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ABSTRACT

THERMOELASTIC STABILITY ANALYSIS OF SOLIDIFICATION
OF PURE METALS ON A COATED PLANAR MOLD OF FINITE
THICKNESS: EFFECTS OF THE COATING LAYER

Mehmet Hakan DEMIR

Department of Mechanical Engineering
Ph.D. Thesis

Adviser: Prof. Dr. Faruk YIGIT

During the solidification process, initially liquid material is started to solidify when its
temperature reduce below its melting temperature by heat transfer from its surfaces
which are in contact with a surrounding mold. Therefore the solidification process starts
with the formation of the solid at the surfaces of the mold and spreads all of the liquid
mass as the time progressed. The heat transfer from liquid to mold continues until all
liquid mass solidify. If the process is interrupted and remaining liquid is drawn away
from the process, some periodic variations are observed on the thickness of the
solidified shell. This undulatory structure is seen in the solidification of many metals as
inevitable result of cooling. Such uneven undulations are not desirable in the
manufacturing because the associated thermal distortions in the solidified shell cause
severe cracks in the solidified ingot. Undesirable cracks have significant effects on the
strength and microscopic structure of the ingot and according to this the final product
has poor quality. If the solidification is not interrupt, at the end of the process the
periodic variations at the freezing front tends to die out since the conditions at the
liquid/solid interface becomes less dependent upon the conditions at the mold/shell
interface due to the increasing of the solidified shell thickness. These non-uniform
undulations are occurred as a consequence of the non-uniform heat extraction along the
mold/shell interface. There is some thermal resistance at this interface due to the surface
roughness and contaminants films. Thermal contact resistance is changed as a function
of contact pressure. There is an inverse proportion between the contact pressure and
thermal resistance. The non-uniform temperature and stress fields in the solidified
material and mold associated with non-uniform heat extraction cause thermal distortions
in the casting and mold. Thermal distortions have a great influence on the contact
pressure at the shell/mold interface. As it seen the thermal and mechanical problems
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must be investigated together and the system behaves like a positive feedback system,
therefore it may have potential to being unstable.

The purposes of this thesis are that investigating the instability mechanism in the
solidification process during casting of pure metals and improving our knowledge about
this thermos-elastic instability mechanism, determining the conditions which eliminate
or minimize the profile defects such as cracks in the surface and internal structure of
casting product associated with the coupled thermo-mechanic events, analyzing the
effects of coating layer and other system parameters on the solidification process and
specify the conditions which improve the quality of product. The fluid flow in the melt
metal, adjusting the freezing range of the metal, solidification rate of the continuous
casting process and superheat of the melted metal affect the non-uniform structure at the
moving interface. But researches about the solidification process show that undulations
depend considerably the geometry of the mold/shell interface. Mold coating at the
mold-shell interface is one of the most important factors controlling the heat transfer
and, hence, it has very important role on the solidification rate and development of
microstructure. Other advantages of coating layer protecting the mold during the casting
process because of expensiveness of the mold manufacturing technology and the
additional manufacturing requirements are prevented before the using of final product
by controlling the unstable growth of the solidified shell. At the end coating layer
affects the quality of casting and provides energy, time and workforce savings. In this
study thermal and mechanical problems are coupled through the contact pressure
dependent thermal contact resistance at the coating/shell interface. The thermal
diffusivities of the mold, coating and solidified shell materials are assumed infinitely
large. The physical meaning of this assumption is that the thermal capacities of the
materials of the mold, coating and shell are zero. This assumption is correct at the
beginning of the solidification since the materials properties have no significant effects
on the process and it allows us to solve the heat conduction problem analytically
because the temperature distributions in the each layer changes linearly in space
coordinate. The model is restricted to the solidification of pure metals and the
solidification occurs at a distinct temperature. Therefore, there is a sharp interface
between solid and liquid phases, no mushy zone occurs. For modeling the changes in
the heat flux drawn from the lower surface of the mold, small spatial perturbations are
added and amplitude of this perturbation are much small than its wavelength. The liquid
initially at its melting temperature and the liquid phase is assumed to be at constant
hydrostatic pressure. The determination of the stress distribution in the solidified layer
is very complex, because the material is continually being solidified while the solid is in
a deformed state, and therefore the final cast product exhibits residual stress, even after
the temperature has been reduced to zero. Linear constitutive model has been employed
which assumes the behavior of the solidified material to be elastic during solidification.
Thermo-elastic displacement potential and Airy stress function are used to obtain
particular solution and homogeneous solutions of the stress fields in each layer,
respectively. Linear perturbation method is used to obtain the governing equations of
solidification problem on coated planar mold of finite thickness. Two-dimensional
problem is modelled with two one dimensional problem called as zeroth and first order
problem. Zeroth order solution is the nonlinear unperturbed solution of the problem. As
long as the perturbation is small compared with the zeroth order values, the perturbation
will be linear. The zeroth and first order problems involve fields varying in only one
spatial dimension and time, they are considerably easier to implement and more
efficient computationally than a full two-dimensional numerical solution of the
solidification problem. After the modeling of thermal and mechanical problems with
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respect to thermal and mechanical boundary conditions, two second-order differential
equations with variable coefficients which involving amplitude of perturbation at the
moving interface, its time derivative, residual stress and its derivative with respect to
mean shell thickness. The problem solve in dimensionless form for generality of the
solution. These equations are written in state-space form and solving simultaneously
with the given initial conditions. A variable step variable-order predictor-corrector
algorithm is used to solve this stiff problem. The effects of the system parameters such
as thickness of the coating layer and mold, thermal conductivity ratio between the
solidified shell material and coating material, thermal conductivity ratio between the
coating material and mold material, coupling between thermal and mechanical problems
at the interfaces between solidified shell, coating and mold on the growth of the
solidified shell thickness are investigated. The results of this study use in the
development of the numerical solution of general problem with adding thermal
diffusivities, as well as in providing an initial conditions for the general case and use to
control validity of the numerical solution.

