
ADR model with appropriate initial and boundary conditions.

To accomplish the stated aims, some of the important properties of the current

methods are as follows:

[t

. Neither linearization nor transforming the process is required.

2. Boundary and initial functions are defined on the time interval without requiring
the differentiability of these functions.

3. The produced solutions are not presented only at the grid points but also at

optional points in the solution domain.
4. The BDFS scheme is unconditionally stable.

5. The proposed methods replace the one and two dimensional ADR problems by
ODE:s.

6. The designed controller functions enable the state variables of the drive system
to globally synchronize with the state variables of the response system in chaotic

models.

7. The GS scheme implements directly the synchronization and stabilization of
physical, biological and chemical problems which are well-intended chaotic sys-

tems with fast synchronization speed.

8. Theoretical results of the current methods are effectively guaranteed for the

stability of generalized chaotic synchronization.

9. Development and verification of the BDFS with the Lyapunov method are given

to ensure the GS of the coupled nonlinear ADR model.

10. A complementary goal of this work is to investigate and improve the 2D nonlin-
ear ADR problems by the BDFS scheme.

10



1.4 Thesis Overview

This thesis consists of seven chapters: following the introduction chapter, in Chapter
2, we present the derivation of the nonlinear ADR equation. Chapter 3 presents some
properties concerning the cubic splines, B-splines and natural spline in space. Be-
sides, we propose a new scheme for solving the Burgers equation by modifying cubic
B-spline approximation in space. Beside, we further propose a generalized method
by designing new response systems for solving synchronization problems of coupled
chaotic identical and nonidentical dynamical systems. Later, analyses of the BDF and
SSPRK54 methods to solve differential equations are discussed. Chapter 4 introduces
implementation of the currents methods to handle some nonlinear ADR problems and
chaotic systems in time and space. In Chapter 5, we provide the BDFS method for the
2D nonlinear ADR problems. Chapter 6 is devoted to illustrative examples to discuss
the effectiveness of the current methods. Chapter 7 is consisting of final remarks and

recommendations in the thesis.
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2

NONLINEAR ADR EQUATIONS

This chapter presents derivation of the nonlinear ADR equations. This model is one of
the most used models in the computational mathematics and physics. It presents how
the concentration of one or more substances distributed in an occasion. For example
river moves under the influence of three processes, which are advection, diffusion,
and reaction. This model presents the fluid equation introduced by Navier in 1822
[48] and successively studied by several authors: Cauchy in 1823 [19], Poisson in
1829, Saint Venant in 1837, finally, Stokes in 1845 [74]. Thus, they developed the
nonlinear ADR problem describing the velocity field and fluid with the initial and
boundary conditions based on the conservation of mass.

The nonlinear ADR equation can be derived by using the mass balance equation.
First, we derive the nonlinear ADR equation by balancing the difference between the
total mass of material entering and leaving the element. To apply the nonlinear ADR
equation to the conversation of mass, the difference between the total mass entering
and leaving the control volume must be equal to the rate of the total mass inside the
control volume. It is considered that the mass balance for the total control volume

with the transport occurs in the x-direction can be written as follows (see Figure 2.1)

du
V a - A(@l - Agout 5 (2].)
SN~ mass entering mass leaving

change of the mass the total control volume in At the total control volume in At
in the total volume in At

du
where, V [L?] is the volume, P [ML3T '] is the concentration over t, A[L?] is the
area, &;, [ML2T '] and Z,,, [ML 72T~ '] are the fluxes. By dividing equation (2.1)

by volume V, one obtains

d A
_u = _gin_égout'
at %4 %4
(2.2)
A
= v(gin_gout)'
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A‘@.in EE— — A‘@-our

Positive x direction
Ax

Figure 2.1 Mass balance for a control volume

o7
The flux is changing in the x-direction with the gradient Tx in the form
x

Foue =Fin + a—g.Ax. (2.3)
Jox

Substituting equation (2.3) into (2.2) leads to
du A oF
— ==\ Z,— | Zin+=—A . 2.4
ot V(”‘(’” dx x)) @4
b, .. 4 r .l 14 .
The term — indicates the change of x in positive direction, thus — = Ax. Equation
(2.4) becomes the general transport equation in x direction as given
u__ o7
ot  9x’

Equation (2.5) is derived for the conservative tracer of the materials. Here, we con-

(2.5)

sider that all fluids have same the densities of viscosity without loss or addition of
matter. Thus, the control volume is not changing as the time progresses. However, Z
can be flow, dispersion, advection etc. In this research, we present the advection and
dispersion as the two important models of the transport of fluid. We explain these two

models of the transport in the x - direction as:

dx
Z, ; =—.u, 2.6
AdvectionFlux ot ( )
and
du
gDispersiveFlux = _@disa' (2.7)

FadvectionFlux PrOvVides the number of particles moving from control volumes in unit
time per unit area. 9;;, is the dispersion coefficient. By taking into account the nota-
tion of the advection and dispersion flux, equation (2.5) becomes:

du o0F %,

a = x = _a (‘gAdvectionFlux + gDispersiveFlux) . (28)
Substitution of equations (2.6) and (2.7) into (2.8), one obtains:
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du 0 Jdx 0 u
Frie —a( ETS u)— a_x(_Ddisa)- (2.9)
-~

fluid velocity
vinxdirection

Rearranging the above expressions, we find out

ou__,ou, p 2u (2.10)
at — ox  Moax? '
In the real life, we live in the three dimensional space, since the same rules exists for

the mass balance and transport in all possible dimensions (see Figure 2.2).

—

> L@OU[

Figure 2.2 Control volume

Now, equation (2.5) is summarized as follows

du 07,
—=— L (2.11)
ot ; ax;

where, x; = x, x, = y and x3 = z. Equation (2.11) leads to

°0g
ou _ (agzx y 33’2). 2.12)

— = + +
ot dx oy 0z

Rate of mass of fluid within the total control volume is given by using the sum of the
net mass flow rates in each direction. Using expressions (2.6)-(2.9) into (2.12), one

gets the total mass balance and transport in all dimensions.

ou < du 2%u
a :Z(—Vi.a'i‘(@dis)i.ﬁ), (213)
i=1 L

Where: VW=V =V, V3 =W, (@dis)l = (@dis)w (@dis)2 = (@dis)y and (@dis)S = (@dis)z'
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Equation (2.13) can be rearranged into the form of the 3D nonlinear ADR model, one

obtains
@+r@+v@+w@—(@ ) a—2u+(@ ) a—2u+(@ )8_2u (2.14)
ot = 9x 8y 9z <~ digx2 T ATdBlytgyn TATdEET g ¢ '

It is noticeable that, equation (2.14) demonstrates that the advection processes are
governed by the velocity. The model (2.14) is also developed primarily for a non-

conservative material, which can be expressed in the following form:

@+r@+v@+w@—(@ ) a—2u+(9 ) a—2u+(@ )a—2u+(@)
ot dx 8y 9z 9 g2 s’y 5 y2 dis’5 552 "\ 9t ) reaction

Kinetics

We thus consider that the nonlinear ADR problem with the external sources given by
(2.14) is

du ou ou du 2%u 2%u 2%u

—tr—tVv—tw— = (D)o + Duis)y=— + Dais)s-=—
ot rax Vay Waz ( dls)x 0 x2 ( dls)y ayz ( dls)z 022

* (5 *(5)
Ot ) Reaction ot External.

Kinetics

(2.15)

Here, we mention that the diffusion coefficient 9, and the velocity v are assumed to
be constant. Then the 3D nonlinear ADR model leads to

0 -
a—‘t‘(x, ) =Dy VW) —V. 7 u+fi(x,0), (2.16)

d 0

—, —, — | is the gradient,
dx 0y 0z ) &

V. = div is the divergence operator and ¥ = (r, v, w) is the velocity in three dimensions.

where f; is the source function for y = (x,y,2), v = (

We implement the current methods to solve these problems by using various numerical

approaches, in the following chapters.
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3

METHODS

In the field of computational mathematics, the approximate methods are most used
ones to solve problem (1.3)-(1.4). The numerical analysis leads us to find the approxi-
mate solutions for the nonlinear ADR problems, while the current models are not easy
to obtain their analytical solutions. Development of numerical methods for seeking
accurate and efficient solutions of these models with small values of the viscosity and
free parameters, still remains as a challenging task. To compute the solutions of the
proposed problem, we have here developed various combined methods which attempt
to combine a natural, spline and B-spline cubic methods in space and backward differ-
entiation formula scheme in time. In the last few decades, spline functions are defined
as piecewise polynomial functions being fundamental tools for numerical methods to
get solutions of differential equations because of their smoothness and well behav-
ior. The corresponding natural splines are cubic splines whose second derivatives at
the boundary points are zero and minimizing strain energy. The B-splines are spe-
cial spline functions that can be used to define piecewise polynomials by satisfying
an appropriate linear combination. The spline functions have minimal support cor-
responding to the domain partition, degree and smoothness. In the present work,
due to aforementioned advantages, we propose three newly combined methods; the
BDFS, the SPRK54S and the modified cubic B-splines-SSPRK54 methods. For the last
two decades, concepts of synchronization and chaos provide some tools for analyzing
nonlinear problems and dynamical systems, with the goal of establishing conditions
under which synchronization can occur in such problems. Besides, we further study
synchronization behaviors of the nonlinear ADR and well defined chaotic problems.
Thence, the concept of the GS of chaotic systems is studied by considering two new
techniques for constructing the chaotic synchronization between two identical or non-

identical problems.
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3.1 Spatial Variation

3.1.1 Splines

In this section, we briefly give some properties concerning interpolating cubic spline,
B-spline and natural spline. The first reference to the spline functions in the field of
mathematics was given by Schoenberg [105]. Later on, the splines became the most
important tool in various fields of mathematics such as approximation theory, numer-
ical analysis and partial differential equations, etc. The main idea of spline functions
are defined as piecewise polynomial functions which are the fundamental tool for ap-
proximation schemes to obtain the solution of differential equations because of their
smoothness and well-posedness. The B-splines are special spline functions that can be
used to define piecewise polynomial by satisfying an appropriate linear combination.
They have minimal support with respect to a given degree and smoothness. They are
also used as basis functions to solve many practical problems, for more details see
[42, 152, 165].

Let 6'[a, b] denotes the classical space of [-times continuously differentiable func-

tions on the interval [a, b]. We consider 2, as a set of m + 7 points (see Figures 3.1).

B,Z B, B() 1 2 m 2 Bm 1 Bm Bm+1 Bm+’7

T m—4 T3 Ty Tyl Ty Ui+l 'm+’> Ting3 Tmta

Figure 3.1 B-spline functions with nonuniform knots

X 3<X <X 1<a=Xy<X;<...<X;, =b < Xppy1 < Xppyo < Xpi3) (3.1)

b—a

where x; = a+ih fori = —3,...,m+ 3 with h = The subset {xo,...,xm}
m

is a uniform partition of the interval [a,b] C R. Let f, be a function defined on the

interval [a, b]. The cubic spline s, interpolating the function f, at points X, ..., X,, is

the unique function in 62[a, b] satisfying the following conditions

sp(x;) = f,(x;) for i=0,...,m,
(3.2)
sy (a) =s; (b),
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and minimizing the following energy

b
E(u) = J [u”(x)]dx,

where u is an arbitrary function in ¢2[a, b]. The cubic spline is the unique function
s, for which

b b
f [s;/(x)Pdx sf [u”(x)Pdx,

holds among all twice continuously differentiable function u € ¢2[a, b] interpolating
the function f; at the points x,, ..., x,, and satisfying the condition u”(a) = u”(b). Let
& (9,,) denote the space of all cubic splines over the set £2,,. Recall that the dimension
of this space is dim(~(£2,,)) = m + 3. Then, we recall that the fundamental B-spline
function is here the cubic-spline at nodes —2,—1,0,1, 2, supported by the interval

[—2,2] and is given by the following expression

( 0 if x<—-2 or x=>2,
1 4 .
6(2 +x) if —2<x<-1,
1 s oy
B(x) = { 6(4—6x —3x°) if -1<x<0, (3.3)
1 oy
6(4—6)( +3x°) if 0<x<l1,
1 5 .
_(2_x) if 1<x<2.
\ 6

The well-known B-spline functions B; for i =—1,...,m+ 1 are defined by

B,(x) =B(x;1xi). (3.4)

The set {B_l, ...,B, +1} is a basis of the space &(f,,). The interval support of the
function B; is [x;_,, X;,,] (see Figures 3.2). The values of the B-splines B; and their
derivatives at points x; are summarized in Table 3.1.

A cubic spline function s € &(£2,,) over the set ,, can be written as a linear
combination of the cubic B-splines as

18



m+1

s(x) = Z a;B;(x), Vx €[a,b]. (3.5)

i=—1

For the interpolating cubic spline s, satisfying the conditions (3.2) we have

Table 3.1 B-spline values and its derivatives at points x;

X Xi—p Xi—1 X; Xi+1 Xit2
B;(x) 0 1/6 4/6 1/6 0
Bl./(x) 0 —1/2h 0 1/2h 0
Blf’(x) 0 1/h? —2/h? 1/h? 0

Ti_o Ii_1 €Iy Tir Tj42

Figure 3.2 Cubic B-spline values at x;

m+1

su(x) = D aBi(x) = £,(x), 0< k< m, (3.6)
i=—1
with

1 2 1 1 2 1
sy (a) = 2917 5% + Pl and s;(b)= 2301 5 + 73 Ome-

Now, we consider the natural cubic splines which require that the second derivatives
vanishing at the boundaries of the interval [a, b]. So, the boundary conditions s; (a) =
sy (b) =0 lead to

a_,=2a,—a; and a,;3 =2a,— &, ;. (3.7)

By taking into account the interpolating conditions at boundary points x, = a and

x,, = b, we obtain

sp(x0) = %(aq + 40, + 0‘1) = fi(xo),
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1
Sh(xm) = g(am—l + 4am + am+1) = fs(xm):

together with relations (3.7), we obtain

ap = f,(x,) and a, = f,(x,,). (3.8)

Considering the interpolating conditions s,(x;) = f,(x;) fori = 1,...,m —1 and the
values given in Table 3.1, we can compute the rest of the coefficients a4, ..., a,,_; by

solving the linear system .7 ¢, = ®, of size (m—1) x (m—1), where the vectors ¢, =
. 1
(alz ] am—l)T and CI)s = (‘I)s,lz ] <I)s,m—l)T Wlth ‘I)s,l = fs(xl) - gfs(xo): (I)s,i = fs(xi)

1
fori=2,...,m—2and &, _; = f,(x,—1)— gfs(xm). The matrix <7 is given by

(41 0 - 0]
1 4 1
=20 0 (3.9)
: 1 4 1
0 - 0 1 4

As pointed out in reference [165], the following result on a priori bounds for the

interpolation error is expressed as follows:

Theorem 3.1. Let f, be a function belonging to 6€*[a, b] and s, be the interpolating cubic
spline satisfying the conditions (3.2). Then, for [ = 0,1, 2,3, there exists a non-negative
constant C; > 0 such that

172 =5 lloo < Ch* M 11f Pl oo
where ||f,|| oo is the classical L, - norm in 6[a, b] given by

1filloo = sup |fP00).
x€[a,b]
Even when the interpolated function f, is only in 6?[a, b], we have the following

a prior bounds for the interpolation error with respect to L., - norm.

Theorem 3.2. Let f, be a function belonging to 62[a, b] and s, be the interpolating
cubic spline satisfying conditions (3.2). Then, there exists a nonnegative constant C > 0
such that

11f, = sulloo < CRAIFD]| oo -
Remark 1. The previous theorem is also valid when f; belongs to the classical Sobolev
space W>*]a, b[.
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This theorem illustrates the perfectiveness of the approximation by the cubic
spline. Indeed, by interpolating a continuous twice differentiable function only at
discrete points on the interval [a, b], the derivatives of the cubic spline up to the sec-
ond order are also good approximation of the derivatives of the function f,. Now,
we give a description of the current method for solving the nonlinear ADR equations
(1.3)-(1.4). We use the proposed method based on a natural spline defined as a com-
bination of the classical cubic and splines with coefficients depending on the time, by
substituting the approximations of the derivatives. The required solution of (1.3) is

approximated by a cubic interpolating spline in the following form

m+1

s, ) = ), a(6)B(x), (3.10)

i=—1

where a;(t) are the unknown time dependent coefficients. Let us take the following

vector valued functions,

B,(x) ¢,(t) ay(t)
B(x) = : and ¢(t)= : = : , (3.11)

Bm—l(x) ¢m—1(t) am—l(t)

of size (m—1) x 1. The function s,(x, t) and their derivatives have the following form

[(5,00,t) = aly(£)B_y(x) + ao(£)Bo(x) +B(x)T ¢ (£) + (B, (x)
+ am+1(t)Bm+1(X),
i ,
a—s:(x, t) = o (£)B_;(x)+ay(t)By(x) +B(x)" ¢ (t)+a (t)B,(x)
+ a;n_,_l(t)Bm-i-l(x);
< 2 (3.12)
a_i?("’ t) = a_;(t)B’ (x)+ ag(t)By(x) +B'(x) ¢ (t) + a,,(t)B! (x)
+ am+1(t)B,/n+1(x);
32
3; (x,t) = a_(t)B” (x)+ ay(t)By(x)+B"(x)" ¢(t)+ a,(t)B” (x)
\ + am+1(t)B;r/1+1(x)-

The current method consists of substituting u and its derivatives in (1.3) by the ex-
pression of s, and its derivatives given by (3.12). So, by evaluating the equation at

points x; for i = 0,...,m, we reach the following relations. For each external points
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X, and x,,, we have

ash 2%, dsy,
(xo, t)y=a,— %2 (xo, t)+ al—(xo, t) + agsy(xg, t) + F(p (), x0,t), (3.13)

dsy, 0%,
5, Om ) =55

where F is the function representing the nonlinear part. The natural spline conditions

i 04 8 5 (s 0+ 895, )+ P (0, 0 ), (310

and the relations (3.7) and (3.8), give rise to

ao(t) = u(xq,t) = g (t),
am(t) = U(X'm, t) = gz(t), (315)
a_i(t) = 2ay(t)—a4(t),
am+1(t) = Zam(t) - am—l(t)-
By taking the relations (3.13)-(3.15), we obtain
ag(t) = (ao )gl(t)_ a1(t)+F(¢(t) Xo, t),
(3.16)

a,

o (t) = (a >

—)g2(t) + U1 () + F(P(£), Xy, )

Now, from (3.12) and (3.16), by evaluating the equation at points x; and x,,_;, we

reach
T 1/ 2ap @ 0 a,
B(e) o) = (S +@——)¢1( )+(g_ﬁ+h2)¢z(t)+( 3,)81(0)
+ F(¢(t):xl) t)—gF(¢(t),XO, t)) (317)
and
T, ao 2a a; 2a,
IB(Xm—l) ¢ (t) = (E"' 2h h2)¢m 2( ) ( 3 _a_ )¢m 1( )
(32 = S50+ F(@(0) X0, 0= F($(0), ,, )3.18)

Also, at points x; fori =2,...,m —2, we obtain

B(x)"¢'(1) = (0,B"(x) + 0, B/ (x,) + aOIBE(xl-))T(;b(t) +F(p(0),x;,t).  (3.19)
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Fori=2,...,m—2, use of Table 3.1 leads to

[ 0

0
ay  a; 4y
62a 2h Zah2

a,B"(x;) +a,;B'(x;) + aoB(x;) = ?0 — h_22

a,” a L a,
6 2h h2

0

| 0

—i—1

—i+1

(3.20)

The approximating cubic spline s, must also satisfy initial condition (1.4) at points

Xo, .-, X,, and at initial time ¢ :

sp(xo,to) = ugp(xy), for i=0,
sh(xi, tO) = uO(xi), for i= 1,...
sp(Xm,to) = ug(x,), for i=m.

