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Gebze Technical University

Asst. Prof. Dr. Muhammet GARİP, Member

Yildiz Technical University

Asst. Prof. Dr. Korhan KAYIŞLI, Member
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ABSTRACT

Linear Matrix Inequality based Robust Control for
Multi Degrees of Freedom Hybrid Electromagnetic

Vibration Isolation

Barı̧s Can YALÇIN

Department of Mechatronics Engineering

Doctor of Philosophy Thesis

Advisor: Assoc. Prof. Dr. Kadir ERKAN

Vibration isolation systems based on hybrid electromagnets, consisting of

electromagnets and permanent magnets, have potential usage in many industrial

fields, such as clean room design, stewart platform design, transportation,

semiconductor manufacturing, suspension systems, and robotic surgery etc. due to

providing mechanical contact free vibration isolation. Besides, a simple electromagnet

has the ability of acting as if it is virtual spring or damping element.

Using permanent magnets in the electromagnet structure has some crucial advantages,

such as a minimized volume and a more compact structure. Furthermore, the

necessary equalizer force for levitation can be generated by only the permanent

magnet(s), which means, by using hybrid electromagnets, magnetic levitation can

be achieved with considerably low energy consumption against different disturbance

characteristics. This property is called zero-power behavior. However, the main

problems of magnetic levitation process is that it has highly nonlinear nature. Even

if it can be linearized, it has unstable pole(s), which makes the system vulnerable in

terms of stability.

In recent years, linear matrix inequality-based design of controllers has received

considerable attention and become very popular due to their ability to satisfy

multi-objective requirements. Yet, LMI based H2 state-feedback controllers, having

gap, acceleration, current and voltage values in state-vector, for a 3-DoF vibration

isolation stage having 4-pole hybrid electromagnets, have not been investigated so

xv



far. In the thesis, it has been studied whether there is a convex solution space for

Lyapunov matrix inequalities to deal with multi-directional mechanic disturbances.

LMI type of controller is structured to minimize the influence of both ground and direct

disturbances varying at different magnitudes and frequencies on vibration isolation,

zero-power, and protection of the levitation purposes. Moreover, the experimental

setup used in this thesis has been designed to meet aforementioned purposes. The

setup’s design parameters of the experimental setup are explicitly given and the

effectiveness of the proposed method is shown with the experimental results.

Keywords: Zero-power, pseudo-infinite stiffness, magnetic levitation, vibration

isolation, linear matrix inequalities

YILDIZ TECHNICAL UNIVERSITY

GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
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ÖZET

Çok Serbestlik Dereceli Melez Elektromanyetik Titreşim
İzolasyonu için Doğrusal Matris Eşitsizliği Tabanlı

Gürbüz Kontrol

Barı̧s Can YALÇIN

Mekatronik Mühendisliği Anabilim Dalı

Doktora Tezi

Danı̧sman: Doç. Dr. Kadir ERKAN

Kalıcı mıknatıs ve elektromıknatıstan oluşan melez elektromıknatıs tabanlı titreşim

izolasyon sistemleri, mekanik temassız titreşim izolasyonu özelliğinden ötürü temiz

oda tasarımı, stewart platformu tasarımı, taşımacılık, yarı-iletken imalatı, süspansiyon

sistemleri, robotik cerrahi vb. bir çok endüstriyel alanda kullanım potansiyeline

sahiptir. Dahası, bir elektromıknatıs sanal bir yay ya da sönüm elemanı gibi

davranabilme özelliğine sahiptir.

Kalıcı mıknatısları elektromıknatıs yapısında kullanmak ürün hacmini minimize

etmek ve ürün yapısını daha kullanı̧slı hale dönüştürmek gibi bir çok önemli

avantajı beraberinde getirmektedir. Dahası, levitasyon için gerekli olan dengeleyici

kuvvet de yalnızca kalıcı mıknatıslar tarafından sağlanabilmektedir. Bu durum

şu anlama gelmektedir; kalıcı mıknatısların kullanılmasıyla birlikte farklı bozucu

karakteristiklerine karşı minimum enerji tüketimi gerçeklenebilir. Bu özellik sıfır-güç

davranı̧sı olarak isimlendirilmektedir. Fakat, bu noktadaki temel sorun manyetik

levitasyonun yüksek mertebeden doğrusal olmayan doğasıdır. Doğrusallaştırma i̧slemi

uygulansa bile, elde edilen doğrusal model sistemi kararlılık açısından savunmasız

bırakan kararsız kutup veya kutuplara sahip olmaktadır.

Geçtiğimiz senelerde, doğrusal matris eşitsizliği tabanlı kontrolcüler kayda değer

derecede ilgi görmüş ve bir çok amaca aynı anda hizmet edebilmelerinden

ötürü popüler hale gelmi̧stir. Buna rağmen, hava aralığı, ivme, akım ve voltaj

parametrelerini durum olarak kullanan LMI tabanlı H2 tam durum-geribeslemeli
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kontrolcü ile çalı̧san, 3-serbestlik dereceli 4-kutuplu melez elektromıknatıs içeren

titreşim izolasyon sistemleri ile ilgili bir çalı̧sma yapılmamı̧stır. Tez kapsamında,

mekanik çok-yönlü bozucuların bastırılmasında kullanılan ve Lyapunov matris

eşitsizlikleri ile tanımlanan parametreler için konveks bir çözüm kümesi olup olmadığı

incelenmi̧stir. LMI tipi kontrolcüler hem zeminden gelen hem de sistemin doğrudan

üzerine uygulanan farklı büyüklük ve frekanstaki bozucuların titreşim izolasyonu,

sıfır-güç ve levitasyon üzerindeki etkilerini minimize etmek için kullanılmı̧stır. Dahası,

tez kapsamında kullanılan deney seti, yukarıda belirtilen hedefleri karşılamak için

tasarlanmı̧stır. Deney setinin tasarım parametreleri açık bir şekilde verilmi̧s ve önerilen

kontrolcü yapısının etkinliği deneysel sonuçlar ile desteklenmi̧stir.

Anahtar Kelimeler: Sıfır-güç, sözde-sonsuz sertlik, manyetik levitasyon, titreşim

izolasyonu, doğrusal matris eşitsizlikleri

YILDIZ TEKNİK ÜNİVERSİTESİ

FEN BİLİMLERİ ENSTİTÜSÜ
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1
Introduction

1.1 Literature Review

1.1.1 Vibration Isolation Perspective

In the vibration isolation topic, two types of disturbances exist (Hoque et al. 2011),

(Md. Emdadul Hoque and Takasaki 2010). First type is direct disturbance; it occurs by

the force directly applied on the isolator stage. Second type is ground induced distur-

bance; it occurs by the vibrations that come from the ground. These disturbances can

somehow be absorbed using passive suspension systems (C. Liu et al. 2015). However,

at this point, many performance and sustainability problems may pop up. The main

reason is the existence of this inevitable trade-off, since the both disturbances cannot

be rejected at the same time by a simple passive suspension system. If a suspension

design is stiff enough to handle direct disturbances, ground disturbance isolation

performance of the system decreases. If a suspension design is soft enough to suppress

ground disturbances, it is not able to cope with direct disturbances. In the light

of above discussions, an active suspension system is needed to achieve satisfactory

disturbance attenuation performance (Shahadat et al. 2010).

Consider the system shown in Fig.1.1 below. The spring hangs in a streched position

because of the mass. When an external downward force is applied to the mass,

the spring moves downward. This is the definition of positive stiffness. A hybrid

electromagnet system can be controlled as if it is a spring which performs negative

stiffness behavior as shown in Fig.1.2. When external downward force is applied to the

levitated mass, vertical position change is measured by a sensor, and electromagnets

are driven based on a specific control law. So far, the definition of negative stiffness

and how to obtain it by using a hybrid electromagnet are explained. The question is;

how can negative stiffness be used for vibration isolation purpose? This question is

answered in the system shown in Fig. 1.3 below. A spring that shows positive stiffness

behavior is serially connected to a spring that shows negative stiffness behavior.

Equivalent spring coefficient in Fig. 1.3 is equal to;
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Figure 1.1 Positive stiffness

Figure 1.2 Negative stiffness

Figure 1.3 Obtaining infinite stiffness in theory

ke =
k1k2

k1 + k2
(1.1)

2



For

k1 = −k2 (1.2)

Equivalent spring coefficient becomes;

ke =∞ (1.3)

At this point, a simple question pops up, what would be the states of a levitation

system acting as if it were a negative stiffness spring. This issue has been made clear

in Section 2, Subsection 2.3.1.