Keywords: Solidification of pure metals, thermoelastic instability, metal casting, mold
coating, phase change problems, linear perturbation method

YILDIZ TECHNICAL UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
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OZET

KATILASMA SURECINDE GOZLEMLENEN KARARSIZLIK
MEKANIZMASININ ANALIiZi: KALIP YUZEYiI KAPLAMA TABAKASININ
ETKILERI

Mehmet Hakan DEMIR

Makine Teorisi ve Kontrol Anabilim Dali

Doktora Tezi

Tez Danismani: Prof. Dr. Faruk YIGIT

Katilagma prosesi sirasinda baglangicta sivi halde bulunan malzeme kendisini
cevreleyen kalip ile temas halindeki yiizeylerden gerceklesen 1s1 transferi ile
sicakliginin erime sicakliginin altina diismesiyle kat1 hale gegmeye baslar. Bu sebepten
katilagma siireci kalip ylizeylerinde olusan kati olusumu ile baglar ve tiim siv1 kiitlesine
yayilarak devam eder. Sividan kaliba olan 1s1 transferi tiim sivi katilagincaya kadar
devam eder. Eger katilasma prosesi katilagsma devam ederken kesilip, katilagmayan sivi
prosesten uzaklastirilirsa katilasmis malzemenin kalinliginda periyodik degisimler
gozlemlenir. Bu dalgali yap1 iiniform olmayan sogumanin kacinilmaz sonucu olarak
bircok metalin katilasmasi sirasinda goriiliir. Katilasmis kabugun bu tip diizensiz
biliylimesi liretimde, bununla iligkili olan katilasmig kabuktaki termal bozunumlarin
katilasan pargada ciddi ¢atlaklar olusturmasi nedeniyle istemeyen bir durumdur. Bu
catlaklar katilasan malzemenin mukavemetini, mikroskobik yapisini ve buna baglh
olarak katilasma sonucu olusan parcanin kalitesini Oonemli Olgiide etkilemektedir.
Katilasma kesilmeyip bitmesi saglandiginda ise kati/sivi fazlar1 arasindaki periyodik
degisimler, katilasan malzeme kalinligmin artmasiyla kati/sivi ara ylizeyindeki
kosullarin kalip ile katilasmis malzeme arasindaki kosullara olan iliskisinin azalmasi
nedeniyle zaman ilerledik¢e kaybolacaklardir. Kati ve siv1 fazlar1 arasindaki bu iiniform
olmayan dalgalanmalar kalip ile kati malzeme arasindaki yiizeyden olan 1s1 ¢ikisinin
diizensiz yapisi sebebiyle ortaya ¢ikmaktadir. Bu yiizeyde genelde yiizey piiriizligl ve
kirletici filmlere bagl olarak termal temas direngleri mevcuttur. Bu termal temas direnci
temas basincina ters orantili olarak degisir ve basing artarsa azalma egilimi gdsterir.
Prosesten diizensiz 1s1 ¢ikisina bagli olarak hem katilasan malzeme hem de kalip
icerisinde liniform olmayan sicaklik ve gerilme alanlarinin olusur. Bu diizensiz termal
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ve gerilme alanlar1 kalip ve katilasan malzemede termal bozunumlarin meydan
gelmesine neden olur ve bu bozunumlarin kalip ile katilasan malzeme arasindaki
yiizeydeki temas basinci tizerinde biiylik etkisi vardir. Temas basincinin degisimi termal
temas direncini etkiler ve buna bagli olarak 1s1 akisi degisir. Anlasilacagi gibi bu
problemde termal ve mekanik olaylar birbirine bagli olarak gergeklesmektedir.
Dolayisiyla problemin komple bir sistem olarak incelenmesi gerekmektedir. Bu
birbirine bagli sistem bir pozitif geri besleme mekanizmasina sahiptir ve bu sebepten
dolay1 kararsiz olma potansiyeli bulunmaktadir. Sistem faz degisimli 1s1 transferi,
gerilme alanlarinin belirlenmesi ve termoelastik kararlilik analizi olarak li¢ kisimda
incelenir.