By virtue of (3.12) and the relations (3.15), we end up with the condition

J271(15(%) = ¢o,

where ¢, is the vector given by

o = [1601) = oK), 1o (X2), 3162, Ul -1) = glto ()T

Jm_l,

and the matrix o7, of size (m—1) x (m — 1) is given in (3.9).

Now, equations (3.17), (3.18), (3.19) and (3.22) can be written more compactly as

follows:

de(t)

o,

42{14’(’50) = ¢,

23

C = Do) +(e(0),

(3.21)

(3.22)
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where matrix D of size (m—1) x (m—1) is

_ a .

d0+6—}11 d 0 - 0

d; d, d,

D= 0 0 . (3.24)

: d; dy d,

/ Cl1
0 0 d do— |
For d 2a) 24, d i +a2 and d/ a0+ G +a2 The vector valued
=———= =——— 4 = = — 4+ — 4+ —=. v V.
7 3  Rw’>' 6 2n R 17 6  2hn A2

function ® is given by

(P (1)) =[21($(6)), 22(d (1)), - - -, o (P (), Py (P())]”

8,($(0) = (52 + £1)u(0) + F(8(0), 31, 0= ZF($(0), 30,0,

a a

B (9(0) = (52— SH)gal0) + F(9(0), X, 0= (0, Xy 0),

®.(p(t))=F(¢p(t),x;,t) for i=2,...,m—2.

Next section presents the modified cubic B-spline scheme to approximate the solution

of the nonlinear ADR equation in space.

3.1.2 Modified Cubic B-spline-SSPRK54

Here, we have developed a striking numerical method for solving the nonlinear ADR
equation (1.3)-(1.4). To achieve this, we accept a modified cubic B-spline approxi-
mation in space. It produces a system of first ODEs and obtains always a diagonal
matrix. We do not meet the question of the linearizion and transformation processes.
Consider the mesh points a = x;, < x; < ... < x,, = b with uniform length h. Our
numerical scheme for solving (1.3) is to find an approximation s,,(x, t) to the exact
solution u(x, t) which can be expressed in terms of the cubic B-splines as trial func-
tions as given in equation (3.10). The cubic B-spline B;(x) with required properties
at the knots are given by [197]
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,
0 X < Xj_p0r X = Xj_y,

(x—x;,)° Xj_g < x < Xj_y,
B,(x) = 1 J h* +3h*(x —x;_)) +3h(x —x;, ) =3(x—x;,)°  x;_; <x<x,
h3 | h®+3h%(xj —x) +3h(xj 5 —x)* =3(x;31 —Xx)°  x; < x <Xy,
(%40 —x)° Xjr1 S X < Xjip
\ 0 otherwise,
(3.25)

where the set of splines {B_,, By, . .., B,,,, B,,41} construct a basis over the domain [a, b].
By using the spline function (3.10) and cubic splines (3.25), the values of B-spline
B;(x) and their derivatives can be calculated at nodes x; in term of the time parameters
a; by (3.12) where s,,; = s,(x;). In order to obtain a tridiagonal matrix system of
differential equations, we have defined new cubic B-spline basis functions to solve
equation (1.3) as follows:

PBo(x) = By(x) j=0

%1(x) = By(x)—B_(x) j=1

Bi(x) = Bj(x) j=23,....m—2 (3.26)
‘%m—l = Bm—l(x)_BN+1(x) ] =m-—1

B = B,(x) j=m.

Now assume the approximation solution is given by

sn(x)= > a;(t)B;(x) Vx€[a,b]. (3.27)

j=0

Then, we apply the proposed method to obtain approximate solution (3.27) with the
modified set of cubic B-splines given by (3.26) at the knots. The rest of our numerical

scheme for solving the nonlinear ADR equation can be seen in the following sections.

3.1.3 Generalized Synchronization (GS)

The problem of chaotic synchronization is related to trajectories starting arbitrarily
and close to each other as the time tends to infinity. Identical synchronization of two
chaotic systems may occur when the systems are coupled or when one chaotic system
drives another chaotic system [90, 156]. However, many real systems are in gen-
eral nonidentical due to the parameters of two coupled systems do not match, or the
coupled systems belong to different classes. So, the possibility of the transformation

between drive and response dynamical variables these include the GS can be very com-
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plicated. This issue may pose a trouble in practical application of synchronized chaos.
Our aim is to analyse synchronization of a coupled chaotic identical and nonidentical
dynamical systems producing generalized synchronization in drive-response systems.
Thus, we have investigated general methods to detect the existence of the transfor-
mation and study this kind of synchronous behavior. In the case of the drive-response
methods, efforts to a systematic method that guides the development of solutions
to synchronization problems, when trajectories of driving and response systems are
strongly connected, then two close states in the space state of the response system
correspond to two close states in the space of the driving system. Here, we consider
two approaches for constructing chaotic unidirectionally synchronization between the
two systems. The systems are either both identical or both nonidentical or each one
different from the other. First, we apply the classical Lyapunov stability theory in syn-
chronization of real systems. Secondly, we study a case when the nonlinear part of
response system is required to be smooth enough. Then, we use the expansion of such
a function to establish the global synchronization of the chaotic dynamical systems.
We present that, these techniques can be implemented directly to any experiments
and does not require mutual feedback.

Let us consider the first approach (1.5), by assuming the functions H and G as sum

of linear and nonlinear parts given by

H(x(t)) = Qux(t) + fy(x(t)) and G(y(t)) = Qay(t) +g,(y(1)),

where the matrices Q; and Q, of size n x n and m x m are assumed to consist of con-
stants, respectively. The functions f, : R" — R" and g, : R™ — R™ represent the
nonlinear parts of H and G, respectively. Some of the outputs from the driver system
are used to drive the response system. This means that, there exists a relation between
the two coupled systems, which could be a smooth function T : R" — R™, transforms
the trajectories on the attractor of the first system into those on the attractor of the sec-
ond system. We assume that the driver system in (1.5) is unstable at their equilibrium

points. It is suitable to introduce the error system e given by

e(t) = y(t) =T (x(t)).

Definition 3.1. System (1.5) is global generalized synchronization with respect to vector
function Y, if the controller function v exists and satisfies the following property:

Aim Jle(o)l| = lim Jly(6) =T(x()] =0, (3.28)

for all initial conditions.
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One can consider the Lyapunov function given by

A(t) = %e(t)TQ3 e(t). (3.29)

The notation ()7 stands for the transpose operator and A is positive definite function
and is independent of time. In a practical example, we select the matrix Q4 starts to
be equal to the identity matrix. We assume that the error system e(t) is small enough

and satisfies a differential equation of the form

é(t) = —Q,(t)e(t), (3.30)

where Q, is an appropriate matrix. We have

e(t) = y(t)— Ar(x(£)x(t) = Qp y(t) + g, (¥ (£)) +(x(t), y(t)) — Lr(x(£))H(x(t)),
(3.31D)
where ¢, is the Jacobian matrix of the function Y. According to condition (3.30) it

follows that, the corresponding controller function 1 exists and is given by

YP(x(t), y (1)) = —Qq(t)e(t) + Fr(x(£))H(x (1)) — Qay () — g, (y (1)) (3.32)

Then, system (1.5) becomes

{)'c(t) = H(x(1)) driver, (3.33)

y(t) = —Qu(t)e(t)+ #(x(t))H(x(t))  response.

Thus, we have the following results:

Theorem 3.3. Assume that
(i) 7T is a continuously differentiable function,
(ii) The matrix Q‘Tt(t)Q3 +Q5Q,(t) is a positive definite matrix.

Then, system (3.33) is a global generalized synchronization with respect to the vector
function Y.
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Proof: The derivative of the Lyapunov function A is given by

A = {07 Que(t) +e(0) Que() = = ((QuDeD))' Qs +7QuQu(1)e(D)),

= S O(QU0Q + QuQuD)e0).
(3.34)

Since Qz(t)Q3 +Q5Q,(t) is a positive definite matrix and from the Lyapunov stability
theory, it follows that ||e(t)|| — 0 as t — oo and system (1.5) is globally generalized
synchronous with respect to the vector function Y. It is also possible to consider an-
other hypothesis which guarantees the global generalized synchronization of chaotic
systems.

In the second approach, we assume that function g, in (1.5) is sufficiently smooth

and ||le(t)|| is small enough. So, we have the following expansion,

8 (¥ (1)) = g, (T(x(£)) + e(t)) = g, (T(x())) + J,(T(x(£)))e(t) + o(lle(t)]D),

where J,(T(x(t))) is the Jacobian matrix of g, at point T(x(t)). It follows that
g(¥(t)) may be approximated by the sum g,(T(x(t))) + J,(Y(x(t)))e(t). The re-
sponse system in (1.5) can be approximated by

y(t) = Quy (1) + g, (T(x(£))) +J(T(x(£)))e(t) + v (x(), y (1))

Then,

é(t) = Quy ()48, (Y(x(£)))+J, (T (x(£)))e(t)+1p (x(t), y (£))—Fr (x(£))H (x(£)) = —Q4(t)e(t).

One can thus obtain

Y(x(6), y(t)) = —(Jg(T(X(t)))+Q4(t))e(t)+fr(X(t))H(X(t))—Qz y(£)=g, (T (x(t))).

(3.35)
Here, system (1.5) becomes
x(t) = H(x(t)) driver,
7O = g (y(1)— go(T(x(£))) — (J,(T(x(£))) +Qq(1) Je(t)
+  _Ze(x(t))H(x(t)) response.
(3.36)

Now, if we set Qs(t) = Q4(t) —Q, and if matrix Q,(t) commutes with Q, then Qg(t)
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commutes with Q, and the solution of the differential equation (3.30) is given by

e(t) = e SOe(1), (3.37)

where w(t) is the solution of the differential system

o(t) =—Q, w(t).

The solution w(t) satisfies the condition

llw(E)|] < C ettt (3.38)

where A; denotes the maximum Lyapunov exponent of the response system in (1.5)
and C,; is a positive constant. Furthermore, we assume that matrix Qg satisfies the
condition

e~ &0 < €, e O, (3.39)

where C, is a positive constant and function ¥ is assumed to be a non-negative function

satisfying the following property

lim M:

t—+00

> 2. (3.40)

Thus, we reach the following results:

Theorem 3.4. Assume that
(i) Y and g, are continuously differentiable functions,

(i) Matrices Q, and Q4(t) commute and matrix Qs(t) = Q4(t)—Q, satisfies conditions
(3.39)-(3.40).

Then, system (3.36) is global generalized synchronization with respect to vector function
T.

Proof: From (3.37), we have
le(OIl < le™ SO [w(o)]].

According to (3.38) and (3.39) it follows that

lle(t)]] < C et 770, (3.41)

29



where C is a positive constant. The property (3.40) gives that ||e(t)|| — Oast — oo,
for any set of initial conditions. Hence we have completed the proof of system (3.36)

that it is global generalized synchronization with respect to the vector function .

Remark 2. In a practical example we select matrix Qs to be independent of time in
the form Q5 = k,I,,,, where I, is the identity matrix of size m x m and k, is a coupling
parameter of synchronization. So, matrix Qs commutes with any matrix and we have
Q. =Q, + kyI,,. It follows that

e Wt =Rt

and
et} = 7,

In this case, function ¥ is given by #(t) = k,t. Condition (3.39) is satisfied and we
have thus condition (3.41) in the form

lle(6)]] < C e,

Condition (3.40) is satisfied for
kZ > A‘L:

where the maximum Lyapunov exponent is approximately equal to the largest eigen-
value of matrix Q,. To ensure that ||le(t)|| is small enough for all t, and the value of

the parameter k, must be large enough.

Thence, the proposed algorithms replace equations (1.3)-(1.4) and system (1.5) by

an ODE system. Then, we solve the resulting system in time by the following schemes.

3.2 Temporal Variation

In the literature, it is possible to find several methods to solve the resulting ODEs
(3.23), (3.33) and (3.36) in time. It is noticeable that, these problems are highly
nonlinear equations because they present the interaction between reaction, convec-
tion and diffusion mechanisms [67] and contain free parameters. Since stiffness is a
property of differential equations widely varying time scales which means some com-
ponents of the solution decay much more rapidly than others. So, the explicit methods
do not work with stiff problems or even if work they are extremely slow. Due to stiff-
ness of the obtained ODEs, in this study we focus on the BDF and SSPRK54 methods
for solving the resulting ODEs in time. The BDF method is one of the most impor-
tant tool to solve differential equations. For comparison purposes, we also provide
the SSPRK54 method for solving ODEs in time. Note that in this method, the SSP
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property also guarantees the stability properties which are necessary in the numerical
solutions of ODEs.

3.2.1 BDF

Backward differentiation formulae (BDF) are implicit multi-step methods for numeri-

cally solving the initial-value problems (3.23). They are the most widely used methods

for solving ODEs due to their stability properties. In addition, the BDF formulae are

based on numerical differentiation. The time interval [t,, T] is divided into N subin-
. . T—t, .

tervals with the time step At = v with the knots t, =t,+nAt forn=0,...,N.

The BDF method applied to (3.23) gives rise to the following approximations

p
¢, —Th[ D, +@(p)]— D mAd,; =0, (3.42)
j=0

where ¢, = [¢1,,...,Pm_1,]" is an approximation obtained by the BDF method of
vector ¢(t) given by (3.11) at t = t,,. The coefficients 7; and 7 are given in Table 3.2
for the p-step BDF formula.

Table 3.2 Coefficients of the BDF p-step method for p =6

p T Mo ™ Up) N3 un Ns Ne
1 1 -1
2 —_
5 2 4 -1
3 3 3
, 6 18 -9 2
11 11 11 11
, 2 48 36 1l 3 3
25 25 25 25 25 25
5 60 300 —-300 200 -—-75 -—12 -—12
137 137 137 137 137 137 137
6 60 300 -300 200 -—-75 =72 =75 10

137 137 137 137 137 147 147 147

At each time step n, we have to solve equation (3.42) for ¢, by rearranging in the

following form
p
G(p,) = (A —no Db, — Th[D, +8(¢,)]— D 1, % ¢,;=0,  (3.43)
j=1

where I is the (m — 1) x (m — 1) identity matrix. Equation (3.43) can efficiently be
solved by using the Newton method with starting guess taken from the last time step.

Here, the Newton method for the approximation of ¢, generates iterations (&, ) given
by
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€o
3.44
{ Ern = Er—[Jg(E)]TT9(ED, k>0 ( )

where J4(&) is the Jacobian matrix of ¢ at point &,. We have

Jy(&x) = (2 —mol) — Th(D + J5 (&), (3.45)

with J; being the Jacobian matrix of ®. The value of the interpolating spline s; given
by (3.10) at time t,, is

Sh(x7 tn) = a—l(tn)B—l(x)+a0(tn)BO(x)+B(X)Ty(t)+am(tn)Bm(X)+am+1(tn)Bm+l(X)'

Here the coefficients a,(t,) are not known exactly. But they are approximated by the
coefficients denoted by @; , and which are computed by the BDF method and given by

a; = ¢ i=1,...,m—1,

Ao u(xo, t,,) = g (t,),

Appn = u(xp, t,) = &(t,), (3.46)
dy, = 20y, — P = 2g(t,) = P1 s

Umpin = 20— Pmin = 2g,(t,) = P -

The value s;,(x, t,,) approximated by spline s;, given by (3.10) at time t,, forn =0,...,N
are expressed in terms of the values 5, ,(x) where s, ;, be the cubic spline as

m+1

gn,h(x) = Z ai,nBi(x)-

i=—1

We have thus s (x, t,) 25, ,(x) for all x € [a, b].

3.2.1.1 Convergence of the BDFS method

Here, we give a result on the convergence of the proposed method. For the sake of
simplicity, we consider that the errors stemmed from the Newton method in the BDF
method are neglected. Our study is based on the following theorem which gives some
results on the convergence of the BDF method applied to ODEs of type (3.23). The

theorem can be found in reference [79].

do(t
Theorem 3.5. For () = 'D¢(t) + o' @(¢p(t)) if @' D is diagonalizable and
the derivatives of ® are bounded (up to order p + 1). Then, the p-step BDF method is
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convergent for t,., € [to, T] and

||¢(tn+p)_¢n+p”oo < C'p(e(n-'-Z)CpAtrnaXi:O p—1||¢(ti)_¢i”oo

.....

max evr —
At D (p+1) t oo C,At(n+1) 1
tefto,T]
- . ).
min In, — Atv,]

.....

where C, > 0 is a non-negative constant and v; are the eigenvalues of the matrix szl_lD.

The following theorems give error estimates when the function u( ., t,) is approx-
imated by the function 5, ;,. In the rest of this section we assume that <7, 'D is diago-

nalizable and the derivatives of ® are bounded (up to order p + 1).

Theorem 3.6. We assume that the solution u of (1.3) is such that the functions u( ., t,) :

x €[a,b]— u(x,t,)arein €*[a,b]forn=0,...,N. Then, we have the error bounds

2%u(.,t,)

u(.,t) =5, 4lleo < Ch?||—222
(., 6) =Syl 1=

where C > 0 is a non-negative constant.

Proof: For all x € [a, b], we have

|u(x) tn) _g\n,h(x)l < |u(x, tn) _Sh(x: tn)l + |5h(x: tn) _g\n,h(x)l'

By virtue of Theorem 3.2, we get the error estimates

2%u(.,t,)
|U(X, tn) _Sh(xa tn)' < Chz”T”oo
X
We recall that )
m+
51, £) = Spn(00) = D (@(£,) = Gy )Bi().
i=—1
Since 0 < B;(x) < 1, it follows that
m+1
510, £) =5, GO < D | (£) = .
i=—1

So, by considering (3.7) and (3.8), we reach

m+1 m—2
Dt =a| = 2lay(t) =@yl + D la(t,) = Gyl + 2l (6) = Gy e
i=—1 i=2

< (m+1) [16(t) — Pullo-
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Then, for all x € [a, b], we obtain

(Jn)

ux, £) =5, 4()] <Chzll lloo +(m+1) |(t,) = ¢plleo -

It follows that

(,n)

luC., t) =Spalleo < Ch2|| lloo +(m+1) |¢(t,) = ¢plleo (3.48)

forn=0,...,N.

Theorem 3.7. If we assume that the solution u of (1.3) is such that the functions u( ., t,) :

x €[a,b]— u(x,t,)arein €*[a,b]forn=0,...,N. Then, we have the error bounds

84u( tn)

lu(., t) =Spplleo < CRUl—F ="l + (M + D) ¢ () — Prlloo » (3.49)

where C > 0 is a non-negative constant.

Proof: The proof of this theorem is similar to Theorem 3.6 by applying Theorem 3.1
instead of Theorem 3.2.

Theorem 3.8. We assume that the solution u of (1.3) is such that the functions u( ., t,) :

x € [a,b]— u(x,t,)arein €*[a,b]forn=0,...,N. Then, we have the error bounds

i 2%u(., t,)
(., t) =Spplloo < (h2||—||oo
(At) max [|p®I(0)]lo0o
CAt te[to,T]
+ m+ 1) e _max [19(t) = dilloo + .
i=0,..., _min [0, —(At)v;]
i=2,...,m—1
(3.50)

where C > 0 is a non-negative constant. Furthermore, if At < €, and h < h, where €,
and hy, are sufficiently small non-negative constants and if the starting values for the BDF
method are supposed to be in a sufficiently small neighborhood of the exact solution then

the convergence of the proposed method holds.