Permanent magnets behave as if they were additional current-source equivalents

(Zhu et al. 2015). However, electromagnet and permanent magnet models both

have highly nonlinear natures (Ahn, Hwang, and Nguyen 2017), which means that;

the whole system may show undesired performance under varying magnitude and

frequency disturbances. Disturbances enforce the levitation gap moves away from

its linearization or operating point. Unless the levitation gap is ensured, the system

tends to fall down or stick up. Consequently, the performance requirements, such as

vibration isolation and zero-power property, cannot be satisfied as well, unless there

is an advanced controller structure.

1.1.2 Classical Maglev Systems

For classical maglev systems, stabilization for position control can partially be achieved

by using a PD-type controller. However, employment of a PD controller is a primitive

approach since this type of controller adds a zero to the closed-loop transfer function

which makes the system positive phase. When a system becomes positive phase, it

amplifies all high-frequency inputs to the infinity. Furthermore, tracking performance

of a PD-type controller is not satisfying. Because of these reasons, a more qualified

controller structure is needed (Unni et al. 2016), (Adina et al. 2016).

There are other types of controller structures that may be applicable to resolve the

outlined issues. Even though sliding-mode-based controllers may be seen as one of

the good alternatives , it suffers from the chattering effect. Robust control strategies,

such as super-twisting algorithm of second-order sliding mode control or backstepping

sliding mode control, can greatly weaken the system chattering (Chunfang and Jian

2012), (Chiang et al. 2013). However, these algorithms mostly reduce the linearized
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working space of the maglev system and require high-frequency sampling time with

precise measurements.

To investigate possible advantages and disadvantages of using sliding mode control

for a classical maglev system, a simulation study about first-order integral sliding

mode control of a magnetically levitated 4-pole hybrid electromagnet was conducted

by (Ertugrul and Erkan 2016). For reference tracking performance, it was observed

that high overshoot and settling time occurred, while the system became robust

against unmodelled uncertainties and external disturbances. Noise rejection is another

problem for highly nonlinear maglev applications. Even though simulations may give

excellent noise rejection outputs, experimental results mostly do not show the same

performance.

Lack of well-organized techniques and demand for high computation capacity are

the drawbacks of fuzzy logic originated approaches (Erkan and Koseki 2006), (Su

and Li 2016), (A. Kumar and Kumar 2015), (Nath, Samantaray, and Chaudhury

2015). Adaptive and optimal robust control techniques without toolboxes require

high mathematical skills and are not eligible for field engineers, since the industry is

still inclined towards classical control design (Baig and Mahmood 2016), (Rodriguez,

Siguerdidjane, and Ortega 2000), (Sarmad et al. 2016), (Zhang, Xian, and Ma 2015),

(Ahsan, Masood, and Wali 2013).

The well-known PID controller structure can stabilize the system with relatively

satisfying tracking performance, but employment of classical PID structure on the

forward path transfer function introduces a closed-loop zero near the origin, which

results in a large overshoot appearing at the output (Singh and V. Kumar 2015),

(Atlihan, Bucak, and K. Erkan 2015), (Verma, Yadav, and Nagar 2015). This problem

can be eliminated by using the I-PD configuration of PID structure (Atlihan, Bucak,

and K. Erkan 2015).

CDM is an algebraic design applied to polynomial structure of the system on the

parameter space, where a specific visual diagram is used to present and interpret

the essential data. The basic idea of this method is to use the stability index and

the equivalent time constant derived from the characteristic polynomial as the design

basis (Coelho, Boaventura-Cunha, and Moura Oliveira 2015), (Ucar and Hamamci

2000), (Hamamci and Koksal 2003), (K. Erkan, Acarkan, and T. Koseki 2007), (K.

Erkan, Okur, et al. 2011).

CDM is advantageous for classical maglev systems. However, due to the following

reasons, it is not applicable for advance vibration isolation systems.
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(i) Controllers can be designed for only a specific frequency band. Therefore, it is

not possible to design H2 and H∞ controllers and observers to deal with wide

range of disturbances.

(ii) Modelling multi-input disturbances is hard to achieve.

(iii) Multi-objectivity for specific controller and observer designs is not possible.

To construct an advanced optimal robust controller structure having only positive sides

of CDM for a vibration isolation system, LMI based controllers are good alternatives

due to their compactness and design capabilities. Nowadays, rule based syntheses of

LMIs can easily be modelled as optimality problems and be solved in polynomial time

by many algorithms, such as Interior Point Method. Moreover, most of open-source

solvers are available on the internet.

1.2 Objective of the Thesis

Single DoF electromagnets have been commonly utilized in many industrial

applications to suspend ferromagnetic objects. However, control applications

including more than one degree of freedom cannot be possible using a standard

single DoF electromagnet (Yakushi, Koseki, and Sone 2000). To deal with this issue,

4-pole electromagnet structure has been proposed by many researches (Liu et al.

2000), (Jiangheng and Koseki 2001). This new electromagnet structure has control

capacity in multi-degree of freedom with full redundancy. Each pole can generate

electromagnetic force that is necessary for magnetic levitation. Energizing poles in a

specific configuration allows any ferromagnetic object to move in a different axis of

motion. So that, it is compatible for many engineering applications requiring complex

movements.

In last few decades, LMIs have been intensively used as a strong tool in the field of

control theory. Many problems, such as H2 and H∞ state feedback and dynamic

output feedback controller synthesis (Yalçın, Sever, and Erkan 2018), analysis and

design of robustness against parametric uncertainties (Tascikaraoglu 2014), and

stability of time delay systems (Hakan Yazici and Parlakci 2012), can all be modelled

as multi-objective problems that contain LMIs (Boyd et al. 1994), (Lofberg 2004),

(Sturm 1999), (Nesterov and Nemirovskii 1994).

LMIs have recently been used to address few problems in magnetic levitation, such as

disturbance rejection for position control of a simple levitated mass (Raja et al. 2015),

gain-scheduling control for a magnetically levitated rotor (Wang, Cole, and Keogh
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2017). However, a detailed study for a 3-DoF vibration isolation system that can both

suppress direct and ground disturbances in LMI framework has not been considered

so far. Therefore, for LMI controller design, it is aimed to meet multi-objective

requirements which can be summarized as follows;

(i) The levitation has to be protected whileH2 norm between the disturbances and

the levitation has to be minimized.

(ii) The zero-power property has to be provided while H2 norm between the

disturbances and the zero-power property has to be minimized.

(iii) Pseudo-infinite stiffness has to be created while H2 norm between the

disturbances and pseudo-infinite stiffness has to be minimized.

Also, one should consider that; if the aim is vibration isolation, the three keypoints

mentioned above have to be achieved at a wide range of frequency band, which means

that; LMIs ensuring a minimizedH2 norm need to be synthesized.
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2
Mathematical Modelling of Vibration Isolator Stage

2.1 Hybrid Electromagnet Dynamics for Single Axis Levitation

In the analysis of a single coil, magnetic resistance, hysteresis of the iron core, eddy

currents, flux leakage and fringing effects are assumed to be negligible. So that, the

electromagnetic force for vertical direction is obtained as follows, (Erkan, Yalçın, and

Garip 2017);

Fe(z, i) = ε
�

i + Im

z + `m/µr

�2

(2.1)

Where, ε is the configuration parameter of the electromagnet, i is the coil current,

z = z2−z1 is the equivalent air gap parameter between the two masses, `m is the length

of permanent magnets, µr is the relative permeability of the permanent magnet, Im is

the equivalent current representation of the permanent magnet. Nonlinear behavior

of (2.1) is given in Fig. 2.1 by using experimental setup parameters shown in Table 1.

Figure 2.1 Nonlinear behavior of hybrid electromagnet attraction force on vertical
motion

The levitation gap used in this study is 6 mm, and the zero-power property occurs

around 0 A. Therefore, the linearization approach is applied to (2.1) around z0 =
0.006 m and i0 = 0 A as follows;
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Kz0
(z0, i0) =

∂ Fe

∂ z0
= −2ε

(i0 + Lm)
2

(z0 + `m/µr)
3 (2.2)

Ki0(z0, i0) =
∂ Fe

∂ i0
= 2ε

(i0 + Lm)

(z0 + `m/µr)
2 (2.3)

Kz0
is the gap factor and Ki0 is the current factor. Then, (2.1) can be approximated as

Fe(z, i)∼= Kz0
(z0, i0)4z + Ki0(z0, i0)4i + Fe(z0, i0) (2.4)

where z0 and i0 are the levitation gap and the coil current values at the linearization

point, respectively. Therefore, due to permanent magnet, Fe(z0, i0) = m2 g. 4z =
z − z0 is the difference between the actual levitation gap and the linearization point.