Yapilan tezin amaci saf metallerin katilagsmasi prosesindeki karasizlik mekanizmasini
aragtirmak ve bu termoelastik kararsizlik hakkindaki bilgileri arttirmak, birbiriyle
bagintili termo-mekanik olaylar sonucunda dokiim parcasinin i¢ yapist ve dis
yiizeylerinde olusan ¢atlaklar gibi profil hatalarim1 elimine ya da minimize edecek
kosullar1 belirlemek ve kalip lizerine eklenen kaplama tabakasimnin ve diger sistem
parametrelerinin  katilagma prosesi iizerindeki etkisini incelemek ve son {iriiniin
kalitesini arttirmak icin kosullar1 belirlemektir. Kati-sivi ara ylizeyindeki olusan bu
dalgalanmaya, temas basincinin yaninda eriyik metal igindeki sivi akisi, metalin donma
araliginin ayarlanmasi, siirekli dokiim prosesleri icin katilasma hizi ve erimis metalin
siiper 1sitma derecesi gibi faktorler de etki etmektedir. Yapilan ¢aligmalar bu
dalgalanmanin 6nemli Ol¢lide kalip ile katilasan malzeme arasindaki ara yiizeyin
geometrisine bagl oldugunu gostermistir. Farkli kalip topografileriyle yapilan deneyler
sonucunda bu kalip/katilagmis katman arasinda olusan hava bosluklarinin olusma
zamanlarinin ve yerlerinin segilerek ya da ayarlanarak daha diizgiin bir yapiya sahip
katilasma elde edilebilecegi kanitlanmistir. Kalip kaplamasi prosesten olan 1s1 ¢ikisin
kontrol etmek i¢in en ¢ok kullanilan yontemlerden biridir. Bu yiizden katilasma
derecesin ve mikro yapinin olugmasi iizerinde 6nemli bir rol oynamaktadir. Kalip
kaplamasi teknigi sanayide tiretimde sik kullanilan bir tekniktir. Kalip kaplamasi 1s1
cikisint kontroliinii saglayip daha tiniform bir biiyiime saglar ve kalitesi yliksek
tirtinlerin dokiim siirecinden ¢ikmasina yardimer olur. Bu da iireticinin olusan {iriiniin
atilmas1 ya da baska bir amaca yonelik kullanmak i¢in herhangi bir ek isleme gerek
kalmamasma yardimci olur. Boylece zaman, enerji, is glicii ve malzeme sarfiyati
azaltilmig olur. Ayrica kalip tiretim teknolojisinin pahali bir teknoloji olmasi nedeniyle
kaplama katmanin kalibi1 koruyucu bir faydasi da vardir. Bu g¢alismada termal ve
mekanik problemler basinca bagl termal temas direnci aracigiyla bagintili (birlesik)
olarak ele almmustir. Kalip, kaplama katlamani ve katilasmis malzemenin termal
difiisiviteleri sonsuz biiyiik kabul edilmistir. Bu kabuliin fiziksel olarak kalip, kaplama
ve katilasmig kabuk malzemelerinin termal kapasitelerinin sifir oldugu anlamina gelir.
Bu kabul prosesin baslangicinda kisa bir evre i¢in malzeme 0Ozelliklerinin proses
tizerindeki etkisinin ¢ok az olmasi nedeniyle dogru bir kabuldiir ve kalip, kaplama
katman1 ve katilasmis kabuk icerisindeki sicaklik dagilimlarinin degisimi uzay
koordinat sisteminde dogrusal bir hale gelir. Boylece 1s1 transferi probleminin analitik
olarak ¢Oziilmesi miimkiin olmaktadir. Olusturulan matematiksel model saf metallerin
katilagmasi ile sinirlandirilmistir ve boylece katilasmanin belirli bir sicaklik degerinde