Proof: According to Theorem 3.6, we have

2(,n)

[u(., t) =Spnlloo < CRAl——F 5" loo + (M +1) ll9(t) — Prlloo - (3.51)
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Using Theorem 3.5, the p-step BDF method is convergent for t,,, € [t,, T] and

l6Cap) = Gusplles < G292 max 114(t) = dileo

(At)P max [|¢PTI(0)]|oo(eF2D —1)
telto,T]

= . ).
_min_|n, — Aty

where C, > 0 is a non-negative constant and v; are the eigenvalues of the matrix
A7'D. It follows that

(At max [¢@*D(0)lloo

telty,T]

f)— <C e(N+2)CPAt( max t)—ab. |+
16 (tnip)=Priplloe < Cp max{l¢(t)=¢illeo min_|n, — At
yeeeyTI—

(3.52)
By considering (3.51) and (3.52), we obtain the error estimate (3.50). The error

i=

estimates hold for At < e, and h < h, where €, and h,, are sufficiently small non-
negative constants. Inequality (3.50) shows that if the starting values are supposed to
be in a sufficiently small neighbourhood of the exact solution then the convergence of
the method holds.

3.2.2 SSPRK54

Now, we present the SSPRK54 methods to numerically approximate the solution of
the ODE (3.23), (3.33) and (3.36). The SSPRK54 method has order at most four.
However, we pay attention to the optimal five-stage, fourth order method [206]. The
SSP is a more suitable approach in high order time discretization schemes preserve
the strong stability properties in any norm of the spatial discretization with first-order
Euler time stepping. In order to have stability when using explicit numerical schemes,
we require to apply the CFL (Courant-Friedrichs-Lewy) condition [141]. Thus, the
optimal SSPRK54 scheme is made more efficient by the CFL. The optimally of this
scheme is guaranteed by using an approach based on global optimization. Therefore,
the proposed method needs less storage space and low cost. In addition this is why
we interested in the SSPRK54 scheme. For starting the current scheme, let the time
interval [t,, T] is divided into N subintervals as previously mentioned. At each time

step n, we have to solve ¢, of equation (3.23) and rearrange it in the following form

#(¢p,) = (% —D,—[Dd,+2(¢,)] =0, (3.53)

where [ is an (m— 1) x (m — 1) identity matrix thus,
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b1

B

b3

P4

¢n+1

+

¢, +0.391752226571890AtZ(¢,,)

0.444370493651235¢, + 0.555629506348765¢, + 0.368410593050371AtZ(¢p,)

0.620101851488403¢ . + 0.379898148511597¢, + 0.251891774271694At Z ()

0.178079954393132¢,, + 0.821920045606868¢, + 0.544974750228521 At Z (¢p5)

0.517231671970585¢, + 0.096059710526147 ¢, + 0.063692468666290At Z ()

0.386708617503269¢, + 0.226007483236906At Z(¢.).

The efficiency and accuracy of the BDFS, SSPRK54S, modified B-spline-SSPRK54
and GS methods have been tested for different cases of the nonlinear ADR and chaotic

dynamical problems, in later chapters.
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4

IMPLEMENTATION TO NONLINEAR ADR EQUATIONS
AND CHAOTIC SYSTEMS

In this chapter, we demonstrate the applicability of the previous methods to some
model problems of nonlinear ADR equations with initial and boundary conditions and
well-defined chaotic systems. The proposed schemes for solving the models (1.3)-
(1.4) can be categorized in three essential groups: the BDFS, SSPRK54S and modified
cubic B-spline-SSPRK54 methods. The proposed methods are realized to be efficient
for these types of nonlinear ADR physical problems. Moreover, we demonstrate the
effectiveness of the proposed control function via GS method. We address the problem
of synchronization of identical and nonidentical chaotic systems (1.5) by considering
physical and biological problems. Then, the concepts between the properties of chaotic

and coupled nonlinear ADR problems are going to be discussed as well.

4.1 Numerical Solutions of Nonlinear ADR Equations
by using BDFS and SSPRK54S Schemes

For the approximate solution of the nonlinear ADR problems (1.3)-(1.4), we accept
the BDFS and SSPRK54S techniques in different cases. The generalized Burgers-Fisher
equation with forcing terms (GBFEF) and the generalized Burgers-Huxley equation
with forcing terms (GBHEF) can be considered to be good examples of the nonlinear
ADR models. They present the high importance for describing the interaction between

diffusion and transports, convection and reaction mechanisms.

4.1.1 GBFEF

The GBFEF was first studied by Fisher, with free of forcing term, to describe the prop-
agation of gene in a habitat [39, 199]. The GBFEF as the dynamic spread of a com-
bustion front was presented by Kolmogorov et al. [14]. Consider the GBFEF of the

form
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ot Yoz 3

with the initial and boundary conditions given by

u(x, tO) = uo(x),

u(a,t) =g,(t), u(b,t)=g,(t).

a—Z—yzu(l—u‘s)—f(x, t)=0, (x,t)e,,=[a,b]lx[t,T], (4.1)

(4.2)

(4.3)

The functions g,, g, and the initial function u, are known. The A, y,, y, are real

parameters, 0 is a positive integer, 0 < A < 1 and 0 < C < 1. The structure of the

GBFEF can be seen as a useful model for describing the relation between the reaction

mechanisms, convection effect and diffusion transport. It also arises in various fields

such as financial mathematics, turbulence, fluid mechanics, traffic flow, shock waves

and gas dynamics. In this example, the presented numerical schemes in solving (4.1)

are to find an approximation s,(x,t) to the exact solution u(x,t) given in equation

(3.10). By rearranging equation (4.1) as the form of (1.3), we obtain linear part and

nonlinear part, involving the forcing term, respectively as

2%u du
,‘f(ﬁ, P u,x,t) = Au,, + 75U,
and 22,
A/(—u, —u,u,x, t) = —y,ulu, —yuu’® + f(x,t).
J0x2 Ox

Now, a, = v,, a; =0 and a, = A. Considering the relations (3.16), we obtain
ag(t) = y,81(t) +F(¢(t),x,1),

a (t) = 7,8,(t)+F(¢(t),x,,1),

where

F(9(6),%0,6) = (1= (g:(0)") = 2 (&1(6) (8:(0) = (D)) + £ (o, 1),

and

F((6), 6, 6) = (1= (82(6)°) = TL(82(0) (1 () = £2(6)) + £ (g ).

(4.4)

Thus, by evaluating equations (3.12) and (4.4) at points x; and x,,_;, one obtains
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da@+za0 = (220 + 2+ Da0+ ()60
(4.5)
+ R0, 11,0 = ZF(§(0), %, 1),
4 A 2 21 A
O+ 2ol () = (4 Dan o0+ (2= 2D )ana 0+ ()80
+ F(B(0),%500,0) — ZF(H(0, 3, 0)
(4.6)

At points x;, 1 =2,...,m— 2, we give

4 1 A 2 7L
6 11+6a1+6a1+1 = (%-l_ﬁ)ai—l(t)_i_(%__) ()+( )ai+1(t)
+ F((0),x0 1),
4.7)
where
Fp(0xt) = —L(La0+ 2a0+ 2ay(0) (£1(0) — ax(0)
>N 2h 6 1 6 1 6 2 1 2
= B(g(0)+40,(0+ a,0) (5810 + Fon(0)+ 20 (0) ) + £ 0oy, 0,
PO, 5000) = —E(Zata(0)+ 2,0+ 282(0) (2020 — ga(0)
— (Fta(®)+ 2t s (O + 280(0)°) + £ (e, ),
F(p(t),x;,t) = Yl(l (t)+ia»(t)+1a- (t))ﬁ(a» (6) — a1 (1))
3N - Zh 6 1—1 6 i 6 i+1 i—1 i+1
Y2

— a0 +40(0+ e (0) ~ (Gas(0+ a0+ a0

The approximating cubic spline s, must also satisfy the initial condition (4.2) at points

Xy, .-.,X,, and at initial time ¢ :

sp(xp,to) = ug(xy), for i=0,
sp(xi,tg) = up(x;), for i=1,..,m—1, (4.8)
sp(Xm,to) = ug(x,), for i=m.

By virtue of (3.7), (3.8) and (3.12), we obtain
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a ¢(to) = ¢o, (4.9)

where ¢, = [6u(x;) — g1(to), 6uug(xy), .. ., 6ug(X,_s), 6Ug(X,—1) — &2(tp)]" and the
matrix <7, of size (m—1) x (m —1) is given by (3.9).
Now, equations (4.5), (4.6), (4.7) and (4.9) are expressed as in the following ODEs

do(t
412~ Dy +a(p(o,
(4.10)
2 ¢(tg) = ¢o.
2
The matrix D of size (m—1) x (m—1) is given (3.24) for d, = %—i—i, d, = % +%

Y

A
and d; = 62 + 2 The vector valued function & is given by

®(p (1)) = [21(d(£)), 22(D (1)), ..., Bpn(D (1)), By (ST,
®,(p (1)) = ( 5)81 () + F((6), x;,6) — —F(¢>(t), X, t),

@, 1(y(t))—( = )82() + F($(6), X1, ) — —F(d»(t),xm, t),
&,((1)) = F($(t), x,,t) for i=2,...,m—2.

Now, we solve the system (4.10) by using the BDF and SSPRK54 methods, as men-

tioned in previous chapter.

4.1.2 GBHEF

The GBHEF being a nonlinear ADR model is of high importance for presenting the
interaction between advection, diffusion, reaction and transports mechanisms. First,
the GBHEF equation was investigated in references [126, 167], with free of forcing
term. The GBHEF can be presented by the following form:

du 2  ,ou S
E—Aﬂ 11U 8——qu(1 u)(W’—C)—f(x,t) =0, (x,t) €Q, =[a,b]x[t,,T],

4.11D)

with the initial and boundary conditions given by
u(x, ty) = uy(x), 4.12)
u(a,t) =g (t), u(b,t)=g,(t). (4.13)

40



Here, A, y;, v, and & are physical constants. In this example, we use the proposed
numerical schemes to find an approximation s, (x, t) to the exact solution u(x, t) given
by (3.10). By rearranging equation (4.11) in the form of (1.3), we can define the linear

part and nonlinear part, involving the forcing term, respectively as

d0%u du
g(ﬁ’ a,u,x, t) = Auxx — v, Cu,
o%*u 0
JV(a Lzl au u,x, t) = —yulu, +y,uu’ —y,Cu—ryuu® +y,Cuu’ + f(x, t).
Now, from the above parts, we get a, = —y, C, a; = 0 and a, = A. Considering the

relations (3.16), one finds

ag(t) = —y,Cgi(t) +F(p(t),x,t),
4.14)

a, (6) = —ryC8(t) + F(P(t), X, 1),
where
F(¢(1),%0,t) = (1281(0)g:1(0)°)(1 — (&:(1))° + C) — %(gl(t))ﬁ(gl(t) —a,(1)) +
f(xo, 1),
F(p(£), Xy £) = (1282(0)82(£))°)(1 = (g2(£))° + C) = %(gz(t))fs(am_l(t) — (1) +
f(x,,,t).
Now, from (3.12) and (4.14), by evaluating these equations at points x; and x,,_;,

one obtains

4 1, —2y,C 24 A A
@+ o) = (= -7)a®+ ( () +(55)e (0
1
+ F((P(t)ﬂxla t)_gF((P(t),XO, t);
1 4 A 2 27 A (%15
Y Y
s O+ za () = (F+7)ana(0)+ (5 =37 )ana (0 +(55)ga(0)
1
+ F((P(t)’xm—li t)_ EF((i)(t):xm; t)
(4.16)
At points x;, 1 =2,...,m — 2, we obtain
4 1 —r,C A —2y,C 2A
+6al+6al+1 = ( 62 +}§)ai_1(t)+( 32 —ﬁ)ai(t)
“4.17)

(T2 a0+ F0,x, 0,
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where

F3(0,00,0 = (—7a(6i(0+ a0 +a0)(z8(0+ 20,0+ a0))

< (GaO+2a 0+ <a0) —C)

- L0+ a0+ 2a,0) (60 -a0),

F(p(0,x,0) = (—yz(am_z(t)+4am_1(t)+gz(t))(1—(éam_2(t)+gam_l(mégzu))é)

 ((Gta0+ 2ot a0+ 220 —C)

6 6
B ;_;l(éam—z(t)-i_ gam—l(t)+ %gz(t))g(ollm—z(t)_gz(t)), 1
F@(0)x,t) = (_ Yz(ai_l(t) +4a,(t) + aiﬂ(t))(l - (gai—l(t) + gai(t) + gaiﬂ(t))é)

Y11 4 1 b
_ j(gai—l(t) + gai(f) it gai+1(t)) (ai—1(f) - ai+1(t))-
The approximating cubic spline s, must also satisfy the initial condition (4.2) at
points x,, ..., X,, and at initial time ¢t, as given in (4.8). Now, equations (4.9), (4.15),
(4.16) and (4.17) are expressed compactly as in the following ODEs

do(t)
4 T80 = Do) +a(p(e),
(4.18)
) ¢(t)) = o,
where the matrix D of size (m — 1) x (m — 1) is given (3.24) for d, = 3
d, = _)/62 + ﬁ’ and d; = _}/62 + % The vector valued function @ is given by

(¢ (1)) =[%, (¢(t)),4>2(¢(t)), s a9 (6)), @a (P ()]
®,(¢p(0)) = ( )gl(t)+F(¢(t) X1, t)— —F(qb(t),xo,t),
2a(6(0) = (i 2 )0+ F(9(6), X1, )= —F(¢(t),xm,r),
®.(p(t))=F(¢p(t),x;,t) fori=2,...,m—2.

Now, we solve the system (4.18) by using the BDF and SSPRK54 methods, as proposed
in the previous section.
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4.1.3 A New Approach for the Nonlinear Coupled ADR Equations

with Source Functions via the BDFS Scheme

This section focuses on analysis of the nonlinear physical phenomena of coupled ADR
models via the BDFS scheme. We capture numerical behavior of the physical environ-
ment governed by the nonlinear coupled Burgers equations with source functions. It
is recognized that these models are characterized by the interaction of reaction and
diffusion [69, 85, 191]. The Coupled Burgers equation was first presented by Esipov
[221]. It can be seen that examination of the physical and numerical properties of
the nonlinear coupled Burgers equation is quite complex. Thus, by preserving the ac-
tual physical properties of nature, and not using matrix or tensor products, behaviour
of the physical environment governed by the coupled Burgers equation with source
functions has thus been investigated effectively. To achieve this, the BDFS method
combines the cubic spline defined in space with the BDF scheme in time. Hence this
work produces a block matrix system of first ODEs in time. The currently combined
approaches are directly applicable to solve our problems without any further trans-
formation. The block matrix system is solved by the BDF scheme which is usually
implemented together with the Newton method to solve nonlinear differential equa-
tions at each step. The Thomas algorithm is also used in the solution of the linear part
of the system obtained as a result of the application of the BDFS method.

Consider the coupled nonlinear Burgers equation with source functions in the form

du 2%u du
8_; - 18721 + Azula_xl +ri(uuy), = folx,t),
(4.19)
du 2%u du
8_t2 - 38_3522 + 7L4uza_x2 +r.(uuy), = filx,t),
with the initial conditions
up(x,tg) = upo(x), uy(x,ty) =1u,e(x), (4.20)
and the boundary conditions
u(a, t) = g(t), uy(b,t) = gy(t), 4.21)

uy(a,t) = gs(t), up(b,t) = gu(t),
where (x,t) € Q=[a,b] x [ty, T]; A, Ay, A3, Ay, ¥ and y, are real parameters. The
functions g,, g,, g; and g, are known. The functions f, and f; are the source terms.
The required solutions of (4.19)-(4.21) u;(x, t) and u,(x, t) are approximated by the
cubic interpolating splines s, , and s, , respectively, as
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m+1

sial,t) = > a(B(x),

i=—1

(4.22)

m+1

Sl t) = D B (OB;(x),

j=—1
where a,(t) and f3;(t) are unknowns based on the time. The cubic splines s, , and s,

are the unique functions in ¢2([a, b]) and satisfying the following conditions

siplxi, t) =uy(x;,t) for i=0,...,m,
(4.23)
1@, ) =5, (b, 0),

Son(xj, t) =uy(x;,t) for j=0,...,m,
(4.24)
s;”h(a, t)= SZh(b: t).

By using the cubic splines s, ;, and s, in conditions (4.23) and (4.24), one can obtain

510X, £) = % a;(t)B;(x;) = uy(xy, t), 0 <k <m, (4.25)
i=—1
m+1
Son(xe )= > B;(0B,(x,) =uy(x;, 1), 0< k <m, (4.26)
j=—1
with J
sipla, t) = }%a_l — %ao + %al, and s7,(b,t)= %am_l — %am + 17 Oty
(@)= oy = ot oy, and 5 (5= By — o e

According to the natural cubic splines at the boundary conditions, the expression

a(t) = 2a4(t)—oy(t),

4.27)
am+1(t) = zam(t)_am—l(t)s
B_1(t) = 2B(t)—By(2),

(4.28)

ﬁm+1(t) = zﬁm(t) - ﬁm—l(t)s

can be obtained. Taking into account of the interpolating conditions at the boundary
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points x, = a and x,, = b yields

511000 0 = 2 (@ (0 + a0(0) + &1 (0) =y ),

5200 0= (Ba(0)+ 480(0) + By (D) = 1y, ),
and

Sl,h(xmﬁ t) = é(am—l(t) + 4am(t) + am+1(t)) = ul(xmﬁ t):

520 0 = (B (0 + 48,0+ Brun(0) = ).

Then substitution of the above expressions into (4.27) and (4.28) as:

ap(t) =us(xy, t) and a,,(t) =u (x,,t), (4.29)

ﬂo(t) = u2(x05 t) and ﬂm(t) = uz(xmz t)' (430)

Now, according to the above procedure, numerical solutions of the coupled Burgers
equation with source functions are produced. One can then consider the following

vector valued functions

a,(t) B1(t)
:|, where ¢,(t) = : and ¢,(t) = : . (4.31)
1 (t) Brm-1(t)

t
o< [#©
$,(t)
By substituting s, , and s, ; with their derivatives u; and u, in (4.19) at points x; and

x; fori =0 and m, j =0 and m, one reaches

ds1p 9°s1

5 Yo ) = Ay ——=(xo, 1) + Fi(a (1), Xo, 1), (4.32)
851’}1 3251’}1

ot (Xm) t) = A’IW(JCmJ t)+F1(¢1(t))xm: t): (433)

and

352’;1 3252’;1

ot (XO: t) = A‘SW('XO’ t) + F2(¢2(t)5 X0, t): (434)
ZE 9%sy

a t (xm7 t) = A'BW(Xm’ t) + F2(¢2(t)7 Xms t); (435)

where F; and F, are the functions representing the nonlinear parts. By taking into
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account the relations (4.27)-(4.35), one obtains

ap(t) = Fy(w(t),xo,1),

36
a, (t) Fi(w(t), x,, t), (4.36)

where 2
Fy(w(t), xq,t) = 81(g1 a;)+ %(81(83 —B1) +83(81— al)) — falxo, ),

A
Fy(w(t),x,,, t) = ng(am—l — &)+ %(gZ(ﬂm—l —84)+ 841 — g4)) — folxp, £),
BUE) = Fy(w(t),xo0),
4.37
B = Fya(t),B(6)xmt), 37
Ay
Fy(w(e), %0, ) = 2 8585 = B) + T2 (8581 — o) + 8185 = B)) — fo(x0, 1)

A
Fy(w(t), x,, t) = 7484(/%—1 -84+ %(84(0%—1 —84)+ & (B — gz)) — fa(xp, t).