According to Newton’s second law, the rate of change of momentum of the levitated

mass on the vertical axis can be written as follows;

m2
d2z2

d t2
= −Fe(z, i) +m2 g + Fd (2.5)

Here, m2 is mass of the levitated object, g is the gravitational acceleration constant

and Fd is the disturbance. Electrical dynamics of the system is given below.

di
d t
=

KV

L
dz
d t
−

R
L

i +
1
L

V (2.6)

Here R is coil resistance, L is coil inductance, KV/L is function of the gap factor and

current factor as follows; KV/L = Kz0
(z0, i0)/Ki0(z0, i0).

2.2 Isolator Dynamics

The two mass vibration isolation system combined with a hybrid electromagnet in

Fig. 2 was firstly proposed by (Mizuno et al. 2007). In theory, a negative spring that

is serially connected to a positive spring becomes a system that has pseudo-infinite

stiffness. Therefore, the system shows robust behaviour against direct disturbances,

whereas it has minimum oscilattion response against ground disturbances. With

current and voltage parameters in state vector, magnetic levitation system can act

as if it is negative spring (Mizuno et al. 2007).
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Figure 2.2 Symbolic representation of single DoF, two mass vibration isolation
system

m1
d24z1

d t2
+ c

�

d4z1

d t
−

d4zground

d t

�

+ k(4z1 −4zground)

= Kz0
4z + Ki04i (2.7)

Here, 4z1 and 4z2 are the relative displacements from linearization point, 4z =
4z2−4z1. On the linearization point, m2 g term can be canceled by permanent magnet

force. Therefore, (2.5) becomes;

m2
d24z2

d t2
= −Kz0

4z − Ki04i + Fd (2.8)

Here, m2 is mass of the levitated object, g is the gravitational acceleration constant

and Fd is the disturbance, Kz0
= Kz0

(z0, i0) is the gap constant and Ki0 = Ki0(z0, i0) is

the current constant. Electrical dynamics of the system is given below:

d4i
d t
=

Kz0

Ki0

d4z
d t
−

R
L
4i +

1
L
4V (2.9)

2.3 Control-Oriented State-Space Model for Single Axis Levitation

Any linear time-invariant system can be represented by a state-space framework.

d x
d t
= Ax + B1u+ B2w (2.10)

Here, A∈Rn×n is the state matrix; B1∈Rn×r is the control input matrix and B2∈Rn×p is

the exogenous input matrix which is used to describe effect of external signals such
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as disturbance and reference trajectory. The highest order terms in equations (2.7),

(2.8) and (2.9) are left alone on the left handside, and derivatives of (2.7), (2.8) are

taken due to acceleration state feedback.

d
d t

d24z1

d t2
=

d
d t
[−

c
m1

d4z1

d t
+

c
m1

d4zground

d t
−

k
m1
4z1

+
k

m1
4zground +

Kz0

m1
4z2

−
Kz0

m1
4z1 +

Ki0

m1
4i] (2.11)

d
d t

d24z2

d t2
=

d
d t
[−

Kz0

m2
4z2 +

Kz0

m2
4z1

−
Ki0

m2
4i +

1
m2

Fd] (2.12)

d4i
d t

=
Kz0

Ki0

d4z2

d t
−

Kz0

Ki0

d4z1

d t
−

R
L
4i +

1
L
4V (2.13)

2.3.1 LMI based H2 Disturbance Rejection with Zero-Power Controller

For obtaining LMI based H2 disturbance rejection with zero-power controller, state

vector x∈Rn must be determined. The acceleration parameters of mass-1 and mass-2

are desired to asymptotically converge zero, and the system has to show zero-power

behavior. Thus, the state vector can be written as

x =
�

d(zre f −4z)
d t zre f −4z d24z1

d t2
d24z2

d t2 4i
∫

(0− V )d t
�T

(2.14)

In (2.14), zre f is the reference trajectory desired to be tracked by4z. Then, the control

input vector u∈Rr and the exogenous input vector w∈Rp are given as

u=4V, w=
�

zre f
d4zground

d t
d24zground

d t2
dFd
d t

dz1
d t

�T
(2.15)

By the use of (2.10-2.13), (2.14), and (2.15), the state space matrices are as follows
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A=





















0 0 1 −1 0 0

1 0 0 0 0 0

−2Kz0
m1

0 − c
m1

0 −Ki0R
m1 L 0

2Kz0
m2

0 0 0 Ki0R
m2 L 0

−Kz0
Ki0

0 0 0 −R
L 0

0 0 0 0 0 0





















(2.16)

B1 =
�

0 0 Ki0
Lm1

−Ki0
Lm2

1
L −1

�T
(2.17)

B2 =





















0 0 0 0 0

0 0 0 0 0

0 k
m1

c
m1

0 − k
m1

0 0 0 1
m2

0

0 0 0 0 0

0 0 0 0 0





















(2.18)

y = C1 x + D11u+ D12w= x (2.19)

Here, C1 ∈ Rh×n, D11 ∈ Rh×r and D12 ∈ Rh×p are measured output matrices with

appropriate dimensions.

C1 = I6×6 (2.20)

D11 = 06×1, D12 = 06×5, (2.21)

In the controller design, effect of the exogenous inputs on some certain output

variables is required to be minimized. The certain output variables are named as

controlled outputs and shown as z̄ ∈ Rm.

z̄ = C2 x + D21u+ D22w (2.22)

Here, C2 ∈ Rm×n, D21 ∈ Rm×r and D22 ∈ Rm×p are controlled output matrices

with appropriate dimensions. Controlled outputs vector is supposed to be chosen

carefully to satisfy performance requirements. Firstly, it is desired that mass-2

must be unaffected by disturbances to ensure vibration isolation property. Secondly,

the levitation gap has to be protected to stay within linearized operating point.

Finally, produced control signal and current variable need to be minimized to achieve

zero-power property in both the absence and the presence of disturbances. Therefore,
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the controlled output vector is written down as follows;

z̄ =
�

d24z2
d t2 +4i +

∫

(0− V )d t
�

(2.23)

C2 =
�

0 0 0 1 1 1
�

(2.24)

D21 = 0, D22 = 01x5 (2.25)

2.4 4-Pole Hybrid Electromagnet Structure

Three virtual winding currents are defined as iz , iα , and iβ . These parameters

represent a sort of average current working for only one axis (z , α, or β). This

assumption gives an opportunity for controlling each degree of freedom while

controlling i1 , i2 , i3 , and i4 independently.

Figure 2.3 Energizing coils

Controlling the system for translational movement along positive z, i1 , i2 , i3 , and i4
have to be positive and their average value is calculated in (2.26).

Controlling the system for rotational movement around positive α, i1 and i4 have to

be negative, while i2 and i3 have to be positive and their average value is calculated

in (2.27).

Controlling the system for rotational movement around positive β , i1 and i2 have to

be negative, while i3 and i4 have to be positive and their average value is calculated

in (2.28).

iz =
1
4
(i1 + i2 + i3 + i4) (2.26)
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iα =
1
4
(−i1 + i2 + i3 − i4) (2.27)

iβ =
1
4
(−i1 − i2 + i3 + i4) (2.28)











i1
i2
i3
i4











=











1 −1 −1

1 1 −1

1 1 1

1 −1 1

















iz
iα
iβ






(2.29)

In the second row of Fig. 2.3, it is implied that bold and bigger characters are energized

coils; however, the system behaves as if coils are being energized with some virtual

winding currents as shown in the first row.

z1 z2, z3 and z4 are translational air gaps parameters of coils, α and β are rotational

air gap parameters.

z =
1
4
(z1 + z2 + z3 + z4) (2.30)

α=
1

2b
(
z1 + z4

2
−

z2 + z3

2
) (2.31)

β =
1

2b
(
z1 + z2

2
−

z3 + z4

2
) (2.32)

(2.4) evolves for each axis.