meydana geldigi ve kati/sivi arasindaki hareketli ara yiizeyin keskin ve belirgin bir
yapida oldugu varsayillmistir. Baglangigta sivinin sicakligi erime sicakligina esittir ve
s1v1 fazin sabit hidrostatik basinca sahip oldugu kabul edilmistir. Malzemelerin fiziksel
ozellikleri sicakliga bagl olarak degismemektedir. Faz degisimli 1s1 transferi problemi
analitik olarak ¢oziiliir. Katilasmis metal icerisindeki gerilme alanlarinin belirlenmesi
kat1 deforme olmus durumda iken katilasmanin devam etmesi nedeniyle karmasik bir
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islemdir. Katilasma sona erdikten sonra final iiriinii kalic1 durum sicakligina ulagtiginda
icerisinde artik gerilmeler icerir. Bu gerilmelerin modellenmesi sirasinda katilagma
sirasinda katilagsan malzemenin elastik davrandigi varsayilan dogrusal yapisal model
kullanilmistir. Katmanlardaki gerilme alanlart homojen ve 6zel ¢6ziim olmak tizere iki
kisimdan olusmaktadir. Ozel ¢dziimii bulmak igin Termoelastik yerdegistirme
potansiyeli, homojen ¢6ziim i¢in ise Airy gerilme fonksiyonu kullanilmistir. Sonlu
kalinliga sahip kaplanmis kalip {lizerinde saf metallerin katilasma probleminin
modellenmesi igin dogrusal pertiirbasyon metodu kullamilmustir. ki boyutlu model bu
metot aracilifiyla sifirinci ve birinci dereceden problem olmak tizere iki adet tek
boyutlu probleme indirgenmis ve bu problemlerin ¢oéziimii iki boyutlu problemin
¢oziimiinden daha verimli ve hizli bir ¢6ziim getirmektedir. Termal ve mekanik
problemler siir kosullarina bagli olarak modellendikten sonra, birlesik katilagsma
modeli i¢in iki adet degisken katsayili iki dereceden adi diferansiyel denklem elde
edilir. Bu denklemler hareketli arayiizeydeki pertiirbasyonlarin genligi ve bu genligin
zamana gore tiirevi ile katilasmis kabukta olusan artik gerilmeleri ve bu gerilmelerin
uzay degiskenine gore birinci ve ikinci dereceden tiirevlerini icermektedir. Problem
¢ozlimiin genellestirilmesi i¢in boyutsuz olarak ¢6ziilmiistiir. Elde edilen boyutsuz
denklemler durum uzayr formunda yazilarak, belirlenen baglangic kosullar
dogrultusunda es zamanl olarak ¢oziiliir. Bu rijit katilagsma problemin niimerik ¢éziimii
icin degisken adimli degisken dereceli tahmin ve dogrulama algoritmasi kullanilmistir.
Coziim elde edildikten sonra kaplama katmanimnin ve kalibin kalinligi, katilasan
malzeme ile kaplama katmani malzemesinin termal kondiiktivitelerinin orani, kaplama
malzemesi ile kalip malzemesinin termal kondiiktivitelerinin orani, katmanlar
arasindaki yiizeylerdeki termal ve mekanik problemlerin birlesme (coupling) derecesi
gibi sistem parametrelerinin katilasmis malzeme kalinliginin biiylimesi tizerindeki
etkileri incelenmistir. Bu ¢alisma sonucunda elde edilen sonuglar daha genellestirilmis
model olan malzeme termal difiisivitelerinin hesaba katildigi problemin niimerik
¢Oziimiinde baslangi¢ kosulu olarak ve bu niimerik ¢éziimiin dogrulugunun kontroliinii
yapmak amaciyla kullanilacaktir.