Now, by evaluating (4.36) and (4.37), in (4.19) at points x; and x; fori = 1,...,m—1,
j=1,...,m—1, one finds

L0+ 2050 = e, (0 + (0 + 25810+ F (0, 10, 0= ZE (0, 30,0,
(4.38)
and
1 1 1
6 a,._ z(t)+ am 1(t) = ﬁam—z(t)'i_ﬁam—l(t)'i_ﬁgZ(t)-i_Fl(W(t):xm—lJt)
= R0, %)
(4.39)

Thus, at points x; for i =2,...,m—2, we obtain

6 ; 1+zal+ éaH—l = }3‘2 a;_ l(t)+ hza(t)+ l+1(t)+F1(W(t):xi:t):
(4.40)
where
A
Fi(w(t),x;,t) = 2;(681“)“‘ 4a1(t)+ 1a2(t))(g1(t) az(t))
- 12h((g1(t)+4a1(t)+az(t))(g1 ay(t))

+  (g1(t) +4a,(t) + ay(t))(gs — ﬂz(t))) + folxq, t),
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Fi(w(t), x;_1,t) = _ﬂ(g

e al0) 4 2 s () + £8(00) @ o(0) — 8a(0)

12h((/5m 2() +4B,1 () + g4())(oa(t) — 82) + (o (t) + 4t (t)

+ gz(t))(ﬁm 2(t) g4))+f2(xm 1 t),

A
2Ly (0+ 200+ £ (0)(@m (0= 2 (0)

Bw(t),x,t) = —o

12h((al 16) +40,(6) + @i (E)(Bimr (£) = Biga (£)) + (Bima (£) + 48;(1)

+ B (t))(a; (t) — ai+1(t))) + fo(x;, t),

LB+ B10) = B0+ Bl D)+ g (O Fa(a(0), B, X1, D= F(W(0), o, 0)
(4.41)
and

£BL O+ 2B D) = B (04 B O+ () F (1), 0, D)

1
- EFZ(W(t): Xm> t)'
(4.42)
Then, at points x; forj=2,..., m— 2, one can have
1 4 , 1 1
gﬁi_1+€ﬁi +6/‘3i+1 = /31 l(t)+ /j (t)+ l+1(t)+F2(W(t):xiJ t);
(4.43)
where A
B0(0,3,0) = —3H(E8(0)+ 280+ 2h0)(8:(0 — a(0)

19k ((gz(t) + 406, (t) + Bo(£))(g5 — B2(1)) + (g2(8) + 4, (¢)

+ ﬂz(t))(gl az(t)))+f3(x1 t),
FaW(0), %1, 0) =~ (5Ba(0)+ 2B+ L840 (B o)~ £0)

12h((am L)+ 4,1 (6) + g5 (D)(Bos(t) — 4)

+  (Broa(t) + 4,1 (t) + g4(t))(a,—o(t) — gz)) + f3(X o1, t)s
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A

Fy(w(t),x;,t) = “on

(B0 + 2B+ 2 Prn(O) (B (D)= (1)

Y2
- ﬁ((ﬂi—l(t) +4B;(t) + B ()1 (8) — a1 (£))

+ (o1 () +4a;(t) + a1 (£))(Biy (£) — /31'+1(t))) + f3(x;, t).

The approximated cubic splines s, , and s,, must also satisfy the initial conditions

(4.20) at points xg, ..., X,, and at the initial time t,, one can have

sin(Xo,to) = ugplxg), for i=0,
sialxito) = uyo(x;), for i=1,..,m—1, (4.44)
Sia(Xmsto) = ujolxy), for i=m,

and
Son(Xo,to) = Uyo(xg), for j=0,
sz’h(xj, Ay — uz’o(xj), for j=1,...,m—1, (4.45)
Son(Xmsto) = uo(xy), for j=m.

Thus, by virtue of (4.44) and (4.45), we have
ow(ty) = wy, (4.46)

oy | 0
where 7, = [ ! o } with size 2(m —1) x 2(m—1) and the (m—1) x (m— 1)
1

matrix .o7; is tridiagonal matrix.

[ 611 (1) — &1(o) |
} - 6u; o(x2)
a4 (o) :
- 61y o(Xp—2)
Wy = (o) _ 61y o(Xp—1) — 82(to)
B1(to) 6uy o(x1) — g3(to)
: 6uy0(x;)
 Bra(to). '
61,0(Xm—2)
[ 61 0(3n—1) — 84(to)
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Now, equations (4.38)-(4.43) and (4.46) are summarized as ODEs given by

A = Do)+ eu(0),
4.47)
Awl(ts) = wo.

D |0
Here the matrix D = [ oD ]is of the size 2(m—1)x2(m—1) and the (m—1)x(m—1)

matrix D is a tridiagonal matrix (3.24). The vector valued function is then given by

[ 11w(t) |
C1ow(t)
1 mow(t)
S(w(c)) = {zl(w(t))} _ GO |
Ca(w(t)) o aw(t)
Caow(t)
Comaw(t)
| {omaw(t) ]
where
A 1
C1a(w(t)) = ﬁgl(t) + Fy(w(t),xq,t)— gFl(W(t),xo, t),
A
g, m—1(w(t)) = h—;gz(t) + Fy(w(t), X, t) — éFl(W(t):xm7 t),
C1:(w(t)) =Fy(w(t),x;,t) for i=2,...,m—2,
and

A
o (W(0)) = 2285(0) + F((0), X1, 8) = ZFa((0), X, 1),

A
Cana O9(0) = 22,0+ Fy (1), 0, 8) = S F(W(), ),

o (w(8)) = Fy(w(t),x;,t) for i=2,..., m—2.

Now, by using the BDF method, the first order ordinary differential equation system

(4.47) is solved. The time interval [t,, T ] is divided into N subintervals with time step

T—t
At = % and knots t, = t, + nAt forn =0,...,N. The BDF method applied to
(4.47) gives arise to the following approximations
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p
Yy =T Dy, + i (w)]= D> njchy, ; = 0,
j=0

D (4.48)
,Q%lzn—’th[Dzn—i-Cz(wn)]—an@/lz i = 0,
j=0

where w, = [¢,,,$,,]" is an approximation obtained by the BDF method of the
vector w(t) given by (4.31). The coefficients 7; and T are known. At each time step
n, we have to solve equation (4.48) for w, by rearranging it

i~ ]

(g](qbl,n) = ('Q{l —No I)¢1,n - Th[D¢1,n + 51(Wn):| - nj’gqubl,n—j = 0:
j=1

~
Il

(4.49)
Go(Po0) = () — M Dy, — Th[D¢z,n + CZ(Wn)]

M=

"fljﬂfl(i’z,n—j =0,

Il
-

J

where I is the (m — 1) x (m — 1) identity matrix. Equation (4.49) can efficiently be

solved by using the Newton method. Here, the Newton method for the approximation
of w, generates iterations, &, given by

€o
4.50
{ Erir = Er—[Jg(EITT9(ED, k>0 ( )

where, J4(&) is the Jacobian matrix of ¢ at the point &;,. We have

Jy(&x) = (o —mol) — Th(D + J5(&y)), (4.51)

1|0
where I = [T\T] is the 2(m — 1) x 2(m — 1) identity matrix and J, is the Jacobian

matrix of ¢ given by

3811 3811 91 2SR
day T dap py 9 Bm—1
aa.:l,mfl aa.:l,mfl aCl,mfl aCl,mfl
_ day Tt Bapy 9f 9B
J‘I’(W(t)) - EITH 901 9051 0021
ooy O dp 0 Bm-1
az:2,m—1 aZ:Z,m—l aCZ,m—l aCZ,m—l
day 001 apy T O PBm—1 -

The linear part of the Jacobian matrix whose solution can be solved by using the

Thomas algorithm. The approximate solutions s, , and s, ;, given by (4.22) at time ¢,
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are

{ Slh(xJ tn) = a—l(tn)B—l(x) + aO(tn)BO(X) + IB(X)TJ’(T-) + am(tn)Bm(x) + am+1(tn)Bm+1(x)J
SZh(xJ tn) ﬁ—l(tn)B—l(x) + ﬁo(tn)Bo(X) + B(X)T.y(t) + ﬂm(tn)Bm(X) + ﬂm-ﬁ-l(tn)Bm-H(x)'

Here, the coefficients a,(t,,) and f3;(t,) are approximated by @; , and /gi’n and given by

a; = Yin for, i=1,...,m—1,

o = uy (xo, ty) = &(ty),

A = 1y (X, ) = &(t,), (4.52)
dy, = 200, — Y1 = 2g(t)) = Yin

Amp1n = 200~ Ym-1,n = 2g(tn) = Ym-1,n5

[D/)\l-’n = g, for, i=1,.... m—1,

Eo,n = U,(xo, t,) = g(ty),

Brn = 1y (X t,) = &(ta), (4.53)
B—l,n 5 2[3\0,n —Z1n = 2g;3(t,)—21,,

Em+1,n — 2Em,n —Zm—1,n = 2g4(t,) = Zp_1 -

The values s;(x, t,,) and s,,(x, t,,) of the spline s,;, and s, at time t, forn=0,...,N
are presented in terms of the values s, ;,(x) and 5, ,,(x). Heres, ;;, and 5, ,;, indicate

the cubic splines given in the form, respectively,

m+1
B\n,m(x) = Z ai,nBi(x):
) (4.54)

/S\n,Zh(x) = Z//S\i,nBi(x)-

i=—1

We thus have sy, (x, t,) 25, 1,(x) and s, (x, t,) 25, 5,(x) for all x € [a, b].

4.2 Modified Cubic B-spline Basis Functions

In this section, a striking approximation method for solving the Burgers equation with
source term is considered. The structure of the Burgers equation takes into account
both nonlinear advection and diffusion terms for simulating the physical behavior of
the motion and its shock wave behavior when the viscosity value is small. This numer-
ical scheme is based on the modified cubic B-splines in space variable. The obtained
results have been computed without using any linearization and transformation pro-
cesses. The produced diagonal system has been solved by the SSPRK54 scheme.
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Consider the Burgers equation with source term of equation (1.3) as follows:

2
@(x, t)—)LQ +u@ —f(x,t)=0, (x,t)eQ,=[a,b]x[ty,T], (4.55)
at Jdx2 Jx

with the initial and boundary conditions are given by

u(x, ty) = uy(x), (4.56)

u(a, t) = g(t), u(b,t) = g,(t), (4.57)

where g;, g, and u, are known functions. Here, f(x,t) represents the source term.
The rest of our numerical scheme can be expressed as follows:
At boundaries (4.57) for x = x, and x = x,, the approximation solution (3.27) be-

comes

Sm(xo,t) = ag(t) By(xo) + ar(t) B (xo) = g(1t)

(4.58)
Sm(XNJt) = am—l(t)‘%m—l(xm)+am(t)%N(Xm) = gz(f)-

Substitution of the approximate solution (3.27) in (4.55) leads to

> a(0)B,(x) =—( D o()B,())( D (D BI))+A( D (B (x))+£ (x, 1),
j=0 j=0 j=0 j=0

(4.59)
where a'(t) is the first derivative with respect to t. The cubic B-splines basis 98’;(x)
and 28”;(x) denote the first and second differentiation with respect to x. Let us dis-
cretize the domain [a, b] into grid points and let us take x = x; for j = 0,...,m in
equation (4.59). We thus obtain

> (B (x) =—( D a;()B;(x))( D (DB x))+A( D] () B (x))+f (x;, ).
0 0 = = (4.60)
By using the approximation values of s,,(x;), s;n(xj) and s;(xj) given by equations
(3.12) at the knots in equation (4.60), we find the following difference equations

with the variables a(t),
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4ay = g,(t) j=0,
a_ +4d +a . = _—3(a~ +4a; +a; )i —aiq)
j—1 j j+1 h j—1 J j+1A%)41 j—1
1
6
+ ﬁ(aj_l—Zaj+aj+1) j=12,....m—1,
\ 4a’ = g1 (1) j=m.

(4.61)
Now, using equations (4.61), we obtain the following system with m + 1 equations

and m + 1 unknowns, as follows

oAy p =@, (4.62)
where
[ 4 0 0]
4 1
3y =10 0
1 4 1
0 0O 0 4
For ¢’ = [ag,a’l,...,a;q_l,a;]T, ¢, = |:<I>1’0,<I>1’1,...,<I>1’N_1,<I>1’m]T, correspond-
ing to the knots are evaluated as:
@5 =g,(t) for j=0;
3 6A .
(I)Lj - _E(a]’_l + 4(1J + aj+1)(aj+1 — a]'_l) + F(a]‘_l - 2(1] + aj+1) fOI' ] -

1, ..., m—1,

®,,, =g (t) for j=m.

Initial vector ¢° can be obtained by using the initial and boundary conditions at
t = 0. We then have the following relations

Sm(x0,0) = go(0) for j=0;

Sm(x;,0) =up(x;) for j=1,...,m—1,

Sm(meO):gl(O) for ]:m

The above equations yield a tridiagonal matrix system by using the approximate

solution (3.27) as given
oy = d,. (4.63)

T T
P° = [ag, al,...,ad ., a?n] ,®, = [gO(O),uO(xl), ) ..,uo(xm_l),gl(O)] )
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Then, we apply the SSPRK54 method to solve the first order ordinary differential equa-
tion system (4.62). Once the parameter a° = a(t,) has been determined at a specified
time level, we can compute the solution at the required time level by using iterations.
We use the Thomas algorithm to solve the tridiagonal system encountered in (4.63),
and then the SSPRK54 method to solve the ODE system.

4.3 Designing a Response Approach in Chaotic Sys-

tems

This section is to discuss the GS method by designing new response systems for solv-
ing synchronization problems of coupled chaotic identical and nonidentical models.
To demonstrate the effectiveness of the proposed control functions, we address the
problem of synchronization of identical and nonidentical chaotic systems by consider-
ing various numerical examples from physical and biological problems. We consider

here the chaotic systems to find an access to Section 4.4.

4.3.1 Synchronization of Two Identical Systems

4.3.1.1 Memristor system

Consider the problem of synchronization of identical systems with dimension spaces
n = m = 4 concerning the Memristor chaotic systems. The Memristor was postulated
as the fourth nonlinear circuit element by Chua [150]. This Memristor system may be
described via the following nonlinear differential equations with respect to the fun-
damental basic circuit elements, resistance, capacitance, inductance and Memristor
[45]. We then have

( dv
11 .
Cll_dt = i3—Wi(ev,
di,
273, = Voo~ Vn
] . (4.64)
dv,, )
24, = b + G1Voy
do, —
\ dt "
The parameters v,;, v,, are the voltages. i, is the current. Nonlinear function W;
. . . 1
is called the Memristance. We set x; = Vyj, Xy = i3, X3 = Vg9, X4 = Q1, ] = o
1
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1
= —, 13 = — and Ly, = 1. Then, system (4.64) can be transformed to a first
CZZ C22

order differential equation system as

%)

( dx
d_tl = 1300y — Wi (x4)x;)
d
= X3 — X3
dt
{ s (4.65)
d
dt
dxq _
\ dt !

where function W;(x,) is defined as

p1 if x4l <1
Wi (x,) = . (4.66)

P2 if [x4l>1

The response is similarly chosen to the Memristor system (4.65) given by

(d
% = (2 —Wi(¥)y1) +1(x(t), y(t))
d
% = Y3~ Y1+ a(x(t), y(t))
) d (4.67)
22 = Yy ey + ha(x(0), ¥(0)
d
L% = y1+¢4(x(t)’y(t))'

To achieve the reduced order synchronization behavior between two identical Mem-
ristor systems, we consider that the Memristor systems as the driver system (4.65)
and as the response system (4.67). Then, we apply the first approach method for
this problem, by rewriting the driver-response system as (3.33). One can rewrite the
response system (4.67) in the form

y(t£) = —Qq(t)e(t) + F(x(£))H(x(1)),
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where

0 ¢ 00 —aWi(y4)x:
-1 0 1 0

Q= 0 —u, 1 0 and g,(y)= 0
1 0 00 0

Now, to solve the synchronization of this problem with the control functions y(x, y) as
calculated by (3.32), one can define the identity vector function as Y (x;, x5, X3, X,) =
(Y1, Y2, Y3, Y4)". For the sake of the simplicity, we consider Q, = k,I,. Thence, to
demonstrate the effectiveness of the proposed control function, we solve the driver-
response systems by using the RK4 scheme with the initial conditions x(0) and y(0)

by presenting simulation results.

4.3.1.2 Hindmarsh-Rose (HR) neuronal system

Here, we mainly study the role of neural synchronization in physical diseases, and par-
ticularly in the case of heart attack, where the neural activity takes place in many part
of human body, such as the heart muscles. The problem of chaos in the heart muscles
will decrease when neurons begin to convince to fire in synchronous with them. The
dynamic variables during this process are the neurons membrane potential, which are
changed and control a vast number of ionic channels. In general, it describes three
different states of the membrane potential which can be Resting, Spiking and Bursting.
Some papers investigated synchronization of two HR neurons [50]. Hereafter, some
information about neural activity and synchronization, we present the dynamics of
the membrane potential in the axon of neuron with a three dimensional system which
is known as the HR model

d
dt
dx
1 d_tz = 1—t15x2—x, : (4.68)
dx
| d_: te(t7(x; — Cs3) — Xx3)

where x;, x, and x; represent the membrane potential, the recovery variable and the
exchange of ions through slow ionic channels respectively. p;(t) is the externally ap-
plied current at time t, (¢ is a recovery variable; which is very small. The parameter
Cs5 is the x-coordinate of the leftmost equilibrium point of the model without adapta-
tion. Parameters t,,ls, L and t, are given in biological phenomena. To study synchro-
nization motions of the two identity coupled HR neuronal systems, it is assumed that

system (4.68) is considered to be the drive system, and the response system is given
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d

r d};l = J’2+L4J’12_J’13_J’3+Pa(t)+¢1(x(t):J’(t))

) dy, 1—tv2— (4.69)
(R TXEORIO) - -
d

| % t(t7(y1 = ¥u) = C) + 1p3(x (1), ¥ (t))

To solve the synchronization problems, one can rewrite systems (4.68) and (4.69) as

(3.33). Thus, the response system (4.69) can be rewritten as:

y(t) = —Qq(t)e(t) + Fr(x(£))H(x(1)),

where
0 1 -1 LYs—Yys+1
Q=|0 -1 0| and g,(y)= 1—usy?
gl 0 —ig 0

The control function v(x, y) can be determined by (3.32), one can propose the iden-
tity vector function as Y(x, X5, X3) = (¥1,¥2, ¥3)'. We produce numerical results
using the RK4 method for the driver-response systems, by considering Q, = k,I; at
initial points, x(0) and y(0).