Fz(z, iz)∼= Kz0
(z0, iz0)4z + Kiz0

(z0, iz0)4iz + Fe(z0, iz0) (2.33)

Tα(α, iα)∼= Kα0
(α0, iα0)4α+ Kiα0

(α0, iα0)4iα + Tα(α0, iα0) (2.34)

Tβ(β , iβ)∼= Kβ0
(β0, iβ0)4β + Kiβ0

(β0, iβ0)4iβ + Tβ(β0, iβ0) (2.35)
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2.5 4-Pole Hybrid Electromagnet Geometry

FEM Analysis has been conducted to determine geometric parameters in Fig. 2.5. To

do that, ANSYS Maxwell with ANSYS Genetic Algorithm Optimization Toolbox have

been used (Rosu et al. 2018), (PADT, Miller, and Strain 2016). The levitated mass

is considered to be 5 kg and coils are considered to be 200-turn. Electromagnet’s

geometric parameters and linearization point for (2.1) are optimized to provide

necessary levitation force without magnetic saturation.

Figure 2.4 FEM Analysis

During the scenarios with vibrations or without vibrations, magnetic saturation should

not exist. Otherwise, hybrid electromagnet cannot produce the necessary force

for suspending the ferromagnetic object. Detalied analysis results showing force -

levitation gap - current, torque - levitation gap - current and magnetic field - levitation

gap - current relations are given by Table A.1, Table A.2 and Table A.3, respectively,

in Appendix-A. Due to the geometric symmetry, Tα and Tβ are identical. Therefore,

there is only one table including torque in Appendix-A.

Permanent magnets bring considerable cost to levitation systems. Thus, volume

of permanent magnets should be as minimal as possible. In this thesis, Nd35

neodymium permanent magnet with 20x20x2 mm3 volume is chosen for 4-pole hybrid

electromagnet structure.

At linearization point, levitation can be achieved by using only permanent magnets

to achieve zero-power property. Therefore, linearization point has to be chosen by

considering both magnitude of levitated mass and gap sensor constraints. In Fig. 2.6,

it can be seen that zero-power property for 50 N load can be obtained around 6 mm.
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Figure 2.5 B-H curve of stainless steel

Figure 2.6 Choosing linearization point

Geometric parameters obtained from ANSYS Maxwell with ANSYS Genetic Algorithm

Optimization Toolbox are given in Fig. 2.7, Fig. 2.8 and Table 2.1.

Table 2.1 Geometric parameters for 4-pole hybrid electromagnet

Parameter Value
a 125 mm
b 27 mm
c 50 mm
d 20 mm
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Figure 2.7 Top view of electromagnet

Figure 2.8 Front view of electromagnet

Silicon carbide sheets are assembled to create electromagnet core in Fig. 2.9.

Figure 2.9 Assembled electromagnet core

Another advantage to choose linearization point at which only permanent magnets can

provide necessary force to suspend the levitated mass is that; a 4-pole electromagnet

can perform 3-DoF motion as mentioned before. During 3-DoF motion, coupling

effects occur between axes. These effects are minimized around zero-power point.
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FEM analysis result showing this issue is given in Fig. 2.10.

Figure 2.10 Coupling effects

In literature, coefficients in (2.33) is obtained by drop-test experiment. Tangents

occurring at dropping instant in current-time and gap-time plots give these coefficients

as shown in Fig. 2.11 and Fig. 2.12. In these figures, x and y axis parameters in

encircled areas are being evaluated in a linear regression approach to derive a first

order linear model. And then, tangent of this first order linear model is calculated to

obtain the coefficients. However, conducting experiments to find coefficients in (2.34)

and (2.35) are physically not that easy. These coefficients are mostly obtained from

FEM analysis as shown in Fig. 2.13 and Fig. 2.14. Kiα0
is obtained from (Tα/α), Kiα0

is

obtained from (Tα/iα). Whereas, Kiβ0
is obtained from (Tβ/β), Kiβ0

is obtained from

(Tβ/iβ).

Coil calibration have been conducted to obtain sensitive resistance and inductance

parameters changing at different current values produced by current driver board.
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Figure 2.11 Tangent in current-time plot

Figure 2.12 Tangent in gap-time plot

Figure 2.13 α axis parameters
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Figure 2.14 β axis parameters

Figure 2.15 4-Pole CAD model

Figure 2.16 Coil calibration
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Figure 2.17 Coil testing

20



3
Experimental Setup

3.1 Hardware

3.1.1 Sensors

The processing board is run at 5 kHz, and some detailed information about sensors can

be accessed by (NTComponents 2019), (Micro-Epsilon 2019), (TE 2019) and (DS1007

2019). The specs of the processing board and the sensors are given in Table 3.1, Table

3.2, Table 3.3 and Table 3.4.

Table 3.1 Current sensor specifications

Parameter Value
Accuracy ± 0.2 %

Sensitivity 25 mV/A
Frequency Bandwidth 0-100 kHz

Linearity Error <0.1 %
Response Time <400 ns

Measuring Range ± 80 At

Table 3.2 Gap sensor specifications

Parameter Value
Measuring Range 4 mm

Start of measuring range (SMR) 0.40 mm
Linearity ± 0.2800%
Output 0.5 - 9 V

Table 3.3 Accelerometer specifications

Parameter Value
Range ± 2 g

Sensitivity 1000 mV/g
Frequency Response 0-200 Hz

Non-Linearity ± 1 %
Shock Limit 2000 g
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Table 3.4 Processor specifications

Parameter Value
Processor Dual-core, 2 GHz
Memory 1 GB DRAM, 128 MB Flash Memory

3.1.2 Sensor Board

To have a compact design, a sensor board is placed on the way before the processor.

Thus, all sensors can easily be check in case of any malfunction. Moreover, low-pass

filters can be adapted to reject electrical noise as well.

Proteus R© drawing of sensor board can be seen in Fig. 3.1 and Fig. 3.2.

Figure 3.1 Proteus drawing of sensor board front view

Figure 3.2 Proteus drawing of sensor board back view

3.1.3 Passive Adjustable Damping Element

Besides the damping contribution of springs to the experimental setup, passive

adjustable damping elements have been added to the system. This element basically

consists of circular permanent magnets, coil and 3d printed framework as shown in
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Fig. 3.4 and Fig. 3.5. Its damping coefficient depends on adjustable distance and

coil’s resistance parameters.

Circular magnet’s material is Nd35, and its outer diameter is 25 mm, inner diameter

is 10 mm, and height is 5 mm.

Figure 3.3 Circular magnet

Figure 3.4 Passive damping element CAD isometric view

Adjustable distance can be changed by hand, whereas coil resistance can be changed

by an integrated circuit given in Fig. 3.6 and Fig. 3.7.

In the integrated circuit, three different resistance values are designed for each coil.

1k, 3k, and 5k Ohm. In Fig. 3.8, these values have been determined by several

experiments comparing damping parameters given by FEM results.

Outputs given in this thesis are conducted for 1k Ohm resistance. The obtained

FEM results show that translational and rotational damping are best fit for 1k Ohm
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Figure 3.5 Passive damping element CAD section view

Figure 3.6 Proteus drawing of resistance integrated circuit front view

Figure 3.7 Proteus drawing of resistance integrated circuit back view
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Figure 3.8 Damping element analysis by FEM

resistance. The values found in these figures allow to find overall translational

damping value, 3800 Ns/m, by using second order curve fitting and linear regression

methods. Rotational dampings can be found by using (2.31) and (2.32) as well.

Identical rotational damping parameter for α and β axes is approximately equal to

300 Nms/◦.

3.2 The Overall System

In Fig. 3.9, the isometric view and the side view of the experimental setup’s CAD

model can be seen. A1, A2 are accelerometers, S1, S2, S3, S4, S5, S6, S7 and S8

are suspension elements. G1, G2, G3 and G4 are gap sensors. In Fig. 3.10, the

experimental setup is given.

Due to comparatively low mass of m3, its energy storage capability is neglectable.

Therefore, upper and lower suspension elements are assumed to be serially connected

likewise in Fig. 2.2.

Gap sensor positioning and accelerometer positioning are given in Fig. 3.11 and Fig.

3.12, respectively. in Fig. 3.12, accelerometer center position is O(17 cm,2 cm).