Anahtar Kelimeler:Saf metallerin katilasmasi, termoelastik kararsizlik, metallerin
dokiimii, kalip kaplamasi, faz degisimli problemler, dogrusal pertiirbasyon metodu
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Solidification problems has a great importance in many engineering applications such as
casting of pure metals and alloys, welding, freezing of foods, enzymes and tissues and
many others applications. Casting process involves solidification of melted metals and
alloys in a surrounding mold. The dimensions of the parts produced by the casting are
changed from a few millimeters to a few meters and their weight is varied from a few
grams to a few tons. On the other hand casting is suitable method for manufacturing of
the products which have internal spaces, complex shapes with curved surfaces or
consisting of several parts. The materials, which are hard to processing in machining or
have low deformation ability, can be forms only through casting. Because of these

obvious advantages, casting has a great importance in manufacturing methods.

For analyzing casting process and the microstructure of the final cast product, it is
necessary to investigate the solidification process. During the solidification process, an
initially liquid mass of material is started to solidify in the surrounding mold through its
temperature reduces below its melting temperature due to heat transfer from its surfaces
to mold. Generally solidification process begins with formation of shell in contact with
the mold and spreads entire of the liquid mass as time progressed and heat transfer from
solidified shell to surrounding mold continues until all liquid mass solidifies. If the
solidification process is interrupted and remaining liquid is drawn away from the
process, some periodic variations are observed at the moving interface between solid
and liquid phases. This undulatory growth of shell is generally occurred due to the
observed non-uniform cooling profile during the solidification of most metals. Such
uneven undulations at the freezing front are not desirable in the manufacturing process

because they will cause severe structural faults in the cast product such as micro and
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macro cracks. For example Figure 1.1 shows the photograph of the casting in an
interrupted process in which the remaining liquid has been drained away. The sinusoidal
variations at the freezing front are seen clearly in this figure. The thickness of the
solidified layer exhibits serious periodic non uniformities. These undesirable cracks
have significant effects on the strength, microscopic structure, quality and usability of
the casting product. Therefore, preventing unstable growth during the solidification is
important for saving of energy, time, raw materials and cost. If the solidification is
allowed to proceed, these periodical variations tend to die out and a planar surface is
observed on the cast. The reason of the disappearing of the undulatory structure is that
the conditions at the moving interface between solid and liquid phases becomes less
dependent upon the conditions at shell/mold interface due to increasing in shell
thickness. The question to be answered is that what the underlying mechanisms are

behind occurred growth instability during the casting process.

Figure 1.1 A photograph of uneven shell growth during aluminum casting

These non-uniform undulations are occurred as a consequence of the non-uniform heat
extraction along the shell/mold interface. Heat transfers from solidified shell to mold by
conduction and heat flux rate at the interface between solidified shell and mold is
significantly dependent on the conditions at this interface. There are some thermal
contact resistances at shell/mold interface due to surface roughness and other
contaminant films. These thermal contact resistances are changed as a function of
contact pressure. If contact pressure increases at a local region of this surface, thermal
contact resistance reduce at this region and therefore, the conducted heat flux at these
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regions increases and the melting liquid above this region solidifies faster. Vice versa if
the contact pressure decreases, thermal contact resistance increase and inversely the
liquid material above the region solidifies slower. Solidifying melting material faster in
one region than the other region causes observed undulatory structure at the solid/liquid
interface. The non-uniform temperature and stress fields in the solidified material and
mold associated with non-uniform heat extraction cause thermal distortions in the
casting and mold. Contact pressure changes locally at the shell/mold surfaces depending
on these thermal distortions. The closed loop mechanism of the solidification process is
shown in Figure 1.2. As it is seen the thermal and mechanical problems must be
investigated together and the system behaves like a positive feedback system, therefore

it may have potential to being unstable.