4.3.1.3 Belousov-Zhabotinsky (BZ) reaction

We suggest modeling of the BZ reaction in chemistry. The reaction is important math-
ematically because exhibits many characteristics of chaos. Considering the reaction
rates and flow rate, the simple mathematical model consisting of two “rate” equations
can be written as [108].

dx
d_tl = (_X13_08X1 + 1) = L19X;
) (4.70)
@ o G—xy)
dt PP

where x; = [HBrO,] and x, = [Br~]. The characterization of chaos in the BZ reaction
relied on the rate of parameters which are fed into the system. Here, to study synchro-
nization motions of the two identity modeling of the BZ reaction system, it is assumed
that system (4.70) is considered to be the drive system, and thus the response system

is given by
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d
% = (—y° —tgy1 +t9) =iy + 1 (x(1), ¥ (1))

(4.71)
Dy _ D)y ey,

dt L1

Then, system (4.71) can be rewritten as

y(t) = =Qq(t)e(t) + F(x(£))H(x(1)),

where

3
—lg L) =y, tr
= and = .
Q2 |:1/’J11 _1/L11i| gg(y) [ 0 :|
The control function 1(x, y) is given by (3.32), one obtains the identity vector func-
tion as Y(x;,x,) = (y;,¥,)". Thus, we provide numerical results using the RK4
method for solving the driver-response systems with initial conditions x(0) and y(0).

For the sake of the simplicity, we consider Q, = k,I,.

4.3.2 Synchronization of Two Nonidentical Systems

4.3.2.1 Lorenz and Roéssler systems

Here, we consider two nonidentical chaotic systems in both cases of n < m and
n > m. We take the well systems of Lorenz and Rossler [91]. The Lorenz system is

defined by the three dimensional ordinary differential equations as follows

(dx,
— = U.(x,—x
dt 1202 1)
dx
t
dx
| _dt3 —l14X3 + X1 X,

The Rossler system is designed by four nonlinear ordinary differential equation system
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[ dn

dt = —Y2—JY3
dy
d_tz = Y1tUlsYat Y,
] . (4.73)
dys
A R +
dt Y1Ys T lig
dy
| d_t4 —l17Y3 T li1gYs

To illustrate Theorem 3.4 for the first case n < m, the Lorenz system is chosen as the

drive system and the Rossler as the response system which can be redefined as

y(t) = g, (y(t)) — g, (Y(x(£))) - (Jg(T(X(t))) + Q4(t))e(t) + Fr(x(£))H(x(t)),

where
0O -1 -1 o0 0
1 55 1
Q, = and =
*lo o o 8y Y1Y3 + e

In the second case, for n > m, we adopt the Rossler system as the drive, and making

the Lorenz system as the response. Then, we rewrite the system in the form

y =—Qu(t)e(t) + Fr(x(t))H(x(1)),

where
_le le O O
Q=] -1 O and gg(}’) =YY
0 0 —tyy Y1Y3

The control function (x, y) can be determined by (3.35). The vector function is
given by Y(xy, X, Xx3) = (1, Y2, Y3, Y1 + ¥2 + ¥3)T which is the nonidentity function.
We choose the matrix to be Q, = Q, + Q5, where Qs = k,I,. We obtain the behaviour
of synchronization by using the very large value of the coupling strength. We produce
numerical results using the RK4 method for the nonidentical driver-response systems
at initial points x(0) and y(0).
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4.4 Synchronization of the Nonlinear ADR Processes
via the BDFS and Lyapunov Methods

This section dynamical and GS of two dependent chaotic nonlinear ADR processes with
forcing term, which unidirectionally coupled in the driver-response configuration. By
combining the BDFS scheme with the Lyapunov direct method, the GS is studied for
designing controller function of the coupled nonlinear ADR equations without any
linearization. This technique utilizes the driver configuration to monitor the synchro-
nized motions. The nonlinear coupled model is described by the incompressible fluid
flow coupled to thermal dynamics, and motivated by the Boussinesq equations. Let us

consider the nonlinear coupled Burgers equations with source functions as:

du 2%u du _
4.74)
du d%u du
a_tz — ABWZZ + Mula—xz = folx,t) response,
with initial conditions
up(x, to) = uyo(x), uy(x,ty) =uyo(x), (4.75)
and boundary conditions
,t) = t), b,t) = t),
uy(a, t) g1(t), uy(b,t) g,(t) (4.76)

up(a,t) = g3(t), uy(b,t) = gy(t).
Here, (x,t) =[a, b]x[ty, T]. The function u, can be viewed as a temperature field. A,
is the thermal conductivity, A, is a viscosity coefficient, A, and A, are constants. k, is
the coefficient of the thermal expansion and also the coupling strength. The function
u, represents the velocity. The functions g,, g,, g; and g, are known. The f; and
f, are the source terms. The outputs from the driver are used to drive the response.
Thus, there exists a relation between the coupled Burgers equation, which could be a
temperature u,, transforms the trajectories on the attractor of the first equation into
those on the attractor of the second equation. Numerical results have been produced
by using the BDFS method for the proposed driver-response. The required solutions of
(4.74)-(4.76) u,(x, t) and u,(x, t) are approximated by the cubic interpolating splines
s1, and s, ;, respectively, as given in (4.22). By determining unknown time dependent
coefficients a;(t) and 3;(t), now, we consider the natural cubic splines at the boundary
conditions, we can obtain the expressions a_,(t), a,,.1(t), f_;(t) and a,,,,(t) as given

in (4.27) - (4.28). Later, by interpolating the conditions at the boundary points x, = a
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and x,, = b yields

511000 0 = 2 (@ (0 + dao(0) + 1 () =y ),
5200 0= (B (0)+ 480(0) + By (D) = 1,0, 0,
51100 0 = 2 (A (04 41,0 + € (0) = G, 0,

520 0= (B (0 + 48,0+ Brun(0) = s )

Now, a,(t), a,,(t), Bo(t) and fB,,(t) substitution of the above expressions into (4.27)
and (4.28) leads to

ag(t) =uy(xy,t) and a,(t) =u;(x,,t), 4.77)

ﬂO(t) = uz(XO: t) and ﬁm(t) = uZ(xm’ t)- (478)

Then, we use s, , and s, , with their derivatives in (4.74) at points x; and x; for i =

0 and m, j =0 and m, one reaches

0751
t) == A'1 a—xz’('XO) t) + Fl(a(t): ﬁ(t): Xo, t): (479)
ZE 2%,
5 G ) = A (i, O+ Fy(@(0), B0, X, ), (4.80)
and
82
t) = Ay—= Tx (xo, t)+ Fy(a(t), B(t), xq, t), (4.81)
352,;1 2
5 O )= 22 (% ) + Fya(t), B(£), X, 1), (4.82)

where F; and F, are the functions indicating the nonlinear parts. By taking into ac-
count the relations (4.27), (4.28), (4.77), (4.78) (4.79), (4.80), (4.81) and (4.82) ,

one can have
a(t) = Fia(t), B(6),x0,0),

, (4.83)
a,(6) = Fila(t), B(t), Xp, t).

k
ﬁgﬂgs —B1) +83(83— a1)) — f1(xo, t),

k
2 g0y 1—82)+ fg4(/3m—1 —84)+8a(ay _g4)) — f1(xm, ).

Fi(a(t), B(t),xq, t) = g1(81 a)+

A
Fy(a(t), B(6), x, ) = =2
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B = Fya(t), B(O),x0r 1),
4.84
B = Fy(a(6) (), xm0), (484

Fy(a(t), B(t),xo, t) = gs(gs ﬁ1)+31(83_ﬁ1))_f2(x0: t),

Fy(a(t), B(t), x,, t) = g4(ﬂm 1= 84) + &a(Br1 — gz)) — folxp, t).

Thus, by using (4.83) and (4.84), in (4.74) at points x; and X; fori=1,..., m—1,
j=1,..., m—1, one finds
1 —2
S+ za0 = a0+ ad+ a0 s
+ F1(a(t),/3(t),xl,t)—gFl(a(t),ﬁ(t),xo,t),
1 1 1 1
6 m Z(t)+6am 1(t) = ﬁam—z(t)'i_i?am—l(t)';ﬁgZ(t) (486)
+ F1(a(t),ﬂ(t),xm—1,t)—gFl(a(t),ﬁ(t),Xm,t)-
Then, at points x; fori =2,..., m— 2, we obtain
éal 1+2al+éal+1 hlz a;_(t)+ 2oz(t)+ l+1(t)+F1(a(t),ﬂ(t),xi,t), (4.87)
where P 4 )
Fy(a(t), B(t),x,,t) = 2h(6gl(t)+ o, (6) + 2ax(0)(g2(0) — (1))
12h((82(t)+4/51(t)+/52(t)))+f1(xl t),
A
R0, (0, %) = —22( gl + 2 0+ £8a(0) et o(0) — ga(0)
12h((/5m 2(£) + 4B, 1(t)+g4(t)))+f1(xm 1 t),
A, 1 1
Fi(a(t), B(t),x;,t) = _2_}21(6ai—1(t)+%ai(t)‘l'gai+1(t))(ai—1(t)_ai+1(t))
b2 (B0 + 4,00+ Bra(D) + ik, ),
4 . 1, —2 1 1
gﬂl(t)‘i‘gﬁz(t) = Fﬂl(t)‘i'ﬁﬁz(t)‘i'ﬁg?;(t)
(4.88)

+ Fz(a(t),ﬁ(t),xl,t)—%Fz(a(t),ﬂ(t),xc,t),
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B0+ 60 = 2 Bua(O+ 2B (04 5580

(4.89)
+ B0, B0, Xy, ©) = <Fa(a(0), B0, %, )
Then, at points x; for j =2,...,m—2, one finds
1 / 4 / 1 /
6[51'_1 +€ﬂi +6ﬂi+1 = /31 l(t)+ ﬂ (t)+ l+1(t)+F2(a(t):/3(t):xi7 t)>
y (4.90)
R(a(0, B0 5,0 = —S(28(0+ B0+ 2Ba(0) (g0~ Bo(0)) + fo(x ),
Fa a0, B0, 1) =~ (a0 6,10+ 22u0) B o0) — £4(0)

+ fl(xm—l: t):

Fyla(t), B(6),x;,t) = 2h(6/:3l () + /5 (O+= /31+1(t))(/51 1(£) = Bia(0)
+  folx;, t).
One has (4.46), and equations (4.87)-(4.89) are summarized as the system of ordinary
differential equations as given in 4.47. From the hypothesis of the Lyapunov method,

synchronization of the proposed model is studied at optimal value of the coupling

strength. Again the system (4.47) is given

dw(t)
dt
where o7, is a tridiagonal matrix defining a regular system when the eigenvalues are

= o, (Dw(t) + 2(w(1))), (4.91)

all different and the real parts of them are negative. The matrix .o, is considered
to be negative definite. Thus, (4.74)-(4.76) is globally generalized synchronous with
respect to the coupling strength at the optimal value.

Furthermore, the stability requires that t > t, + T and k > 0. Then, the BDF method

is applied, the first-order ordinary differential equation system (4.91) is solved. The
T - to

time interval [t,, T] is divided into N subintervals with the time step At =
with the knots t, = t, + nAt forn =0,...,N. The method applied to (4.91) gives
arise to the following approximations. The valuess, ;(x, t,) ands,;(x, t,) of the spline
s1n and s, at time t, for n = 0,...,N are presented in terms of the values s, ;;(x)
and s, 5;(x). Heres, y;, and 5, », indicate the cubic splines given in (4.54). Thus, we
obtain s, ,(x, t,) 25, 1,(x) and s, ,(x, t,) 25, 5,(x) for all x € [a, b]. In the following
chapters, numerical examples illustrating the accuracy of the present approach are

given.
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5}

TWO DIMENSIONAL NONLINEAR ADR PROBLEMS

Two-dimensional ADR processes with forcing terms have various kinds of practical ap-
plications in applied mathematics, such as turbulence and viscous fluid [81, 116, 247].
In this chapter, we provide the BDFS method for solving the 2D ADR processes with
forcing terms, without any linearization, and keeping the originality of nature. Here,
we are going to develop our earlier work by using the 2D spline, B-spline and natural
spline methods in space. A system of first order ODEs is produced. The BDF scheme is
particularly suitable for the large scale and stiff ODE problems. Thus, after successful
discretization in space, the BDF method allows an efficient implementation for solv-
ing the resulting system in time. In recent years, many researchers have paid their
particular attention to solving these problems using various numerical approaches,
particularly interested in the 2D Burgers equation. Fletcher [115] found the exact
solution of the 2D Burgers equation by using the Hopf-Cole transformation. Many
authors have used many numerical and analytical techniques for solving the 2D Burg-
ers equation such as: finite element and finite difference methods [46], the similarity
reductions [2], finite difference scheme [25], Eulerian Lagrange method [53], Lattice
Boltzmann method [127], Haar wavelet method [258], Galerkin method [250], the
modified bi-cubic B-spline functions [31, 92].

The 2D ADR equation arising in various fields of science is considered as

du 8%u du du d*u J*u 2%u du du d*u d%*u

(Y D=L o ——— —— D+ (o) =, o ———, =— t

at(x;y’ ) d( u,x,y, ) t/%i(axzj aX’ ay’ axay: ayz,U:xJ’; ):
(5.1)

for (x,y,t) € Q;x[ty, T], where Q; =[a, b] x[c,d]. ¥, is a linear partial differential
operator of second order and .4, defines a non-linear differential part. The initial
condition at ¢,

U(X,y, tO)ZMO(Xay): (X:y)EQduaﬂdJ (52)

and boundary conditions are given by
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u,(y, t,u(a, y, t),u(a, y, t),u,(a,y, t)) = g(y,t),
uy(y, t,u(b,y, t),u,(b,y, t),u,(b,y,t)) = g(y,t),
u(x, t,u(x,c, t),u.(x,c,t),u,(x,c,t)) = gslx,t),
ug(x, t,u(x,d, t),u,(x,d, t),u,(x,d, t)) = gulx,t).

(5.3)

The boundary functions g;, g,, g3, &4 and initial function u, are known. In many
practical and physical situations the boundary functions are not differentiable or their
derivatives are not available. So, in this study, we only assume that the boundary
conditions are defined on the time interval without any further requirement. We give
an introduction of the BDFS technique to analyse the 2D ADR equation in detail, in

the following section.

5.1 Description of the Method

For the approximate solution of the 2D ADR processes (5.1)-(5.3) in € I(Qd) where
the classical space of [-times continuously differentiable functions on the interval Q,

is considered. Then, we define the solution u on a rectangle Q; (see Figure 5.1)

Q;={(x,y)l a<x<b and c <y <d}.

Figure 5.1 Knot insertions into product surface of two dimensions

Let us consider uniform subdivisions of the space interval 2; as set of m + 7 knots
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X3 <X <X <a=Xxo<x;< ... <Xy =b<xy 1 <Xpo<Xpis

and
Y3 <Y <Ya<c=Yo<y< oo <Y, =d <Y1 <Ymys2 < Ymyea
(5.4)
with x; = a +ih; and y; = ¢+ jh, for i,j = —3,...,m; , + 3 where h; = — < and
: m,
d—c . -
h, = ——. The subset {xo, . ..,xml} and { Vose--» ymz} are uniform partitions of the
my

domain [a,b] x [c,d] C R x R. The exact solution of (5.1)-(5.3) is approximated by
a cubic interpolating spline on a rectangle ;. The cubic spline s;; interpolating the
function u at the knots x, ..., X, and y,...,¥,, is the unique function in €(Q4)

satisfying the following conditions

rshd(xi,yj)=u(xl~,y]-) for i=0,...,m;,j=0,...,m,

{ S;id(azyj)zs;;d(bx.yj)’ (55)

\ Sllr:d(xi: c)= S;:d(xi, d),

Let & (£4) denote the space of all the cubic splines over the set ;. It is well known
that the dimension of this space is dim(<(£,)) = (m; + 3)(m, + 3). We denote by
{Bl-(x)}?lzlO and {Bj(y)};."jo basis of the space & (£2,). The values of the B-splines B;(x)
and B;(y) with their derivatives at knots x; and y;, respectively are given in Table 3.1.
It can be shown that the basis B;;(x, y) as the linear space of the cubic splines defined

on the rectangle Q,; (see Figure 5.2).

Ymy =Af == ===
j=mp—1f-===—-
j=mg—2f e e mam
=2
N
1

J=lpama=—=.
somo]enm o o [ TTTTTTTTTY
; :

0,
=1f=--
=1

= Tuig

D
7—Tw
[-tw=if-
q

Figure 5.2 Division of the rectangle 2, by knots

A cubic spline function s, € S () over the set 2; may be written as a linear

combination of the cubic B;;(x, y) of the form

my+1my+1

5a(0,Y)= D0 > a Bi(x)B;(y), Y(x,¥) € [a,b] x [c,d], (5.6)

i=—1 j=—1
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where, the coefficients {a}n.lizl are unknown coefficients. Let us take the following

vector valued functions,

B_l(X) B—l(.}’)
B,(x)= : and B,(x)= : (5.7)
B, 1(x) B,—1(y)

For the interpolating cubic spline s;; by satisfying the conditions (5.5), one has

my+1my+1
Sha(Xiey> Vi) = Z Z a; ;B;i(x¢,)B;(yx,), 0<ks<m;, 0 <k, <m,, (5.8)
i=1 j=—1
By considering the natural cubic splines which require that the second derivatives are

neglected at the boundaries of the rectangle ;. So, the boundary conditions are given
by

S;l/d(a)yk4):S}/lld(b:yk4):O: (59)
and
spa(xk,, €) = spy (.., d) = 0. (5.10)

It can be required that the interpolating conditions s,4(x;, y;) = u(x;,y;) with the
B;;(x, y) and their derivative values taken at certain lines. This approach is presented
in more detail in the following steps:

l. ®ati=1for1<j<m,—1,
2. ®ati=m;—1for1<j<m,—1,
3. ®atj=1for1<i<m;—1,
4. ®@atj=my,—1for1<i<m;—1,

5. ®at2<i<m—2and2<i<m;—2.