In Table 3.5, the experimental setup’s physical parameters are given. The functional

structure is given in Fig. 3.13.
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Figure 3.9 a. Isometric view, b. Side view

Figure 3.10 The experimental setup, a. Front view, b. Zoomed 4-pole hybrid
electromagnet

Figure 3.11 Gap sensor positioning
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Figure 3.12 Accelerometer positioning

Table 3.5 Physical parameters for each axis

Axis / Parameter z α β

m1 / I1 [kg or kgm2] 2 0.15 0.2
m2 / I2 [kg or kgm2] 5 0.3 0.4

R [Ω] 1.6 1.6 1.6
L [H] 0.016 0.016 0.016

k [N/m or Nm/rad] 140000 100 200
c [Ns/m or Nms/rad] 3800 300 300
Kz0 [N/m or Nm/rad] -1205 -1102 -1205

Ki0 [N/A or Nm/A] 3.92 4.5 4.7
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Figure 3.13 The functional structure of the experimental setup
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4
Linear Matrix Inequality based H2 Full State Feedback

Controller Syntheses and Experiments

4.1 H2 Full State-Feedback Controller Syntheses

General optimal control closed-loop scheme is given in Fig. 4.1. For any robustness

problem, the main objective is to construct K that can minimize the effect of w

parameter on z̄ parameter.

Figure 4.1 General optimal control closed loop scheme

Fig. 4.1 can be rewritten in terms of closed-loop matrices as follows.

Figure 4.2 General optimal control closed loop scheme in terms of closed-loop
matrices

u= K x (4.1)
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d x
d t = (A+ B1K)x + B2w

z̄ = (C2 + D21K)x + D22w (4.2)

The main requirements can be stated as follows:

(i) The closed loop system (4.2) is asymptotically stable which indicates that all

eigenvalues of A+ B1K have negative real parts.

(ii) Vibration isolation performance is maximized by minimizing the H2 norm

between exogenous input w and the controlled outputs z̄.

Theorem 1 (Boyd et al. 1994) : For a given positive scalar r, the closed loop system

(4.2) is asymptotically stable with H2 norm less than r, if there exist positive definite

matrix Y ∈ Rn×n and W ∈ Rm×n subject to following convex optimization problem

min r; s.t.(4.3), (4.4)

AY + YA+ B1W +W T BT
1 + B2BT

2 < 0 (4.3)

Trace(CY C T )< r f or r = ||G||22 (4.4)

Y = Y T > 0 (4.5)

Then

K =W Y −1 (4.6)

Considering that these inequalities have to be written for synthesising controller of

each axis;

For z translational axis;
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min rz; s.t.(4.7), (4.8)

AzYz + YzAz + B1,zWz +W T
z BT

1,z + B2,zBT
2,z < 0 (4.7)

Trace(CzYzC T
z )< rz f or rz = ||Gz||22 (4.8)

Yz = Y T
z > 0 (4.9)

Kz =WzY −1
z (4.10)

For α rotational axis;

min rα; s.t.(4.11), (4.12)

AαYα + YαAα + B1,αWα +W T
α

BT
1,α + B2,αBT

2,α < 0 (4.11)

Trace(CαYαC T
α
)< rα f or rα = ||Gα||22 (4.12)

Yα = Y T
α
> 0 (4.13)

Kα =WαY −1
α

(4.14)

For β rotational axis;

min rβ ; s.t.(4.15), (4.16)

AβYβ + YβAβ + B1,βWβ +W T
β

BT
1,β + B2,βBT

2,β < 0 (4.15)
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Trace(CβYβC T
β
)< rβ f or rβ = ||Gβ ||22 (4.16)

Yβ = Y T
β
> 0 (4.17)

Kβ =WβY −1
β

(4.18)

And the general state feedback control schemes for each axis are given as follows;

Figure 4.3 General feedback control scheme for z axis

Figure 4.4 General feedback control scheme for α axis

Figure 4.5 General feedback control scheme for β axis
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For LMI based H2 disturbance rejection with zero-power controller given in Section

2, the controller gains can be computed with Theorem 1 by using the YALMIP parser

(Lofberg 2004) and SeDuMi solver (Sturm 1999).

Kz =
104[−1.1684 −0.1578 −0.0152 . . .

. . . 0.1104 0.0518 −0.1578]
(4.19)

Kα =
[−110.8518 −23.1467 −43.3302 . . .

. . . 0.4282 0.5931× 104 1.1215]
(4.20)

Kβ =
[−16.5492 −5.8538 −9.3606 . . .

. . . 101.1111 1.5439 0.1291]
(4.21)

Then, the resulting closed-loop pole placements are given by

σz(Az + B1,zKz) = (−102410,−130500,−1121,−121,−32,−21) (4.22)

σα(Aα + B1,αKα) = (−639,−32± 53 j,−21± 35 j, 0.11) (4.23)

σβ(Aβ + B1,βKβ) = (−503± 92 j,−16± 52 j,−52,0.15) (4.24)

For zero-power case, analytical and experimental bode plots for the closed loop of z

translational axis, α rotational axis, β rotational axis are given in Fig. 4.6, Fig. 4.7

Fig. 4.8, Fig. 4.9, Fig. 4.10 and Fig. 4.11, respectively. As can be seen, analytical and

experimental magnitude bode plots match and the system converges to robustness

while the frequency of the parameters in w vector increase. Especially ground and

direct disturbances at comparatively high frequencies have less effect on z̄.
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Figure 4.6 Analytical bode plots of z axis
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Figure 4.7 Experimental bode plots of z axis
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Figure 4.8 Analytical bode plots of α axis
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Figure 4.9 Experimental bode plots of α axis
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Figure 4.10 Analytical bode plots of β axis
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Figure 4.11 Experimental bode plots of β axis
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Fig. 4.6, Fig. 4.7 Fig. 4.8, Fig. 4.9, Fig. 4.10 and Fig. 4.11 show the effect of w vector

in 2.15 on C2 vector in 2.24 at different frequencies. To obtain the effect of w vector

on each parameter in C2 vector both analytically and experimentally, C2 vector needs

to be reconstructed as including only one integer inside. Analytical and experimental

bode plots of each parameter are given in Appendix-B.

4.2 Experiment Configurations

The coordinates of the applied disturbance for both ground and direct disturbance are

O(12
−→
X −12

−→
Y ) cm. O is the geometric center of 40 cm diameter circular middle mass

and isolation stage. The magnitude is +2 mm position change for direct disturbance,

whereas it is -2 mm position change for ground disturbance. The total value is 2 −
(−2) = 4 mm.

Figure 4.12 The exact position of both ground and direct disturbance

As obtained from the bode magnitude and phase plots, each exis have some critical

zones in terms of frequency shifting and magnitude amplification. This range is

between 0-0.4 frequency band. Therefore, the experiments are conducted by four

steps in this range. 0.4 Hz, 0.2 Hz, 0.15 Hz and 0.1 Hz disturbances.

4.3 Experiment : LMI H2 Full State-Feedback Zero Power Con-

troller Performance in the Absence of Disturbances

During zero-power control, the main objective is to keep all axis-current values around

0 as much as possible while the effect of ground and direct disturbances varying

at different magnitude and frequencies is being suppressed. Therefore, even for

the no-disturbance case, position reference tracking around 0 for each axis may not

succeed, which is absolutely expected, as shown in Fig. 4.16, Fig. 4.17, and Fig. 4.18.
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Axis-current values oscillating around 0 are given in Fig. 4.13, Fig. 4.14 and Fig. 4.15.

Also, as shown in Fig. 4.6, Fig. 4.8, Fig. 4.10, reference signal has no impact on the

controlled output. Therefore, there is no need to investigate reference signal and the

controlled output relation at this point. The relations between disturbances and the

controlled output are given in these figures as well.

Figure 4.13 Iα for zero power with no disturbance case

Figure 4.14 Iβ for zero power with no disturbance case

Figure 4.15 Iz for zero power with no disturbance case
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Figure 4.16 α for zero power with no disturbance case

Figure 4.17 β for zero power with no disturbance case

Figure 4.18 z for zero power with no disturbance case

Norm values of current parameters for no disturbancse case are given in Fig. 4.1.

These values will later be compared to the norm values occurring for disturbance

cases to understand energy efficiency performance of the system.