Heat extraction through
“the shell/mold interface

Temperature

Thermal Contéct

Resistance Growth Field

y Instability o
Contact _  Stress
Pressure | ~ . Field

Figure 1.2 Closed loop mechanism during the solidification process

The objective of this study is to investigate the instability mechanism in the
solidification process during casting of pure metals and improve our knowledge about
this thermo-elastic mechanism. Also we determine the conditions which eliminate or
minimize the profile defects such as cracks associated with the coupled
thermomechanical events. A high priority in this study is to extend the earlier researches
to include the effects of the mold coating layer. The effects of the thermal and
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mechanical properties of the coating layer on the growth of the perturbation at the
moving interface are investigated in detail. For this purpose the influences of thickness
and material of the coating layer, coupling rates at shell/coating and coating/mold
interfaces on the growth instability are determined. Case studies in which different
shell, coating layer and mold materials combinations are used, are done for applying our
model to real material solidification on a coated mold of finite thickness. Additionally
the solution of this study will use as initial condition in the solution of full solidification
problem which involves the effects of thermal diffusivities of the materials of solidified

shell, coating layer and mold.

This system is discussed in three parts as heat conduction problem with phase change,
determination of stress fields and analysis of the thermo-elastic instability mechanism.
In the following section a review of related previous works will be given including
studies on both parts of these studies. The industrial applications of this study are given
in section 1.3 with relevant patents. An overview of the thesis is presented in section 1.4

and the original contributions of our work are outlined in section 1.5.

1.2 Literature Review

1.2.1 Heat Conduction Problem with Phase Change

The transient heat transfer problems with phase-change which involve solidification and
melting process are called as “phase-change problems” or “moving interface problems”
and have great importance in many engineering applications such as purification of
metals [1], metal casting and welding processes [2,3], freezing of foods [4], freezing of
the proteins of the enzyme and tissue [5], cooling of the electrical components [6] and
thermal energy storage systems [7]. The common property of phase change heat
transfer problems is a moving interface is occurred between the solid and liquid phases
during the solidification or melting process. The interface between the phases is moving
as the latent heat is absorbed or released at the interface. Therefore, the dynamics of
these types problems are very difficult to investigate and the location of the solid-liquid
interface do not known a priori and must calculate as a part of the solution. The
morphology of this moving interface varies according to the purity of the solidified

material.
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Stefan [8] studied on the earliest theoretical works about the solution of the phase
change problem in formation of ice. The existence of the solution of a Stefan problem is
investigated by Evans [9] and Douglas [10] worked on the uniqueness of the solution of
this problem. Since then, despite the many phase change problems are appeared in the
literature, the exact solutions of this problem may be obtained just for limited idealized
cases containing semi-finite or infinite regions with simple boundary and initial
conditions. Junyi and Minyu [11] obtained some exact solutions to the first, second and
extended Stefan problems with fractional time derivative in the Caputo sense. The
history and some classical solutions to the Stefan problems were well covered in Crank
[12] and Hill [13].

Since the nonlinear behavior of this problem superposition principle is not applicable
and all cases are evaluated separately. When the exact solution of the full Stefan
problem is not calculated analytically, the approximate, semi analytic and numerical
methods are developed to solve these problems. For the numerical solution of the
problem various approximations are existed in the literature. One of these
approximation techniques is Front Tracking Method and it is based on the tracking of
the interface between the solid and liquid continuously. Another one is the Lagrangian
method in which the variable space grid and variable time steps are used and provide
the way to track the moving front explicitly The obtaining numerical solution by using
these or similar approaches is compared with the analytical solution for limiting
problems due to controlling the convergence and stability of the numerical solution.
Now various methods of solution of phase change problem (Stefan problem or moving

boundary problem) are presented briefly as follows.