Considering equations (5.8)-(5.10) and the interpolating conditions at boundary
points, we have

S (@ Yipt) = 0

(5.11)
spa(a, yi,,t) = gi(a, yi,,t)  ky=0,...,m,
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By taking into account equation (5.8), the equation (5.11) becomes

A1 tdo g, a1 =2 (aO,k4—1 +4ag, + ao,k4+1) - (al,k4—1 +4ay;, + al,k4+1) )
(5.12)
and

Ao k,—1 T 4o g, + Agg,+1 = 681(a, Y, t), fork, =0,...,m, (5.13)

For k, = 0, by using the relation (5.12)-(5.13), one finds the vector values of Aok, aS

follows
( — _
4ag0+0ag 4 = 6g,(a,yo,t)—ag_1,
Qoot+4ap;+0p, = 6g:(a,y;,t),
ﬁ (5.149)
\ ®0,m,—1 + 4a0,m2 - 6g1(a: Ymy» t) — Qo,my+1-

We continue to use the 2D natural spline conditions and the above relations at bound-
ary points, we get

Sl/‘l/d (b’yk4’ t) = 0

(5.15)
shd(b)yk4: t) = gz(b,yk4, t) k4:0,...,m2
By using expression (5.8) into the equation (5.15), one obtains
Ay 11de—1 T 40 1k, T Xnpripr1 = 2 (aml,k4—1 +4a, k1t aml,k4+1)
- (aml—l,k4—1 +4an, 1k, + aml—l,k4+1) >
(5.16)
and
Oy ki—1 T 4k, T Ay g1 = 681(D, Yy, t), fork, =0,...,m,. (5.17)

By taking into account the relations (5.16)-(5.17) at k, = m,, we obtain the vector

values of a,, ;, as
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( 4am1,m2 + Ay my+1 = 6g2(bs Yo> t) — Oy my—15
aml,mz + 4am1,m2+1 + aml,m2+2 = 6gz(b, Y1, t):
] (5.18)
\ %my,my—1 + 4am1,m2 = 682(19: ymzz t) — QA my+1e

The 2D natural spline conditions with the above relations at the other boundary points

are considered as

S (xkg,c, t) =0
(5.19)
Spa(xg,, ¢, t) = g3(xy,,c,t) k3 =0,...,my

Rewriting the above equation (5.19) into (5.8), we have

Q1,1 4%, 1+ Q11 = 2 (ak3—1,0 + 4oy, o+ ak3+1,0) - (ak3—1,1 + 40y, 1 + ak3+1,1) >
(5.20)

and

ak3—1,0 + 4ak3,0 + ak3+1,0 = 6g3(yk33 c, t)) for kS = 0, .., My (521)

By using the expressions (5.20)-(5.21) at k; = 0, we find out the vector values of ay, ,

( dago+ag = 6g3(yo,C,t)— a_q0,
Aoot+4a gt ayg = 6g3(y1,¢,t),
1 (5.22)
\ Qm—10 T4 0 = 683(J’m1,0, t)— A, +1,00

Considering the 2D natural spline conditions and the above relations at boundary

points together, one obtains
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Sy (xkg, d, t) =0

(5.23)
sha(xy,, 4, t) = galxy,,d,t) k3 =0,...,my
Substituting s;; with their derivatives from (5.8) into (5.23) gives
ak3—1,m2+1 + 4ak3,m2+1 + ak3+1,m2+1 = 2 (akg—l,mz + 4ak3—1,m2 + ak3+1,m2)
- (akg—l,mz—l + 4, m,—1 + ak3+1,m2—1) s
(5.24)
and
Upy1,m, T4, m, T Ay i1m, = 684(Xy,,d, 1), fork; =0,...,m,. (5.25)

For k; = m,, by taking the relation (5.24)-(5.25) we then have the vector values of

akS’mZ

r 4am1,m2 + am1+1,m2 = 6g4(X0, d: t) - aml—l,mz;

aml,mz atx 4am1+1,m2 i am1+2,m2 = 6g4(x1: d: t):
\ (5.26)
k aml—l,mz + 4am1,m2 = 6g4(xm1) d: t) - am1+1,m2'

Now, the relations (5.12) and (5.21) at ks = 0 and k, = O are expressed as in the
following cases, where k; = 0, equation (5.12) is

ay_q t4ag,+ay; =6g(a,c,t). (5.27)
For k, = 0 equation (5.21) becomes

a_ot4ag,+a;,=6gs(a,c,t). (5.28)

One can consider the two boundary points to be equal at the points a and ¢ and then

we obtain

Qo1+ Ay =0a_g0+ Q. (5.29)
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Also, at points ks =1,...,m;—1and k, =1,...,m,—1, we then reach

Bl(xkg)Ta/i’j(t)Bz(yh) = _[131(xk3)Tai,j(t)B2(J’k4)]
[Bll(xkg)Tai,j(t)Bz(yk)+Bz(xk3)Tai,j(t)B/2(xk4)]

= F(ai,j(t)a xk3) yk4: t)
(5.30)

The approximating 2D cubic spline s,; must also satisfy initial condition (5.2) at points

Xgs+++>Xp, and Yo, ..., Y, atinitial time tg:

Sha(X0s Vi, to) = Uo(Xo,¥i,), for k,=0,...,m,,
Shd(st,yk4, to) == uo(ng,yk4), fOI' kg, k4 == 1,..., ml’z_l, (5.31)
Shd(xmlaymzﬁ tO) = uO(xml’ymz)a for kS:k4 = m,, mj.

By using the above equation, we find out the condition

Ag ¢d(to) = (¢d)o: (5.32)
where
[/, 0 0 0
0 o4 O
Ag=10 = 0|, (5.33)
0 o 0
K 0 0 o
and
[ ¢1.1(t) Pia(t) - ¢1,m2—1(t) |
$o1(t) Goo(t) o Pom,a(E)
¢4 = [ai,j(t)]lﬁiimrl = : : : (5.34)

1<j<mp—1

_¢m1—1,1(t) ¢m1—1,2(t) ¢m1—1,m2—1(t)_

(¢4)o is the matrix of size (m; —1) x (m, —1) and . is given in (3.9).
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Now, the above equations can be written more compactly as the ODEs form:

AgdyBy = —[A] daBy][(A)" ba B, ]+ Fylag(t),x,¥,1t),
(5.35)
Ay da(ty) = P40,
where
B, (x)
B = . 5.36
a(x) |:Bz(y):| ( )

We will consider the BDF scheme or any other suitable method for solving the large
scale (5.35) ODE system in time. They from (5.35)

or = —ba[(a) GaBy]+ (A1) Ful@u(6),x,y,6) (B]) ™ =Fylt,aq(t)
$a(t) = (AD) " g0 to<tST
(5.37)
The BDF scheme applied to the (5.37) yields
p
(Pa)gs1= an (Pa)o—j +ha TFa(tyir, (Pa)gin)- (5.38)

j=0

Here h, is the mesh grid, t,1 = hy + t,, (Pg)pr1 = Palt,41), T and n; are the co-
efficients for the p-step BDF formula given in Table 3.2. Hence, we obtain the 2D
ADR equation in a large matrix valued form. We will then rewrite the BDF scheme for
ODEs in term of matrix operations. An implementation of the proposed method is in

preparation and will be done for the 2D Burgers equation.
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6

NUMERICAL ILLUSTRATIONS

In this chapter we demonstrate the accuracy and efficiency of the proposed methods
given in previous chapters for different models. For this purpose, we first give vari-
ous numerical results of the nonlinear ADR problems with forcing terms to investigate
the accuracy of the BDFS, SSPRK54S and modified B-spline-SSPRK54 methods. Be-
sides, we address the problem of GS of identical and nonidentical chaotic systems.
By considering various numerical examples from physical and biological problems to
demonstrate the effectiveness of the proposed control function, the results are pre-
sented. In order to show that there is close relation between the generalized chaotic
synchronization and nonlinear ADR models, various numerical examples illustrating
the accuracy of the present approach are given. Accuracy of the proposed methods
are assessed in terms of the relative and absolute errors. Comparison between the
proposed methods is carried out in dealing with various problems to check the effi-
ciency and utility of the proposed schemes. The numerical solutions obtained by these
methods are tabulated and compared with some works in the literature for different
meaningful physical parameters. All computations have been carried out using the
currently produced computer codes in MATLAB 2018 on a workstation with 16 signif-

icant decimal digits.

6.1 Numerical Examples

The computational domain [a, b] is discredited on the equally spaced points x; =

b—a
a+i

presented only at the grid points but also at optional points in the solution domain. In

,fori=0,...,k. It is important to note that the produced solutions are not

order to measure the accuracy of the proposed schemes, the relative errors e;, e, and

e, are defined by
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N k
Z(Zw(xl,t ) = Sy )|)

||U_Sk||l n=0 \\i
el(k): ||U||1 = ~ - , (61)
Z(Zlu(x;, rn>|)
n=0 \n=0
N k
U—s \IZ(ZMX{’” Shn(X)|2)
k_)ez(k): ” - k||2 — n=0 \i=0 ’ (62)
101l —
Z (Z lu(x], tn)|2)
n=0 \\.n=0
e ool EB(Emeowaed)
Ul oo max (maxlu(x t )|)
0<n<N \0<i<k

where U = (u(x], t,)) and S = (s;,,(x})) are the matrices of size (N +1) x (N + 1)
whose entries are the values of the exact and numerical solutions, respectively, at

. . 1 . . t .
points (x;, t,) with step size h = and time step size At = ——2. The numerical
solutions produced here are at a set of points x; which are different from the set of

points on the B-spline discretizations.

Example 1

In this example we consider the nonlinear problem, with free external force, known

as the Burgers equation

u, = A, — Ui, (6.4)
for (x,t) €[0,1] x [1,2]. The initial condition is

u(x,1) = —— X = (), (6.5)
1+ ‘/_E exp(4—A)

where C = ¢'/®" and the boundary conditions are

—

u(0,t)=g,(t)=0 and u(1,t) = = g,(t). (6.6)

t 1
t(1+C Eexp(m))

The exact solution [100] is given by
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X

t(l + C\/zexp(ém))

For various time values, comparison between the numerical and exact solutions is

u(x, t) = (x,t)€[0,1]x [1,2] . (6.7)

carried out as seen in Figures 6.1a and 6.1b. In these figures, we observe that the
numerical and the exact solutions are in good agreement. The behaviour of the solu-
tion is exhibited under the consideration of the physical constants. At any time t with
small value of A, the solution curves are very steep. For the time passed the steepness
remains unchanged. Thus, this is a challenging situation that we have obtained the
steep solutions. The relative and absolute errors for the computation are presented for
At = 1E—03 and At = 1E—04 with different values of A and k in Tables 6.1 and 6.2.
It is concluded from the comparison of the results in these tables that the proposed
scheme is very accurate for for different values of A. The relative error e, is plotted as
a function in Figures 6.2a and 6.2b for At = 1E —03 and At = 1E — 04, respectively.
Notice that the error decreases as k increases for different values of A. It can be seen
that the theoretical convergence and the computational error results are found to be
in good agreement when the relatively smaller spatial steps are used. The numerical
results are performed for various values of the parameters At, A and k. Note that
the numerical convergence is in agreement with the theoretical convergence given
in Theorem 3.8. The physical behavior of the solutions is presented in Figures 6.3a

and 6.3b. By comparing various A values, effects of the advection dominant cases are

clearly exhibited.
0451 045 N _
o~ Exact Solution o~ Exact solution o t=1
04l si/ "@\‘/ t=1 Numerical solution 04l Numerical solution 7 |dle—t=12
Footee 12 t
035 25 e «—t=14
{ L V@ o t=1.6
03 ;" Q . 52 Qﬂsg&

I )4 I
2y fga,ﬂmﬁ\cﬂ’ L ——t=18
/ o P e |

u(x.t)&sh(x.l)

0 0.2 04 0.6 O.B‘ 1
(a) A =0.005 and At =1e—03 (b) A =0.0005 and At =1e—04

Figure 6.1 Numerical and exact solutions of the Burgers equation
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Table 6.1 Comparison of the errors for various values of A, k with At = 1E—03

BDFS (eo, (k)
kK A=5 A=5E—01 A=5E—02 A=G5E—03 A=5E—04

100 3E-07 4E-07 2E-06 6E-06 2E-05
300 2E-07 2E-06 3E-07 1E-05 3E-04
500 2E-06 1E-06 3E-05 7E-04 SE-05
700  2E-05 5E-05 3E-04 4E-03 8E-03
900 2E-06 2E-05 1E-04 6E-04 7E-04

Table 6.2 Comparison of the errors for different values of A, k with
At =1E—04

BDFS (e, (k))
kK A=5 A=5E—01 A=5E—02 A=5E—03 A=5E—04

200 2E-08 5E-08 5E-05 1E-04 2E-05
400  8E-08 1E-07 14E-07 4E-05 48E-04
600 5E-08 8E-07 6E-06 1E-05 2E-04
800 4E-07 57E-07 3E-06 1E-05 12E-04
1000 3E-07 44E-07 2E-06 6E-04 7E-03
510'3[ =t \i;\‘:‘- . 3
it ™ N Heig Ol g Qo g & . B \&:‘:9::1@‘\@*& T *- \_
T e e e TR e

1D-WU 2EIIU 3EIIU AU‘U SUIU . BEIIU 760 BUIU SEIIEI 1000 1D-WU 2EIIEI 360 AUIU SEIIEI . BEIIU 7UIU BEIIU SEIIU 1000
(a) At=1E—03 and t =2 (b) At=1E—04and t =2

Figure 6.2 The presentation of relative errors e, for various time steps

Exact Suolution Mumerical Solution
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- : = :
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005 — 00s—

(a) Exact solution (b) Numerical solution

Figure 6.3 Exact and numerical solutions for At = 1E — 04 and A = 0.005
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Example 2

In the second example, we consider the Burgers equation with the forcing function

u, = Au,, —uu, + f(x, t), (6.8)
in the domain [0, 1] x [0, 1] with the boundary conditions and the initial condition,
given by
u(x,0) = 0,
u(0,t) = 0, (6.9)
u(l,t) = 0.

The external force is taken to be

f(x,t) = msin(nx)cos(nt)+ wsin(mt)sin(wt)sin(mwx)cos(mx)
+ Amn?sin(mt)sin(mx),
such that the exact solution reads
u(x, t) =sin(xm)sin(tr), for (x,t)€[0,1]%x[0,1]. (6.10)

Comparison of the computed and exact solutions is presented in Figure 6.4. As in
the previous example, we observe that the proposed method exhibits highly accurate
results. Tables 6.3 and 6.4 give various values of the relative error e, (k) for At =
1E —03 and At = 1E — 04, respectively, for different values of A and k. The relative
errors e, is plotted as a function for At = 1E—03 and At = 1E — 04 in Figures 6.5a
and 6.5b, respectively. From these tables and figures, we can see that the relative error
.o (k) decreases as the value of k increases. We also observe in this example that the
theoretical results on the convergence are confirmed by the numerical ones. Physical

behaviour of the problem has been presented in a comparative way in Figures 6.6a
and 6.6b.

Table 6.3 Relative error e, (k) for various values of A, k with At = 1E —03 in

Example 2
k A=5 A=5E—-01 A=5E—-02 A=5E—-03 A=5E—-04
200  3E-06 41E-05 1E-06 3E-04 1E-04
600  2E-06 1E-06 3E-05 7E-04 5E-05
1000 1E-06 2E-06 21E-05 SE-04 6E-05
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Table 6.4 Relative error e, (k) for various values of A, k with At = 1E — 04 for

Example 2
k A=5 A=5E—01 A=5E—02 A=5E—03 A=5E—-04
100  7E-07 4E-06 1E-07 3E-06 1E-05
500 6E-07 3E-07 5E-06 3E-04 1E-05
900 8E-07 2E-07 1E-05 9E-04 2E-04
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Figure 6.4 Exact and numerical solutions for A = 0.05 and At = 1E —03
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Figure 6.5 The relative errors e,
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Figure 6.6 Exact and numerical solutions for At = 1E — 04 and A = 0.005
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Example 3

In the present example, we consider the nonlinear problem as the Fisher equation,

with free external force, given by

U = Al + pu(l—u), (x,t) € [a,b]x[0,1], (6.11)
where a = —0.2 and b = 0.8, with the initial and boundary conditions

-2

o

u(x,0)=|1+eV6 , u(a,t)=u(b,t)=0.

The exact solution of the Fisher equation (6.11) is given by

W 5u 0\
—x——t
u(x,t)=|1+eV6 6 . (6.12)

The numerical solutions are computed with the parameters A = 1, At = 1E — 03,
At = 1E — 04 for different values of k and u. In Figures 6.7a and 6.7b the exact and
numerical solutions are presented for comparison purposes. The numerical solutions
are seen to be good agreement with the exact ones and the sharp behaviours come
out. As A decreases, the curves become very steep. Thus, the results obtained by
the proposed method captures the nature of the problem. The numerical solutions to
the reaction-diffusion equation (6.11) shows that the reaction is more effective than
diffusion, this is why effects of the reaction clearly are seen in the solutions. The
relative and absolute errors are presented in Tables 6.5 and 6.6 for different values of
the parameters k, At and u. We have seen from the corresponding table that the errors
obtained by the BDFS scheme is quite small. The quantitative and qualitative results
of the proposed method are highly challenging. The relative errors for small and
large values of u are plotted in Figures 6.8a and 6.8b. The behavior of the numerical

solutions is in agreement with the exact solution as seen in Figures 6.9a and 6.9b.

Table 6.5 Relative errors of the proposed methods for the Fisher equation with
At=1E—-04

BDFS (e, (k)
k p=1000 pw=2000 p=3000 p=4000 @=25000 u=5000

300 1E-04 7E-05 3E-05 7E-04 2E-02 1E-06
420 6E-05 3E-05 1E-05 4E-04 1E-02 7E-02
540 4E-05 2E-05 1E-05 2E-04 6E-03 4E-02
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Table 6.6 Relative errors of the proposed methods for the Fisher equation with
At =1E—-03

8ik)

BDFS (e, (k)

k  p=100 pu=300 @=500 =700 pu=900
120  2E-08 22E-08 2E-06 28E-06 4E-05
240  64E-07 6E-07 61E-07 6E-05 98E-05
360  2E-07 20E-07  28E-07 2E-05 3E-05
480  1E-06 16E-06  19E-06 2E-05 3E-05
600  1E-06 4E-05 18E-05 2E-04 3E-04
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Figure 6.7 Exact and numerical solutions of the Fisher equation for u = 1000
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Figure 6.8 Relative errors e, of the Fisher equation for various values of At

and u
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(a) Exact solution (b) Numerical solution

Figure 6.9 Exact and numerical solutions corresponding to At = 1E — 04,

u=120and A =1

Example 4

Consider equation (4.1) in the following form

u,— A'uxx + Yluaux o Y2u(1 _u5) =0,

with the initial condition

u(x,0)= (1 + —tanh((z(_g—_fl))x))l/ﬁ = uy(x),

and the boundary conditions

[ 710 (—( ! +Yz(5+1)))t])1/5_

11
0,t)=(7 + stanh = g,(1),
u(0,£) = MG+ 5+1 " &1(t)

u(1,60) = (2 + Teann[ =00 (- (o 4 O Dy s _ oy,

2(6+1) o+1 Y1

Exact solution of equation (6.13) is given by

—v,0 1 ,(0+1 1
1 (= (5 + D)),

11
t)=(=+ =tanh
u(x, £) = ( an [2(5+1) 5+1 "

2 2

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

This example is provided in the domain (x,t) € Q =[—1,1] x [0, 1] with various val-

ues of parameters A, J, v, ¥, and At by the current methods. In Table 6.7, the relative

errors are computed with various parameters.The BDFS results are still very accurate
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while the SSPRK54S did not work (N.W.) for larger values of 6. Also, the BDFS results
demonstrated that the relative errors decrease as the parameter 6 increases. The rela-
tive and absolute errors for the computation are considered for various time levels and
0 =1, 4, 40, 50 in Table 6.8 and compared with those available in the literature. It
is concluded from the comparison of the obtained results in these tables that the pro-
posed methods are very accurate for all values of & > 0. We have depicted the BDFS,
SSPRK54S solutions and exact solution for different time values in Figures 6.10a and
6.10b. It can be seen from the produced results that the BDFS presents more accurate
results than the SSPRK54S. The physical behavior of the solutions is illustrated in Fig-
ure 6.11. In conclusion, the computed results in the present problem, show that, the

BDFS method has no restriction on the choice of parameter values.