Table 4.1 Norm values of current parameters for no disturbance case

Parameter Value
Iα 0.321240
Iβ 0.321212
Iz 0.80111
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4.4 Experiment : LMI H2 Full State-Feedback Zero Power Con-

troller Performance at 0.4 Hz Multi-Directional Disturbances

From the bode plots previously given, the critical frequency point in terms of frequency

shifting and magnitude amplification has been chosen as 0.4 Hz in this experiment.

Thus, the responses for ground disturbance, direct disturbance and both disturbances

cases have been compared at this frequency.

As can be seen in Fig. 4.19, the system shows perfect minimum-compliance behavior

against the 2 mm ground disturbance. The air gap changes only 20 µm. For 2 mm

direct disturbance, the change for the aip gap is only 50 µm. At both disturbance case,

the total air gap change is around 100 µm.

The norm values of the translational air gaps for the experiment are given in Table.

4.2 and the norm values of the translational axis currents for the experiment are given

in Table. 4.3. The values go up while the disturbance factor increases.

The norm values in Table. 4.2 change from 100.00121 to 2523.24592 and the norm

values in Table. 4.3 change from 2.12291 to 4.92912.

The norms can somehow be named as the functions of the required energy to deal with

the applied mechanic disturbances. While the number of the disturbances increases,

the amount of the required energy goes up. However, the coil currents are not the

only source to deal with these disturbances. Permanent magnets can as if they are

equivalent energy sources as well.

While the frequency of the disturbances increase, the amount of the required energy

decreases as the bode plots given previously suggest. This issue will be shown in a

detailed way in the next experiment.

From Fig. 4.19, Table 4.2 and Table 4.3, it can also be seen that the system shows

almost perfect zero-power behavior in the absence of the disturbances. Moreover, the

system’s energy consumption is comparatively low, while the system is being affected

by the disturbances.

Table 4.2 Norm values of z parameters for 0.4 Hz disturbance case

Disturbance Type Norm z
No Disturbance 100.00121

Ground Disturbance 200.53921
Direct Disturbance 1202.53312

Multi Directional Disturbances 2523.24592
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Figure 4.19 z for zero power with 0.4 Hz disturbance case

Table 4.3 Norm values of Iz parameters for 0.4 Hz disturbance case

Disturbance Type Norm z
No Disturbance 2.12291

Ground Disturbance 2.92392
Direct Disturbance 4.52898

Multi Directional Disturbances 4.92912
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Figure 4.20 Iz for zero power with 0.4 Hz disturbance case
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Due to the fact that the disturbances are applied as displacements, the stiffness

parameter can not directly be measured. Aforementioned minimum-compliance

behavior can also be seen for rotational gap and rotational current values in Fig. 4.21

and Fig. 4.23.

The norm values for rotational gaps and rotational currents for α axis are given in

Table 4.4 and Table 4.5. Whereas, the norm values for rotational gaps and rotational

currents for β axis are given in Table 4.6 and Table 4.7

From Fig. 4.21, Fig. 4.23 Table 4.4, Table 4.5, Table 4.6, Table 4.7, it can be seen

that the movements for rotational axes show almost perfect zero-power behavior

in the absence of the disturbances. Even though the mechanic disturbance is being

applied as 2 mm translational position change on z axis, it generates torque due on

each rotational axis to its position. Yet, rotational stiffness parameters can not be

measured. Though, it can be said that the system’s minimum-compliance performance

on rotational axis is satisfying. The system’s energy consumption for each rotational

axis is comparatively low, while the system is being affected by the disturbances.

The norm values in Table. 4.4 change from 120.52231 to 2232.23211 and the norm

values in Table. 4.5 change from 2.35342 to 5.22311.

Table 4.4 Norm values of α parameters for 0.4 Hz disturbance case

Disturbance Type Norm α

No Disturbance 120.52231
Ground Disturbance 210.32542
Direct Disturbance 1322.35341

Multi Directional Disturbances 2232.23211

Table 4.5 Norm values of Iα parameters for 0.4 Hz disturbance case

Disturbance Type Norm α

No Disturbance 2.35342
Ground Disturbance 3.35439
Direct Disturbance 4.66542

Multi Directional Disturbances 5.22311

The norm values in Table. 4.6 change from 130.54542 to 2992.23121 and the norm

values in Table. 4.7 change from 3.45421 to 5.92912.

46



Figure 4.21 α for zero power with 0.4 Hz disturbance case

Table 4.6 Norm values of β parameters for 0.4 Hz disturbance case

Disturbance Type Norm β

No Disturbance 130.54542
Ground Disturbance 210.45421
Direct Disturbance 1423.45421

Multi Directional Disturbances 2992.23121

Table 4.7 Norm values of Iβ parameters for 0.4 Hz disturbance case

Disturbance Type Norm β

No Disturbance 3.45421
Ground Disturbance 4.22321
Direct Disturbance 4.52898

Multi Directional Disturbances 5.92912
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Figure 4.22 Iα for zero power with 0.4 Hz disturbance case
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Figure 4.23 β for zero power with 0.4 Hz disturbance case
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Figure 4.24 Iβ for zero power with 0.4 Hz disturbance case
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4.5 Experiment : LMI H2 Full State-Feedback Zero Power Con-

troller Performance for Variable Frequency Disturbances

To show the relation between the disturbances and the controlled output vector for

each axis, the critical points in terms of frequency are being zoomed in the figures as

follows. While frequency of disturbances increases, the effect on the controlled output

dramatically decreases, as given in Fig. 4.25, Fig. 4.26, Fig. 4.27, Fig. 4.28, Fig. 4.29

and Fig. 4.30.

The controlled output vectors and the disturbance vectors for each three axis are

written down as follows. At this point, one should remember that the state feed-back

gains are synthesized to minimize the effect of the disturbance vectors on the

parameters defined in the controlled output vector of each axis.

One important aspect is that; the bode plots give the relation between input and output

at a specific frequency, which means that; whereas 0.1 Hz disturbance forges more

amount of current than 0.4 Hz disturbance for a single sampling, 0.4 Hz disturbance

requires more amount of energy to be stabilized than 0.1 Hz disturbance for a specific

period of time. This issue can easily be observed from Fig. 4.31, Fig. 4.32, Fig. 4.33,

Table 4.8, Table 4.9, Table 4.10, Table 4.11, Table 4.12 and Table 4.13.

wz =
�

zre f
d4zground

d t
d24zground

d t2
dFd
d t

dz1
d t

�T
(4.25)

wα =
�

αre f
d4αground

d t
d24αground

d t2
dTα
d t

dα1
d t

�T

wβ =
�

βre f
d4βground

d t
d24βground

d t2

dTβ
d t

dβ1
d t

�T

z̄ =
�

d24z2
d t2 +4iz +

∫

(0− Vz)d t
�

(4.26)

ᾱ=
�

d24α2
d t2 +4iα +

∫

(0− Vα)d t
�

β̄ =
�

d24β2
d t2 +4iβ +

∫

(0− Vβ)d t
�
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Figure 4.25 Magnitude gain relation between dzground/d t and z̄

Figure 4.26 Magnitude gain relation relation between dαground/d t and ᾱ
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Figure 4.27 Magnitude gain relation between dβground/d t and β̄

Figure 4.28 Magnitude gain relation between dFd/d t and z̄
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Figure 4.29 Magnitude gain relation between dTα/d t and ᾱ

Figure 4.30 Magnitude gain relation between dTβ/d t and β̄
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Figure 4.31 z for zero power with multi-directional variable disturbance case

Table 4.8 Norm values of z parameters for multi-directional variable disturbance case

Frequency Norm z
0.1 Hz 1327.45442
0.15 Hz 1802.34321
0.2 Hz 2021.34321
0.4 Hz 2523.24592

Table 4.9 Norm values of Iz parameters for multi-directional variable disturbance
case

Frequency Norm Iz

0.1 Hz 2.23212
0.15 Hz 2.96705
0.2 Hz 3.34321
0.4 Hz 4.92912
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Figure 4.32 α for zero power with multi-directional variable disturbance case

Table 4.10 Norm values of α parameters for multi-directional variable disturbance
case

Frequency Norm α

0.1 Hz 1290.35292
0.15 Hz 1502.34692
0.2 Hz 1982.73912
0.4 Hz 2232.34938

Table 4.11 Norm values of Iα parameters for multi-directional variable disturbance
case

Frequency Norm Iα
0.1 Hz 2.94282
0.15 Hz 3.95329
0.2 Hz 4.53921
0.4 Hz 5.22311
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Figure 4.33 β for zero power with multi-directional variable disturbance case