Barry and Caunce [14] analyzed Stefan type problems with two moving boundaries.
The numerical and exact analytical solutions are obtained for linear and nonlinear
diffusivities for a variety of parameter ranges and the limitations of the pseudo-steady-
state assumption. Song et al. [15] solved the Stefan problem by using an underlying
non-uniform rational B-spline based iso-geometric approximation with sharp interface.
Due to increase the stability and efficiency of the adopted method, adaptive time
stepping, refinement and coarsening of geometry were developed. Reutskiy [16]
developed a new meshless numerical technique for the solution of one-dimensional
Stefan problems with moving boundaries. The technique is based on the delta shaped

functions and the method of approximate fundamental solutions. The results show that
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the method has high accuracy for determining the position of the moving boundary.
Juric and Tryggvason [17] applied a front tracking method for dendritic solidification
problem. The fixed grid in space was used for determining location of moving boundary
and the interface heat sources were calculated by using moving grid on the interface.
Murray and Landis [18] compared and adapted grid procedure with a fixed grid and
showed that grid method determines more accurately the interface position but fixed
grid algorithm gives more precise heat distribution in the whole domain. Segal et al.
[19] used an adaptive grid method for discretization for the free boundary in two
dimensional phase change problem. The movement of the grid in adaptive grid method
was introduced into the system equations by use of Arbitrarian Lagrangian Eulerian
(ALE) approach.

Kutluay et al. [20] applied variable space grid and boundary immobilization techniques
based on the explicit finite difference technique to the one-phase classical Stefan
problem. Caldwell and Kwan [21] used nodal integral and enthalpy solution of one
dimensional Stefan problem and Caldwell et al. [22] extended the previous work by
obtaining the solution of the one-dimensional phase change problem by using finite
difference methods. They compared the solutions with the previous studies and obtained
good agreement between these solutions. Caldwell and Chiu [23] used the heat balance
integral method for the numerical solution of one-dimensional Stefan problems with
temperature dependent thermal properties. Numerical results were obtained for both
cylindrical and spherical geometries. In the second part of the study in [23], Caldwell
and Chiu [24] used a special starting procedure for small time. The systems of nonlinear
algebraic equations for the coefficients in the small time series were derived for he both
cylindrical and spherical geometries. Caldwell and Kwan [25] described and compared
several effective methods for the numerical solution of one dimensional Stefan
problems for simple geometries including plane, cylindrical and spherical such as
including the enthalpy method, boundary immobilization method, perturbation method,

nodal integral method and heat balance integral method.

Tarwidi and Pudjaprasetya [26] solved the enthalpy formulated one and two
dimensional Stefan problems numerically by using Godunov method. Savovic and
Caldwell [27] developed a methodology for solving phase change problem with
Dirichlet boundary condition. Finite difference approximation was used to derive

temperature distribution, the location of moving interface between the phases and its
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velocity. Javierre et al. [28] compared the numerical methods, level set, moving grid
and phase field model, used in the cases of melting of pure phase and diffusional solid-
state phase transformations in a binary system. They found that the type of the phase
transformation considered determines the convenience of the numerical techniques.
Voller [29] developed an enthalpy node-jumping method for solution of the one-
dimensional Stefan problems under heat conduction. A variable time step and fixed
space grid were used to ensure that the moving front is always on a node point and also
the problems were solved in an uncoupled form by using this method. Developing
technique was applied to a problem of binary alloy solidification. Nedjar [30] used an
efficient algorithm based on the finite element method for solving nonlinear phase
change heat transfer problems. They considered two problems which are the stationary
convection-diffusion problem and the classical transient heat problem. They obtained
the mathematical models based upon the enthalpy formulations. Chen et al. [31]
presented a simple level set method for solving Stefan problems and they applied this
method to dendritic solidification problems. Implicit finite difference scheme was used
to solve the equation of heat transfer and the position of the moving interface between
the solid and liquid phases was calculated with level set method. Gibou et al. [32]
investigated the dendritic solidification of pure melt by using level set approach and
numerical results showed that developing method is used on complex interfacial shapes

and can simulate many of the physical features of dendritic solidification.