Table 6.7 Relative errors of the proposed methods for Problem (6.13)

2 =0.01,5 =500, 7, =y, =001, At = 1E—4

Errors SSPRK54S BDFS
e N.W. 4.03E—7
e, N.W. 4,13E—7
oo N.W. 3.82E—6

2 =0.0005, 5 = 10000, y; =y, =1, At = 1E—4

Errors SSPRK54S BDEFS
e N.W. 2.29E —8
e,y N.W. 2.01E—8
€oo N.W. 6.97E—7
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Figure 6.10 Computed solutions of Problem (6.13) for A =1, y; = v, = 0.01,
60 =8,h=0.002 and At =1E—03
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Table 6.8 Comparisons of the errors for Problem (6.13)

A=6=1,y,=7,=0.001

SSPRK54S BDFS Ref. [88]  Ref. [202] Ref. [214]
Errors At=1E—2 | At=1E—4
e 3.72E—4 2.38E—3
e, 3.78E—4 4.15E—4
€oo 4.64E—4 3.41E—4 --
Lo 593E—9 5.82E—8 193E—5 6.44E—7 1.22E—9
5=4,A=1,At=1E—4
SSPRK54S BDFS Ref. [202] Ref. [214]  Ref. [49]
Errors y1=—0.01,y,=1 | B=1,7,=05
e 1.07E—2 1.55E—4
e, 1.16E—2 5.85E—5 --
Coo 143E—2 5.64E—5 --
Lo 203E—5 4.82E—8 122E—5 1.08E—8 1.44E—6
A=1,At=1E—4
SSPRK54S BDFS Ref. [88] Ref. [202] Ref. [214]
Errors | & =50,y; =y, =0.001 | 6=2,f=y,=1
e 1.67E—3 1.02E—5 .
e, 3.52E—4 4.15E—7 --
Coo 1.33E—4 6.34E—7 --
Lo, 3.07E—7 3.37E—9 25E—4 21E—6 1.7E—7
A=1y,=0At=1E—4
SSPRK54S BDFS Ref. [202]  Ref. [214] Ref. [181]
Errors | §=40,y,=0.001 | 5=8,y,=1
e 247E—5 3.88E—7 --
e, 2.82E—5  4.01E—7
Coo 1.83E—5 3.94E—10
L., 485E—9 203E—17 1.19E—11 55E—16 3.6E—11
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ufx t)

(b) SSPRK54S solution

(c) BDFS solution

Figure 6.11 Computed solutions of Problem (6.13) for A =1, y; =y, =0.01,
60 =8,h=0.002 and At =1E—03
Example 5

We consider the GBFE with an external force f(x,t)

ut_)('uxx +Y1u5ux_}/2u(1_u6) :f(x: t); (618)

in the domain [—1, 1] x [—1, 1] with the homogeneous Dirichlet boundary conditions

and the homogeneous initial condition, namely

u(0,t) = 0
u(l,t) = 0 (6.19)
u(x,0) = 0.

We choose the external source as
flx,t) = (n)?sin(xm)sin(tn) + nAcos(xm)sin(tm)(sin(xm)sin(tn))®

— yy(sin(mx)sin(mt)(1 — (sin(xm)sin(tm))?) + msin(mx)cos(mt).
The exact solution is

u(x, t) =sin(xm)sin(tm) (x,t)e[-1,1]x[-1,1]. (6.20)
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Various relative errors for problem (6.18) by using the BDFS and SSPRK54S methods
have been considered in Table 6.9. Thus, the results produced by the BDFS method
are accurate while the SSPRK54S does not work for large values of 6. For various time
values, comparison between the BDFS, SSPRK54S approximation and exact solution
is carried out as seen in Figures 6.12a and 6.12b. In the figures, we observe that the
BDFS and exact solutions are in good agreement. Physical behaviour of the problem
(6.18) has been captured in Figure 6.13. It can be seen that the proposed scheme is

in very good agreement with the exact one and exhibits physical characteristics of the
problem correctly.

Table 6.9 Relative errors of the GBFEF for the proposed methods

2=001,6=1,7,=7,=1, At=1E—3

€200  SSPRK54S BDFS
e, 2.19E —1 8.49E — 3
e, 1.44E —1 8.55E —3
Cos 1.86E—1 7.88E —3

2=0001,6=4,1y,=—001,y,=1, At=1E—4

€120  SSPRK54S BDFS
e, 1.04E—1 3.47E—3
e 1.34E—1 4.95E —4
Coo 1.63E —1 5.74E — 4

2.=0.0001, 5 =500, 1, =y, =0.01, At = 1E—4

€1700  SSPRK54S BDFS
e N.W. 417E—3
e N.W. 4.92E—5
Coo N.W. 433E—5

2 =0.0001, 5 = 10000, y, =y, =1, At =1E—5

1200  SSPRK54S BDFS
e N.W. 2.48E —3
e N.W. 3.66E —3
Coo N.W. 3.28E —3
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Figure 6.12 Computed solutions of Problem (6.18) for
A =0.01,y, =y, =0.001, 5 =4 and At = 1E —02

TR
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s

(a) Exact solution

(c) BDFS solution

Figure 6.13 Computed solutions of Problem (6.18) for A = 0.001, y; = 0.001,
Y,=1,06 =8 and At =1E—03

Example 6

In this problem, we consider the GBHE of the form of equation (4.11) with the exact
solution given by
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u(x, t) = (% + %tanh[al(x — azt)])l/s, (6.21)

where

116+ 54/12+4y,(1+6)
“= 4(1+06) ’

and

.= Cy, _(1+5—C)(_Y1+\/Y%+4Y1(1+5))
2T (1+6) 2(1+6) '

Here, y4, 74, 6, A are parameters and C = 0.1. Initial and boundary conditions are
taken from the exact solution. Approximate solutions of this problem are obtained
by using 6 as 1, 8, 500, 10000 for various values of y;, y, and A in the domain
(x,t) e Q=[—1,1] x[0,1]. In Table 6.10, accuracy of the current schemes is exam-
ined by computing the relative errors for large values of 6 and smaller values of A.
Here, it can be concluded that the BDFS results are in good agreement with the exact
solution for large values of 6 while the SSPRK54S does not work (N.W.). The relative
and absolute errors are documented in Table 6.11 and are compared with some previ-
ous works. We have noticed from the corresponding table that the errors obtained by
the BDFS and SSPRK54S methods are quite small and furthermore, better than most
of the schemes available in the literature. Physical behavior of the problem is captured
in Figure 6.14. Note that behaviour of the problem with the BDFS is in good agree-
ment with exact solution at free of choice of the physical parameters. The BDFS and
SSPRK54S solutions with exact solution of this example are plotted in Figure 6.15. It
can be concluded that the BDFS scheme solutions are very compatible with the exact
solution and, more accurate than the SSPRK54S method.

Table 6.10 Relative errors of the GBHE for the proposed methods

2 =0.001, y, =y, = 1000, 6 = 500
At =1E—4, C =0.0001

€100  SSPRK54S BDFS
e N.W. 7.94E —3
ey N.W, 8.07E —3
Co N.W, 1.08E —2

2 =0.0001y,=1,71,=5, 6 = 10000
At=1E—4,C=1

€1200  SSPRK54S BDFS
e N.W. 4.00E —4
e N.W. 2.33E—4
Coo N.W. 3.15E—5
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Table 6.11 Comparison of the errors for Problem (6.21)

A=6=1,7,=7,=0.001, C=0.001

SSPRK54S BDFS Ref. [88]  Ref. [202]  Ref. [214]
Errors At =1E—3 | At=1E—4
ey 5.10E -5 6.67E—7 --- .- .
ey 5.22E -5 6.90E—7 --- .- .

oo 7.63E —6 8.91E—8
Lo 6.73E—11 1.02E—17 1.93E—-7 3.74E—8 4.26E—17

uix 1)

5§=8,A=y7,=1, At=1E—4

SSPRK54S BDFS Ref. [89]  Ref. [202]  Ref. [214]
Errors | C=0.01,y,=80 | C =0.0001,y, = 100
e 1.07E—2  1.55E—4
e, 1.16E—2  5.85E—5

Cos 143E—2  5.64E—5
Lo, 2.03E—5 4.82E—8 458E—8 127E—8 5.55E—17

(b) SSPRK54S solution

(c¢) BDFS solution

Figure 6.14 Computed solutions of Problem (6.21) for A = 0.01,
Y1 =7,=0.1,6 =40, At =1E—3 and C = 0.1 with h = 0.002
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Figure 6.15 Computed solutions of Problem (6.21) for A =1, y; = 0.01,
Y, =0.5,6 =80 and At = 1e—04 with h = 0.02

Example 7

In this problem, we demonstrate accuracy of the modified B-spline-SSPR54 scheme.
In order to measure the accuracy of the current scheme, we discretize the solution
domain [a, b] into uniformly grid sizes h by new equally spaced points x/, for i =
0,...,k. For our discretization with the forward Euler, the linear stability yields the
restriction and given by: CFL= AAt/h? and we present the relative error as defined
in (6.3). We also consider the exact solution of equation (4.55) as given in reference
[99]

(x,t) X/t t>1; 0<x<1
ulx,t) = > = 4 A N
1+ 4/ t/tgex?/4rt
where t, = e!/8* The initial condition is taken from the exact solution when

t = 1. Boundary conditions are u(0,t) = u(1,t) = 0. The numerical solution
provides shock like solution of the Burgers equation with those given in the paper
[99]. Approximate solutions of this problem illustrate the propagation of shock for
A = 5E —03,5E — 04,5E — 05 and A = 5E — 06 at various values of the time and
space steps. Figures 6.16a and 6.16b show the shock for the viscosity A as 5E — 04
and 5E — 03, respectively. From these figures, we have observed the initial shocks are
of sharp behaviour and, this steepness continues during time progression. In the same
figures, the agreement between the numerical and the exact solutions appears satisfac-
torily. So that, the behaviours of the problem are in very good agreement for different
kinematic viscosities. They also keep the correct physical characteristics of the cur-

rent problem. Figures 6.17a and 6.17b provide that the produced solutions become
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sharper, than the previous ones, with various kinematic viscosity values A = 5E — 05
and A = 5E—06, respectively. Here, we have concluded that the steepness remains al-
most unchanged as the time progresses. The same figures also show the effectiveness
of the current scheme with small kinematic viscosity. In Table 6.12, we present e,
errors at various values of x, t for various time and spatial increments and, compare
with some works presented in the literature. We have seen that the numerical solu-
tions are observed to be very close to the exact solution. And also, the comparisons
presented that the current method offers better results than the numerical schemes
considered by the literature [99]. The physical behavior of the current problem at
various A values are depicted in Figure 6.18.
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(A) A=5E—-04 (b) A=5E—03

Figure 6.16 Numerical and exact solutions of Example 7 at different times
produced for the various parameters

Table 6.12 Comparison of the present results with the literature for
A=5E—04, At =1E—02 and h = 5E — 03

X t Ref. [99] Present Method Exact
0.1 1.7 0.058830 0.058821 0.058820
0.3 1.7 0.176480 0.176472 0.176470
0.5 2.5 0.200010 0.200004 0.200000
0.7 3.25 0.215390 0.215380 0.215380
0.9 3.25 0.123580 0.124354 0.124350
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(a) CFL=1.4E—03, A=5E—05, At =1.1E - 04
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(b) CFL=1.4E — 02, A = 5E — 06, At = 1.1E — 02

Figure 6.17 Numerical and exact solutions of Example 7 at t = 1.5
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Figure 6.18 Physical behavior of the computed solution for Example 7 at
various A values
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Example 8
The exact solution for the problem (4.55) is [114]

Z]c.:ljajsin(jﬂx)e_jz”z”

a, + 22;:1 a;cos(jmx)e /vt ’

u(x,t)=2mv

where

1
a; :J e @) (—costmeos(imx)dx  forall j> 1.
0

The initial and boundary conditions for this example are

u(0,t)=u(l1,t)=0and u(x,0) =sin(nx) (x,t)e2=[0,1]%[0,T].

The produced results together with exact solutions are documented in Tables 6.13 and
6.14. It is seen that the agreement between the exact and numerical solutions appear
satisfactorily. In the same tables, we compare between the proposed scheme and some
previous works [188, 99]. Figure 6.19 provides the physical behavior of the various A
values for various CFL conditions. Here, we have observed that the physical behavior
of this problem cannot be kept for A < 1E — 03. The current scheme exhibits more
accurate results than the rival methods. The approximation solutions are visualized
at various values of the parameters A, At and CFL in Figures 6.20a, 6.20b and 6.20c.
The initial shock is very steep A = 1E — 02. Here, it can be observed that the discrete
results are found to be in very good agreement with the exact solution. The exact
values are not practical to make comparison for the small values of A because of slow

convergence of the Fourier series result.

Table 6.13 Comparison of the present results with the literature for A =1,
At=1E—04and h=1E—-01

x Ref. [188] Ref. [99] Present Method Exact

0.1 0.10831 0.10898 0.10818 0.10954
0.2 0.20724 0.20862 0.20709 0.20979
0.3 0.28799 0.29013 0.28788 0.29190
0.4 0.34273 0.34564 0.34273 0.37158
0.5 0.36531 0.36895 0.36551 0.35905
0.6 0.35223 0.35633 0.35266 0.30991
0.7 0.30400 0.30748 0.30396 0.30991
0.8 0.22358 0.22606 0.22318 0.12069
0.9 0.11860 0.11988 0.11813 0.12069
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Table 6.14 Comparison of the present results with the literature for A =1,
At =1E—04 and h =5E —02

x Ref. [188] Ref. [99] Present Method Exact

0.1 0.10920 0.10937 0.10914 0.10954
0.2 0.20912 0.20946 0.20900 0.20979
0.3 0.29088 0.29140 0.29071 0.29190
0.4 0.34658 0.34728 0.34639 0.34792
0.5 0.36997 0.37083 0.36979 0.37158
0.6 0.35740 0.35826 0.35716 0.35905
0.7 0.30847 0.30917 0.30814 0.30991
0.8 0.22676 0.22725 0.22644 0.22782
0.9 0.12012 0.12038 0.11992 0.12069

0.8

sm(x,t)

(a) CFL=1.1E—02, A=1E—03

06 08

12 g 0.2 04
X

t

(b) CFL=1.4E—02, A =1E—04

Figure 6.19 Physical behavior of the computed solution for Example 8 at
various values of A and CFL
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Figure 6.20 Numerical and exact solutions of Example 8 at t = 5E — 01 for
various values of the parameters

6.2 Numerical Results of Synchronization of Identical

and Nonidentical Chaotic Systems

Various numerical simulations are performed to verify the effectiveness of the pro-

posed control function. We provide the problem of GS of identical and nonidentical

systems with various dimension spaces. The interval time [t,, T] is dividing into N
. . . T— to

subintervals [t,, t,.,] with t, = t,+nAt withn=0,--- ,N At =———_. Let x, and

¥, present the approximation of the vectors x(t,) and y(t,), respectively. To measure

the accuracy of the proposed methods, the relative error R, defined by

N
Dl = TCe)IP
n=0

tn —_ Re(tn) =

) (6.22)

\ DTGl
n=0
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and the partial relative error function r, defined by

12 =T ()l
7Gxl

The globally generalized synchronization with respect to control function Y is also

t,— r.(t,) = (6.23)

confirmed by the following simulation results.

Example 9

In this example, we propose the GS of identical systems with spatial dimension n =
m = 4 concerning the Memristor chaotic systems (4.65)-(4.67) with initial conditions
x(0) = (1,1,1,1)" and y(0) = (10,20,50,20)", respectively. The interval time is
[ty, T]=1[0,20] with N = 50000. The orbit states of the Memristor system (4.65) has
a chaotic attractor portrayed for the parameter values fixed as t; =4, 1, =1, 13 = 0.65,
p; = 0.2 and p, = 10, as shown in Figure 6.21. Figure 6.22 provides the relative
error given by (6.22). The relative error r, represented by (6.23) is in Figure 6.23,
and it illustrates the behavior of the error, properly. Figure 6.24 depicts the behaviour
between various components of the systems for different values of parameter k,. The
synchronization is seen when k, becomes the larger and larger. We observe that the
error decreases as k, increases for the synchronizational motion of the chaotic system
(4.67).

W3

(a) (b)

Figure 6.21 Chaotic attractors of system ( 4.65)
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Figure 6.23 Behaviour of the relative error r,(t,)

Example 10

In this problem, the proposed method is applied to synchronizational behaviour of two
identical HR neuron systems (4.68). We focus on the GS of two well defined chaotic
systems in which the control method can be applied to the drive-response synchro-
nization of the HR neurons. The time interval is taken to be [t,, T] = [0,200]. The
chaotic Bursting system (4.68) exhibits a well defined chaotic attractor with constant
values: t, = 3; 15 = 5; tg = 4; C33 = —8/5; p; = 3.25 and , = 0.005, and the initial
conditions x(0) = (—0.54,—1,3) and y(0) = (0.54,1,—3) of the drive and response
systems respectively as shown in Figure 6.25. The hypothesis of Theorem 3.3 are
confirmed and we have the synchronization analysis between the drive and response
systems. The results are also confirmed by various simulations for a coupling strength
k, which is small enough. The relative error r, (6.23) is presented in Figure 6.26. We
demonstrate that the convergence of the relative error converges to zero. Figure 6.27
presents the time series of component x; from the drive system and component y,;
from the response system.
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Figure 6.24 Time series for x;(t), y;(t)(i = 1,2,3,4) at various values of the
coupling constant k, =0, 0.5, 1.5
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Figure 6.26 Behaviour of the relative error r,(t,)
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Figure 6.27 Synchronization between two identical HR neurons systems:
amplitudes y; according x; at various coupling strengths k, =0, 0.1, 0.2
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Example 11

In this example, the GS is applied to study synchronization motions of two identical
(4.70). The chaotic attractor (4.70) displays at parameter values: tg = 0.000005;
tg = 0.00009; ;o = 10000 and t;; = 0.5, and the initial condition x(0) = (0,0) as
shown in Figure 6.28. In this figure, one obtains the chaotic attractors by choosing

the sufficiently best parameter values in problem (4.70).

4 T T T T T 150

F = : ( *

‘
b7
==
=
-150

g
Wi
V.

i

J"’,I,/ < e i
L

\\\t&t&:\‘v@@%ﬂ .

L

200
o

Figure 6.28 Chaotic modeling of the BZ reaction

The time interval is taken to be [t,, T] = [0,1.5]. Notice that the theoretical re-
sults of Theorem 3.3 is also satisfied by the numerical results, and we illustrate the
behaviour of the GS by using a small value of the coupling strength k,. Also, suc-
cesses in designing of coupled control functions have the fast GS in the mechanistic
understanding of these often complex reactions. In Figure 6.30, we conclude that
the drive system is synchronized with the response system for the coupling strengths
k, > 0.013. The graph of the relative error r(t,) (6.23) is illustrated in Figure 6.29
and it figures out that the convergence of the results has currently been satisfied.

reftn)

. .
g 05 1 15

Figure 6.29 Behaviour of the relative error r,(t,)
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Figure 6.30 Synchronization between two identical BZ reaction systems:
amplitudes y; according x; at various values of the coupling strengths
k, =0.001, 0.01, 0.013

Example 12

Here, the current approaches are applied to investigate the GS behaviour of two non
identical chaotic systems (4.72) and (4.73) in both casesof n <m and n > m. One
can obtain that the Lyapunov exponents are positive, and showing that the famous
Lorenz and Rossler systems exhibit the chaotic attractor with the parameter values
tig = 10, 1153 = 8/3, 114 = 28, t;5 = 0.25, 14 = 3, 13, = 0.5 and 1,3 = 0.05. The
initial conditions are x(0) = (10, 10,10)” and y(0) = (1,1,1,1)7, respectively; in the
time interval [ty,, T] = [0,20] with N = 50000 (see Figuer 6.31). Notice that the
theoretical results of Theorem 3.4 are also satisfied by the approximate results, and
we catch the synchronization by using the large value of the coupling strength k,. In
Figure 6.32, we obtain that the drive system is synchronized with the response system
for the coupling k, > 7.58. The graph of the relative error r, (6.23) is represented in
Figure 6.33 and it finds out the convergence of the currently results computed. The
same systems were also studied in references [13, 134, 198].