Table 4.12 Norm values of β parameters for multi-directional variable disturbance
case

Frequency Norm β

0.1 Hz 1206.35932
0.15 Hz 1869.23592
0.2 Hz 2328.23912
0.4 Hz 2992.35342

Table 4.13 Norm values of Iβ parameters for multi-directional variable disturbance
case

Frequency Norm Iβ
0.1 Hz 3.12385

0.15 Hz 4.34212
0.2 Hz 5.00232
0.4 Hz 5.92912
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4.6 Experiment : LMI H2 Full State-Feedback Zero Power Con-

troller Performance with Direct Disturbance as Force

In this experiment, the system’s pseudo-infinite stiffness against direct disturbance as

force has been studied. The experiment has been conducted for 1 kg direct disturbance

on the geometric center of m2 isolation mass. To prove the system’s ability of acting

as if it is a virtual spring that has pseudo-infinite stiffness, the force is applied at 4th

second and unloaded at 8th second. As given in Fig. 4.28, Fig. 4.29 and Fig. 4.30

previously, the system behavior against to the step input as direct disturbance can be

observed from the bode magnitude plot at 1 Hz. While the frequency increases, the

bode magnitude plot decreases, which means that the system does not show extensive

overshoot behavior against the direct disturbances. In Fig. 4.34, Fig. 4.35 and Fig.

4.36, it can be seen that the system shows almost perfect zero-power property with

comparatively low settling-times against static direct disturbances.

Figure 4.34 Iα for zero power with 1 kg direct disturbance case

Figure 4.35 Iβ for zero power with 1 kg direct disturbance case

One can observe that even though the force is applied to the geometric center of m2

isolation mass, rotational axis currents still change. The main reason of this is that

mechanic tolerance error in the setup’s construction. From Fig. 4.34 and Fig. 4.35

and , it can be clearly seen that the system shows zero-power behavior against to

torque parameter.

Obtaining the numeric value of positive stiffness parameter is not possible at this point.

The main reason of this situation is that; z1 − zground , α1 − αground and β1 − βground
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Figure 4.36 Iz for zero power with 1 kg direct disturbance case

measurements do not exist. However, due to the movement of lower mass is negligible

against 1 kg force, negative stiffness can be assumed that it is pseudo-infinite stiffness

for this case. Therefore, pseudo-infinite stiffness for each axis can be measured by from

Fig. 4.37, Fig. 4.38 and Fig. 4.39. The average pseudo-infinite stiffness parameter

for each axis can be obtained, and they are as follows; kpz = 20.000N/m, kpα =
40.000Nm/rad and kpβ = 60.000Nm/rad.

Table 4.14 Average stiffness for each axis

Axis Stiffness value
z 20.000 N/m
α 40.000 Nm/rad
β 60.000 Nm/rad

Figure 4.37 α for zero power with 1 kg direct disturbance case

Figure 4.38 β for zero power with 1 kg direct disturbance case
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Figure 4.39 z for zero power with 1 kg direct disturbance case

Figure 4.40 Acceleration parameters for zero power with 1 kg direct disturbance
case

From Fig. 4.40, one can easily see that m1 has higher frequency oscillations on

each axis compared to m2. This is an indirect result of vibration isolation of m2

isolation mass. As mentioned before, the mechanic disturbance is applied only to

m2, whereas vibration isolation scenario is also designed for m2. So, energy given

by the disturbance is being transferred from m2 to m1 for vibration isolation, which

means that the energy dissipation is being achieved by high frequency acceleration

parameter changing on m1. This issue can also be seen from norm values for each

movement axis of m1 and m2 in Fig. 4.15.

Table 4.15 Norm values of acceleration parameters

Parameter Value
α̈1 0.411239
β̈1 0.422212
z̈1 0.423122
α̈2 0.396312
β̈2 0.387277
z̈2 0.380291
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5
Conclusion

In magnetic levitation discipline, a review has been conducted between the proposed

control method and other control methods popularly used for vibration control

applications. It has clearly been stated that the proposed method is more appropriate

for vibration isolation applications in terms of multi-objectivity, degrees-of-freedom

capability, energy efficiency and robustness at varying frequencies.

Synthesizing H2 controllers by using the outlined LMIs is a suitable and relatively

easy, and applicable. For both displacement and force disturbances, pseudo-infinite

stiffness with zero-power performances of LMI controllers for z, α and β axes have

been tested and evaluated at some critical frequency values.

LMI controllers show satisfying performance under varying frequency disturbances

with minimized H2 norm for each axis of 4-pole hybrid electromagnet. The system

performs favorable outputs at varying frequencies for many different drastic scenarios,

such as ground disturbance, direct disturbance and multi-directional disturbances.

Similar studies in this literature deal with only one directional disturbance for air gap

reference tracking. This issue can easily be solved with current and gap feedback

data, so acceleration feedback data is not commonly necessary. Another point,

accelerometers are expensive devices for both industrial and academic researches. In

this study, it has been stated and tested that acceleration feedback data can be very

useful to deal with multi-directional disturbances. Moreover, it has been shown that

using acceleration feedback data with air gap feedback data can stabilize air gap in

micro scale on the isolation mass.

Due to the high non-linearity and coupling effects that belong to the real physical

system, sensor equipment is used to measure each state in the state vector instead of

using any observer structure.

One disadvantage of the proposed method is that; for this study, the magnitude of

direct disturbance and the magnitude of ground disturbance are known, produced by
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precise step motors. In magnetic levitation perspective, measuring direct disturbance

magnitude can be achieved by measuring levitation gap in the absence of ground

disturbance. Thus, measuring the magnitude of direct disturbance is not a complicated

process. However, measuring the magnitude of ground disturbance is very difficult in

real world situations. Because any measuring process requires "a reference point".

If the reference point, which is ground in this case, moves, how can the ground

disturbance be measured? Therefore, calculating pseudo-infinite stiffness success in

real world situations is troublesome, requires different estimation methods.

The proposed system is applicable especially for space technologies requiring high

precision vibration isolation with low energy consumption.
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A
FEM Analysis Results
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Table A.1 Iterations to investigate current, gap and force relation

# iz [A] z [mm] Fz [N] # iz [A] z [mm] Fz [N] # iz [A] z [mm] Fz [N] # iz [A] z [mm] Fz [N]
1 -4 2 -74 26 -2 7 -17 51 1 2 316 76 3 7 86
2 -4 3 -42 27 -2 8 -11 52 1 3 198 77 3 8 67
3 -4 4 -26 28 -2 9 -8.3 53 1 4 130 78 3 9 53
4 -4 5 -16 29 -2 10 -6.3 54 1 5 92 79 3 10 43
5 -4 6 -11 30 -2 11 -4.1 55 1 6 67 80 3 11 35
6 -4 7 -7.4 31 -1 2 -189 56 1 7 50 81 4 2 473
7 -4 8 -3.2 32 -1 3 -111 57 1 8 39 82 4 3 353
8 -4 9 -2.4 33 -1 4 -72 58 1 9 30 83 4 4 257
9 -4 10 -1.6 34 -1 5 -49 59 1 10 24 84 4 5 187
10 -4 11 -0.5 35 -1 6 -35 60 1 11 19 85 4 6 140
11 -3 2 -101 36 -1 7 -25 61 2 2 379 86 4 7 108
12 -3 3 -57 37 -1 8 -18 62 2 3 252 87 4 8 84
13 -3 4 -35 38 -1 9 -14 63 2 4 169 88 4 9 68
14 -3 5 -23 39 -1 10 -10 64 2 5 120 89 4 10 56
15 -3 6 -16 40 -1 11 -8.3 65 2 6 88 90 4 11 45
16 -3 7 -10 41 0 2 252 66 2 7 67 91 5 2 503
17 -3 8 -7.1 42 0 3 153 67 2 8 52 92 5 3 393
18 -3 9 -4.7 43 0 4 97 68 2 9 41 93 5 4 297
19 -3 10 -3.3 44 0 5 68 69 2 10 33 94 5 5 228
20 -3 11 -1.3 45 0 6 50 70 2 11 26 95 5 6 170
21 -2 2 -140 46 0 7 36 71 3 2 429 96 5 7 132
22 -2 3 -81 47 0 8 27 72 3 3 303 97 5 8 105
23 -2 4 -50 48 0 9 21 73 3 4 212 98 5 9 84
24 -2 5 -34 49 0 10 16 74 3 5 152 99 5 10 69
25 -2 6 -24 50 0 11 12 75 3 6 112 100 5 11 57
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Table A.2 Iterations to investigate current, gap and torque relation