In the second case for n > m, we consider the Rossler system as the drive,
and making the Lorenz system as the response. In our simulation, we set the cou-
pling k, = 0.5, while the initial conditions are given: x(0) = (—5,—5,10,10)" and
¥(0) = (10,10,10)" and the time interval is taken to be [t,, T] = [0,2500]. Fig-
ure 6.34 represents that the error state converges to zero, in this case; we confirmed
the Theorem 3.3 to estimate the small coupling strength. The designed controller

functions, the drive and response system are well synchronized.
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(a) (b)

Figure 6.31 Chaotic attractor of the Lorenz and Rossler systems
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Figure 6.32 Time series for x;(t), y;(t)(i = 1,2, 3,4) at various values of the
coupling constant k, = 7.58, 10, 20
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Figure 6.33 Behaviour of the relative error r,(t,)
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Figure 6.34 Error state (e, e,, e5)

6.3 Numerical Solutions of Coupled ADR Equations

In this section, we investigate the accuracy of the BDFS method governed by the non-
linear coupled Burgers equations with source functions. We consider the discrete ap-
proximation of u;(x, t) and u,(x,t) by s, , and s, . Here, the BDFS solutions are not
presented only at the grid points but also at optional points in the solution domain.
To measure the accuracy of the proposed scheme, the relative error L, (k) defined by

k> Loo(k) = W =Sylloo = max ( max W, 6,)—SG)I),  (6.24)

0<n<2N \0<i<2k
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ul( L] tn)

u2( * tn)

where the vector function W( ., t,,) = [
n,1h
n,2h

We set the parameters A, = A, =—2 and y; =y, =1 in equation (4.19) leads to

i| is approximated by the vector func-

)y )

%)

tion S(x,,, .) = [

Example 13

ol 02 ol
S u1_2u1i+(u1u2)x = folx,t),

ot ' oxz dx

(6.25)
du 2%u du
a_tz_lSF;_zuza_xz-i'(uluz)x = fi(x,0).

The initial and boundary conditions are taken from the exact solution, where exact
solution of equation (6.25) is given by [123]

{ u(x,t) = e'sin(x) xe[-3,3], t>0, (6.26)

u,(x,t) = e ‘sin(x).

Numerical solutions have been produced by taking time steps At = 0.001 for the val-
ues of the parameters A; = A; = 1, 0.05 and 0.005, respectively. In this problem,
the source functions are free. In Table 6.15, absolute errors for the computation are
calculated and compared with the literature [140, 204]. From the tabulated results,
it can be noted that, the BDFS methods have been seen to be accurate in comparison
with the exact solution and the available literature. The absolute errors are docu-
mented in Table 6.16 for small values of the viscosity. Here, it is concluded that the
presented scheme appears very satisfactory for low viscosity, while it is not the case
in the corresponding literature. Figure 6.35 shows the numerical and exact solutions
of u;(x,t) and u,(x, t) with At =0.01 at t = 1. Here, it can be deduced that there is
an excellent agreement between the numerical and exact solutions. Behavior of the
solutions are presented in Figure 6.36. It can be seen that, the proposed scheme is in
very good agreement with the exact one and exhibits physical characteristics of the

problem correctly.
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Table 6.15 Absolute errors at various time values for u,(x, t) with At =0.001

in Example 13

Errors t BDFS Ref. [140] Ref. [204]
0.1 3.45E—08 5.30E —05 2.05E —06

L, 0.5 4.09E —07 2.67E—04 1.02E —05

1 1.43E —07 5.38E —04 2.04E —05

0.1 2.15E—08 4.08E —05 1.86E — 06

L 0.5 4.00E —07 1.62E — 04 6.22E — 06
1 1.20E —07 1.98E — 04 7.56E — 06

Table 6.16 Absolute errors for u;(x, t) at At = 0.001 in Example 13

Errors t A =2A3=0.05 A, = A5 =0.005
0.1 5.22E —06 2.02E—03
L, 0.5 1.01E—04 4.61E —02
0.9 1.13E—-03 7.19E — 02
0.1 5.21E —05 4.91E —03
. 0.5 1.25E—03 9.85E — 02
0.9 2.01E—-03 9.71E —02

u2(x,1)&52vh(x,t)

(a)

Figure 6.35 Computed solutions for (a) u,(x,t) and (b) u,(x, t) of Example 13

u1(x,1)&s1vh(x,t)

at t =1 with A; = A; =0.05

- +r1(uuy), =

Example 14
Consideration of the parameters A;, = A; = 1 and A, =
gives
ou, J%u, o u
— u
ot dxz Tl ox
ou, 0J%u, ou
— +2
ot axz %3

The exact solution is given by
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(b)

A4 = 2, in equation (4.19)

folx, t),

fS(X; t)
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Figure 6.36 Computed solutions of Example 13 for u;(x, t) with At = 0.001 for
2’1 = A«3 - 0.05
2y, —1
u(x,t) = aq (1 —2a, (Yl—)) tanh (a,(x —2a,t)),
4y172—1
(6.28)

2y5—1 2y, —1
u)(x,t) = aq ((Yz—) —2a, (Yl—)) tanh (a,(x —2a,t)),

2y;—1 4y172—1

4r172—1

where a, = q4 and a,, y,, v, are arbitrary constants. The initial and bound-

ary conditions aﬁ'};ltak%en from the exact solution. The source functions are neglected
in this example. Numerical solutions of this problem are obtained for the domain
(x,t) € [—10,10] with various values of y; and y,. The BDFS solutions have been
computed and compared with the exact solution in Table 6.17 at different time levels
where t > 0. It can be seen that, the BDFS is more accurate than those available in
the literature [140, 204]. In Figure 6.37, we present the numerical and exact solu-
tions of u,(x, t). Here, it can be noted that the BDFS results show excellent agreement
with the exact solution. We have depicted the behavior of the solution u;(x, t) in Fig-
ure 6.38. In conclusion, we can see that the theoretical results on the convergence are

confirmed by the numerical counterparts.

Table 6.17 The errors at various time values for u;(x, t) at At = 1E —03

Errors t Y1 Y BDFS Ref. [140] Ref. [204]
L, 05 1E-01 3E-01 4.879E—07 6.631E—04 6.736E—04
3E-01 3E-02 6.060E—07 6.903E—04 7.326E—04
I 1 1E-01 3E-01 5.455E—-08 8.151E—05 8.258E—05
o0 3E-01 3E-02 9.142E—08 8.541E—05 9.182E—05
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Figure 6.37 Computed solutions of Example 14 for u,(x, t) with t = 0.5 and
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Figure 6.38 Computed solutions of Example 14 for u,(x, t) with At = 0.01 for
Y1 =7Y,=0.01

Here, we consider the nonlinear coupled Burgers equation (4.19) with free source
functions given by

du aZu du
8_151 - %W; * zula_xl +ri(uuy), = falx,t),
(6.29)
du d%u u
a—:—XBW;+2uza—x2+Yz(u1u2)x = f3(x’ t)

The exact solution of equation (6.29) is given by [204]

u,(x,t) = e ‘'sin(x) x €[1,4],t >0, (6.30)
uy(x,t) = cos(t)cos(x).

This problem is solved for various selections of A; , A5, y; and y, at different time

levels. Absolute errors for u,(x,t) have been calculated and compared with some
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previous works in Table 6.18. Here, it can be observed that, the errors obtained by the
BDFS scheme are quite small and furthermore, better than most of available methods
in the literature. In Table 6.19, the accuracy of the proposed schemes is examined by
computing the errors for small values of the viscosity. It can be deduced that, the BDFS
results are in good agreement with the exact solutions. Behavior of the BDFS solutions
for u;(x, t) and u,(x, t) and exact solutions are exhibited in Figure 6.39. The results
are illustrated in a qualitative way in Figure 6.40. It reveals that the BDFS solutions
are highly accurate and very close to the exact solutions.

Table 6.18 The errors at various times for u,(x, t) with At = 1E — 03,

A =2Ag=2
Errors  t Y1 Y BDFS Ref. [140] Ref. [204]
L 0.5 1E-01 3E-01 1.300E—06 4.890E—04 9.057E—04
2 " 3E-01 3E-02 4.356E—06 7.056E—04 1.591FE—04
v ; 1E-01 3E-01 9.005E—07 4.113E—05 4.770E —05

3E-01 3E-02 9.789E—07 9.779E—05 3.617E—05

Exact Solution . .
1 W Numerical Solution
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Figure 6.39 Computed solutions of Example 15 with u,(x, t) and u,(x, t) for
A, = A5 = 0.001, At = 0.001
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Table 6.19 The errors at various time values with At =0.005, A; = A; =0.001

Errors t BDFS
L 0.5 2.23E — 04
2 0.9 1.03E — 04
0.5 3.46E — 03
Lo

0.9 1.99E —02

1 15 2 25 3 35 4
X

(a) (b)

Figure 6.40 Comparison between the BDFS and exact solutions (a) u,(x,t) and
(b) uy(x,t) for Example 15 with t = 0.7, A; = A; = 0.001

Example 16
Consider the nonlinear coupled Burgers equation with source functions, namely

du 2%u du
8_t1_ 1W;+2u13_;+}’1(u1u2)x = folx,t),

(6.31)
du 2%u du
a_tz_ 3W5+2u25_;+}’2(u1u2)x = fa(x,t).

in the domain [0, 1] x [t,, T] with the boundary and initial conditions, given by

u,(x,0) = e, u,(x,0) =x2+1,
u;(0,t) = 1+t uy(0,t)=¢", (6.32)
u(1,t) = e+t? u,(1,t)=1+¢".

The source functions are taken to be
folx, t) =2t — Aqe™ + 2e*(e* + t%) + 2y, xe”,

falx, t) =" — 245 + 4x(x? +e') + 2y,xe",

such that the exact solutions are

u(x,t)=e*+t%  and  u,(x,t)=x*+1t%. (6.33)
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0.1. It can be seen that, the theoretical convergence and the computational

(b)
109

At =0.001 over [1,2]

(a)

The comparison between the numerical and exact solutions for various time values

are shown in Figure 6.41. In these figures, we can see that, the numerical and exact

solutions are in good agreement. Behaviour of the problem has been explained in a

comparative way in Figure 6.42 for u,(x, t). The numerical solutions are seen to be

good agreement with the exact ones. In Table 6.20, accuracy of the proposed schemes

is examined by computing the errors for At = 0.001 with A; = A; = 1. The errors are

presented in Tables 6.21-6.22 for u,(x, t) for different time values with At = 1E —4,
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Figure 6.42 Computed solutions of Example 16 for u,(x, t) with t > 1,



Table 6.20 Absolute errors of Example 16 for u,(x, t) at various time values
with At =0.001, A, = A, = 1

Errors t BDFS
I 1.1 4.01E—05
2 1.9 3.03E—05
1.1 3.06E — 04
Leo

1.9 3.99E—-03

Table 6.21 Absolute errors for u,(x, t) at At =1E—4 and A, = A; = 0.1 over
[1,2] in Example 16

Errors t BDFS
I 1.1 6.01E —05
2 1.9 7.07E — 03
1.1 8.01E—04
Lo

1.9 5.99E —03

Table 6.22 Absolute errors for u,(x, t) at At =1E —4, A; = A; = 0.001 over
[1,10] in Example 16

Errors t BDFS

1.5 2.41E—03
9 4.48E —02

1.5 6.61E — 02
9 2.69E —02

L,

Lo

6.4 Simulation Results of Synchronization of the Non-

linear ADR Processes

In this section, a numerical example illustrating the accuracy of the present approach
is given. The solution domain [a, b] is disretized using the equally spaced points.
In order to explain the synchronization of the driver and the response (4.74)-(4.76)

equations, the error norm is given by

—00 \ 0<n<2N \ 0<i<2q

tlirglo Lol = tlirglo V=S| = tlim ( max (max V(] t2n)—S(xlf)|)). (6.34)

ul( i) tn)

u2( i) tn)

The vector function V(.,t,,) = |:

n,1h
n,2h

] is approximated by the vector function

»)

S(XZn’ ) = |:

©»)
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Example 17

In this example, the parameters are set as: A; = A; = 0.00001 and A, = A, = 1.
The initial and boundary conditions are obtained from the exact solution. The exact
solution of equation (4.74) are represented by the velocity u; and the temperature u,

as given by
2
w(x, ) = ¢! (x = ),

uy(x, t) =x(1—x).

The source functions are taken to be

2

Al ) =e (—x + %2 A+ A, (x— %(1 —x)) — ky(x(1 —x))),

folx,t) =2A4e"" (x — %2) y

The computational domain for this problem is [0, 1]x[1, T ]. Various cases for tlggo II.]]
are given at various values of k, and t in Table 6.23. Full synchronization of the pro-
posed coupled model has been observed for k, > 0.24. As shown in the simulation,
the synchronizational behaviour in the fluid that occurs with decreasing viscosity con-
stant. We can see that the chaotic behaviour and instability situations of the nonlinear
coupled equations with forcing function in Figure 6.43. As can be seen, the synchro-
nization is observed in Figure 6.44 when k, becomes larger with small value of the
viscosity coefficient. The results are also confirmed by the simulations for a nonlinear
coupling ADR model.
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Table 6.23 Absolute errors for u,(x, t) at various time and k, values for
At =0.001 and A, = A, = 0.00001

N BDFS
1 4.01E—05
2 1.04E — 01
3.5 3.02E — 03
Lo s 001 4 auE_0o
7 4.01E — 03
10 6.98E — 02

il ¢k BDFS
1 4.01E—05
2 3.03E— 09
3.5 2.22F — 08
Leo 5 92% 1 66E—08
7 6.09E — 07
10 3.77E — 09

szlh(x,t)

Figure 6.43 Chaotic attractors for the nonlinear coupling in the temperature
field at k, =0, 0.0001, 0.005, 0.01
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7

RESULTS AND DISCUSSION

The motivation for this research is to investigate the synchronization, stabilization,
convergence in capturing numerical solutions of the nonlinear ADR processes and
some chaotic problems. With keeping real features of nature, reducing the com-
putational cost and also without requirement of extra storage space, the BDFS and
SSPRK54S methods have been proposed to numerically capture the behaviour of phys-
ical environment represented by the nonlinear ADR equations with forcing terms. It
should be pointed out that the schemes lead to an ordinary differential equation with-
out using any transformation for the given model. Since the linearization of the sys-
tems loses their real features, the proposed schemes have been shown to be effec-
tively applicable to such problems in terms of numerical and theoretical results. The
produced results revealed that the proposed approach is a rapidly convergent and a
reliable alternative in solving the nonlinear ADR equation with also source functions.
Notice that the current methods have been figured out to be more effective than the
literature for the problem of interest. The computed results have revealed that the
BDFS method is more accurate and computationally more economical in compari-
son with the SPRK54S method. The BDFS method has also been realized to be more
reliable than the SSPRK54S, even a very important alternative for the research soci-
ety, in analysing the problem by conserving the physical properties of nature. The
results showed that the BDFS scheme is relatively free of choice of the physical pa-
rameters. Yet, we have explored the utility of a combined scheme based on modified
cubic B-spline basis functions in space with the SSPRK54 scheme in time for solving
the ADR equation. The results have been computed without using any linearization
or transformation. The produced results show that the proposed scheme is efficient
and reliable for solving these models for quite small values of the viscosity constant.
The instabilities observed for the interaction between reaction, convection and diffu-
sion mechanisms, since the ADR equations are highly nonlinear models. Many chaotic
behaviors characterized by instability and limited predictability in time. Thus, the rel-
ative importance of chaotic advection and diffusion in nonlinear ADR processes can

be connected with the GS dynamics of nonlinear models.
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The synchronization problems of coupled chaotic identical and nonidentical mod-
els has also been studied. Next aim of this thesis is to study coupled systems that do
not have mutual feedback but they were organized as a drive system and a response
system through some communication channels between them. We have also discussed
the asymptotic stability by considering various coupling strengths and a new response
system proposed in each case of the present methods are given as: First, we have pro-
posed that this phenomenon of chaotic synchronism may construct a response system
via the Lyapunov stability to carry out the generalized synchronization with the de-
rive system for a given smooth invertible function. We have then considered a new
hypothesis from the nonlinear part of the response system under some sufficient con-
ditions which showed that the global generalized synchronization between chaotic
systems. The methods may be implemented directly in any numerical simulations for
synchronization of chaotic systems with different dimensions and have the fast syn-
chronization speed. Numerical results have also illustrated the effectiveness of the
proposed approaches. Thus, synchronization of two models generally means that one
model somehow follows the motion of another. As a result, let us recall that syn-
chronization is observed that even chaotic problems could synchronize when they are
coupled. In this work, some numerical analysis of the nonlinear physical phenomena
without losing their natural properties and by reducing the computational difficulties
on capturing numerical behavior of nature governed by the nonlinear coupled ADR
equations have been done. With keeping real features of nature and also reducing the
computational cost and without requirement extra storage space, the BDFS method
has been proposed to numerically capture the behaviour of physical environment rep-
resented by the nonlinear coupled ADR equation with forcing terms. Under these
natural circumstances, the proposed scheme has been shown to be effectively appli-
cable to such problems. The current results revealed that the proposed approach is
a rapidly convergent and a reliable alternative in solving the nonlinear coupled ADR
equation with source functions. As a further contribution of this thesis, the dynamical
and GS of two dependent chaotic nonlinear ADR processes with forcing terms, which
unidirectionally coupled in the driver-response configuration, by combining the BDFS
scheme with the Lyapunov method, the GS has been studied for designing a control
function of the coupled nonlinear ADR equations. Since the nonlinear coupled ADR
model cannot synchronize itself, some control functions should be designed and ap-
plied to synchronize such problems. In the investigation of the real-world processes
without losing their natural properties, this article has addressed the GS behaviour
defined by the nonlinear coupled ADR equations, by combing the BDFS and Lyapunov
methods. In the current method, it has been importantly concluded that the nonlinear
coupled ADR model can be synchronized under the consideration of a proposed con-

trol function. As a result, from the produced numerical simulation, the temperature

115



drives the velocity field and the velocity field provides the advection term at very small
viscosity value. Further work addresses in detail the improvement of a combination
of the classical 2D cubic B-splines and natural splines in space. This scheme appears
to be an interesting approach for the approximations of 2D nonlinear ADR problems.
Since, without any linearization, the given problem through the BDFS scheme is con-
verted to a system of nonlinear and linear equations. To conclude, we have observed

the following results:

e Without requiring differentiability of the initial and boundary functions, we have

obtained the numerical solution of the nonlinear ADR problems,

e By using equally spaced points, the produced solutions have not only been ob-
tained at the grid points but also at optional points for various choices of grid

sizes and time steps.

e The computed results have been computed without using either any lineariza-

tion or transforming the model,

e The BDF scheme has been implemented using the Newton and Thomas algo-
rithms to solve the nonlinear and linear parts of the resulting system at each

iteration respectively,

e With keeping real features of nature, all of the current schemes illustrated the

behaviour of shock behaviours,

e The results showed that the proposed schemes have relatively been free of choice

of the physical parameters,

e The current methods have been figured out to be more effective than the litera-

ture for the problem of interest,

e The designed controllers enabled the state variables of the response system to

globally synchronize the state variables of the driver system in current problems,

e Some control functions have been designed and applied to synchronize such

coupled ADR chaotic problems,

e It has been concluded that the nonlinear coupled ADR chaotic model can be
synchronized under the consideration of a proposed control function at a very

small viscosity value.

Open problems and some recommendations are presented as follows:

» By considering the proposed schemes, the numerical solution of the nonlinear
ADR problems involving Neumann or Robin boundary conditions can be inves-

tigated.
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» The chaotic network and the phenomena of synchronization in the network of

the nonlinear ADR equations can be studied.

» Synchronization of the 2D nonlinear ADR problems can be investigated.
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