# iα,β [A] z [mm] Tα,β [Nm] # iα,β [A] z [mm] Tα,β [Nm] # iα,β [A] z [mm] Tα,β [Nm] # iα,β [A] z [mm] Tα,β [Nm]
1 -4 2 -9.75 26 -2 7 -4.51 51 1 2 7.54 76 3 7 8.98
2 -4 3 -9.22 27 -2 8 -4.24 52 1 3 6.64 77 3 8 8.87
3 -4 4 -8.15 28 -2 9 -3.10 53 1 4 5.52 78 3 9 8.54
4 -4 5 -7.61 29 -2 10 -2.90 54 1 5 4.51 79 3 10 8.21
5 -4 6 -6.25 30 -2 11 -0.62 55 1 6 4.23 80 3 11 7.82
6 -4 7 -5.62 31 -1 2 -5.24 56 1 7 3.51 81 4 2 7.62
7 -4 8 -4.42 32 -1 3 -4.52 57 1 8 3.32 82 4 3 7.32
8 -4 9 -3.22 33 -1 4 -4.33 58 1 9 2.52 83 4 4 7.21
9 -4 10 -2.54 34 -1 5 -3.81 59 1 10 2.33 84 4 5 6.80

10 -4 11 -1.47 35 -1 6 -3.55 60 1 11 1.21 85 4 6 6.67
11 -3 2 -9.17 36 -1 7 -2.84 61 2 2 8.21 86 4 7 6.54
12 -3 3 -8.15 37 -1 8 -2.62 62 2 3 7.51 87 4 8 6.19
13 -3 4 -7.22 38 -1 9 -2.31 63 2 4 7.22 88 4 9 5.79
14 -3 5 -6.64 39 -1 10 -1.22 64 2 5 6.21 89 4 10 5.62
15 -3 6 -5.51 40 -1 11 -0.21 65 2 6 5.52 90 4 11 5.42
16 -3 7 -4.39 41 0 2 0.81 66 2 7 4.25 91 5 2 5.34
17 -3 8 -3.28 42 0 3 0.65 67 2 8 3.64 92 5 3 5.25
18 -3 9 -2.45 43 0 4 0.52 68 2 9 2.52 93 5 4 4.99
19 -3 10 -1.58 44 0 5 0.45 69 2 10 2.22 94 5 5 4.91
20 -3 11 -0.55 45 0 6 0.42 70 2 11 2.11 95 5 6 4.87
21 -2 2 -7.16 46 0 7 0.38 71 3 2 8.52 96 5 7 3.99
22 -2 3 -6.52 47 0 8 0.25 72 3 3 8.42 97 5 8 3.78
23 -2 4 -6.23 48 0 9 0.22 73 3 4 7.88 98 5 9 3.64
24 -2 5 -5.51 49 0 10 0.15 74 3 5 7.76 99 5 10 3.25
25 -2 6 -5.20 50 0 11 0.12 75 3 6 6.56 100 5 11 3.12
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Table A.3 Iterations to investigate current, gap and magnetic saturation

# iα,β [A] z [mm] Bm [T] # iα,β [A] z [mm] Bm [T] # iα,β [A] z [mm] Bm [T] # iα,β [A] z [mm] Bm [T]
1 -4 2 1.98 26 -2 7 1.23 51 1 2 1.52 76 3 7 0.67
2 -4 3 1.76 27 -2 8 1.20 52 1 3 1.44 77 3 8 0.61
3 -4 4 1.62 28 -2 9 1.15 53 1 4 1.39 78 3 9 0.54
4 -4 5 1.59 29 -2 10 0.62 54 1 5 1.35 79 3 10 0.51
5 -4 6 1.45 30 -2 11 0.51 55 1 6 1.29 80 3 11 0.49
6 -4 7 1.32 31 -1 2 1.69 56 1 7 1.22 81 4 2 0.41
7 -4 8 1.26 32 -1 3 1.55 57 1 8 1.22 82 4 3 0.35
8 -4 9 1.21 33 -1 4 1.42 58 1 9 0.44 83 4 4 0.25
9 -4 10 0.96 34 -1 5 1.39 59 1 10 0.32 84 4 5 0.18

10 -4 11 0.76 35 -1 6 1.25 60 1 11 0.22 85 4 6 0.12
11 -3 2 0.64 36 -1 7 1.19 61 2 2 1.32 86 4 7 0.06
12 -3 3 1.86 37 -1 8 1.05 62 2 3 1.21 87 4 8 0.04
13 -3 4 1.72 38 -1 9 0.91 63 2 4 1.12 88 4 9 0.02
14 -3 5 1.61 39 -1 10 0.86 64 2 5 0.91 89 4 10 0.01
15 -3 6 1.56 40 -1 11 0.61 65 2 6 0.82 90 4 11 0.00
16 -3 7 1.48 41 0 2 0.51 66 2 7 0.72 91 5 2 0.09
17 -3 8 1.32 42 0 3 0.45 67 2 8 0.61 92 5 3 0.07
18 -3 9 1.29 43 0 4 0.38 68 2 9 0.49 93 5 4 0.07
19 -3 10 0.65 44 0 5 0.35 69 2 10 0.20 94 5 5 0.06
20 -3 11 0.41 45 0 6 0.30 70 2 11 0.11 95 5 6 0.06
21 -2 2 1.72 46 0 7 0.28 71 3 2 1.21 96 5 7 0.03
22 -2 3 1.69 47 0 8 0.23 72 3 3 1.02 97 5 8 0.00
23 -2 4 1.54 48 0 9 0.20 73 3 4 0.92 98 5 9 0.00
24 -2 5 1.42 49 0 10 0.12 74 3 5 0.86 99 5 10 0.00
25 -2 6 1.39 50 0 11 0.07 75 3 6 0.72 100 5 11 0.00
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B
Analytical and Experimental Bode Plots

Figure B.1 Analytical bode plots for
d(zre f −4z)

d t

Figure B.2 Experimental bode plots for
d(zre f −4z)

d t

Figure B.3 Analytical bode plots for
d(αre f −4α)

d t

Figure B.4 Experimental bode plots for
d(αre f −4α)

d t

Figure B.5 Analytical bode plots for
d(βre f −4β)

d t
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Figure B.6 Experimental bode plots for
d(βre f −4β)

d t

Figure B.7 Analytical bode plots for zre f −4z

Figure B.8 Experimental bode plots for zre f −4z

Figure B.9 Analytical bode plots for αre f −4α

Figure B.10 Experimental bode plots for αre f −4α

Figure B.11 Analytical bode plots for βre f −4β

Figure B.12 Experimental bode plots for βre f −4β
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Figure B.13 Analytical bode plots for d24z1
d t2

Figure B.14 Experimental bode plots for d24z1
d t2

Figure B.15 Analytical bode plots for d24α1
d t2

Figure B.16 Experimental bode plots for d24α1
d t2

Figure B.17 Analytical bode plots for d24β1
d t2

Figure B.18 Experimental bode plots for d24β1
d t2

Figure B.19 Analytical bode plots for d24z2
d t2
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Figure B.20 Experimental bode plots for d24z2
d t2

Figure B.21 Analytical bode plots for d24α2
d t2

Figure B.22 Experimental bode plots for d24α2
d t2

Figure B.23 Analytical bode plots for d24β2
d t2

Figure B.24 Experimental bode plots for d24β2
d t2

Figure B.25 Analytical bode plots for 4iz

Figure B.26 Experimental bode plots for 4iz
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Figure B.27 Analytical bode plots for 4iα

Figure B.28 Experimental bode plots for 4iα

Figure B.29 Analytical bode plots for 4iβ

Figure B.30 Experimental bode plots for 4iβ

Figure B.31 Analytical bode plots for
∫

(0− Vz)d t
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Figure B.32 Experimental bode plots for
∫

(0− Vz)d t

Figure B.33 Analytical bode plots for
∫

(0− Vα)d t

Figure B.34 Experimental bode plots for
∫

(0− Vα)d t

Figure B.35 Analytical bode plots for
∫

(0− Vβ)d t

Figure B.36 Experimental bode plots for
∫

(0− Vβ)d t
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