Phase-field (PF) models avoid the need to explicitly track the moving interface.
Mackenzie and Robertson [33] investigated the phase-field modeled phase change
problem. A moving mesh algorithm was developed for discretization of the equations
and existence and uniqueness of the equations was examined. The results show that the
developed method is more efficient than fixed grid methods. Other research about the
phase-field modelling of the phase change problem is Sun and Beckermann [34]. They
developed a method based on the phase-field equation and can track the interface
between the phases and different modifications of the phase-field equations were
investigated. The accuracy of the present method was demonstrated in several
numerical examples for a variety of interface motions and shapes that include
singularities, such as sharp corners and topology changes.Voller and Falcini [35]
investigated the two different one-phase Stefan problems: in the one of them diffusivity

varying as power law of position, in the other problem diffusivity changes as a power
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function of the slope. The exact similarity solutions of these problems were calculated
and the time exponent in the front position relationship can take values in the range
[0,1] was observed from these solutions. Esen and Kutluay [36] used finite difference
approximations for solving Stefan problem with a Neumann-type boundary condition
numerically. Enthalpy method was used to modeling the system and numerical results
were obtained by the hopscotch technique. Asaithambi [37] developed a numerical
method using automatic differentiation technique which obtains a Taylor series
expansion of solution and coefficients of the series terms were calculated using
recursive formulas derived from the differential equation itself. He applied this method
to the heat transfer problem in an ice-water medium. Yang and He [38] solved the
phase-change heat transfer problem by combining the heat capacity method and element
free Galerkin method. They used a sigmoid function for a continuous and smooth
effective heat capacity function for avoiding the error due to the step jump and the
influences of adjusting of element-free Galerkin method nodes and parameters relevant
with Sigmoid function on the solutions were investigated. Vynnycky and Mitchell [39]
developed an algorithm for one dimensional time dependent problem of an evaporating
spherical droplet that has a finite extinction time by use of the Keller box finite
difference scheme in tandem with boundary immobilization technique. Mitchell and
Vynnycky [40] extended the work referred in [39] for the purpose of two- phase moving
boundary problem with heat flux boundary conditions using same solution techniques.
The second phase appears first only after a finite delay time. They used variable
transformations in the numerical algorithm to resolve boundary condition discontinuity
and it allows them to determine the time delay until solidification starts and improves
the accuracy of the algorithm. Myers and Mitchell [41] developed a solution method for
solving Stefan problem based on the heat balance integral method which is called
combined integral method. This method is more accurate than the second order, large
Stefan number and perturbation solution for a wide of Stefan numbers. The combined
integral method breaks down like other integral methods when the boundary
temperature approaches zero or oscillates. Zabaras and Ruan [42] studied on the moving
and deforming finite element method analysis of two dimensional phase-change
problems. The transfinite mapping method was used for mesh generation in the liquid
phase and the solid phase was divided into a non-moving element region and a moving

region which involves the finite elements near to moving interface. The calculated
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solutions were shown good agreement with analytical and numerical solutions in the

literature.

Some of the research about Stefan problem consist the effect of the latent heat at the
solid-liquid interface. Voller et al. [43] studied on an analytical solution of the Stefan
problem with variable latent heat. They governed the equations of one-phase Stefan
melting problem for modelling the movement of the shoreline in a sedimentary basin.
The results show that latent heat that increases linearly with distance from the origin.
Other related articles about the phase-change problem with variable latent heat are
referred in the [44, 45].

Natale et al. [46] investigated the one-dimensional two-phase free boundary
solidification problem of pure materials with shrinkage and expansion of liquid as it
solidifies. Initially the liquid temperature is higher than its melting temperature and the
system is adiabatic in a region. They found temperature distributions in the solid and
liquid layer and location of the interface between the phases and positions of the two
free boundaries (liquid-solid interface and interface due to shrinkage or expansion of
liquid) for three different cases involving temperature boundary condition, heat flux
boundary condition and convective boundary condition at the interface due to shrinkage
or expansion. Zabaras and Mukherjee [47] determined the position of the freezing front
and the time dependent temperature field during solidification of pure metal by using
boundary element method with time dependent Green’s functions and convolution
integrals. The results show that developed method is faster, more accurate and without
time-step limitations in comparison with other semi-analytical and numerical solutions.
Dursunkaya and Nair [48] analyzed the motion of a solidification front by using a semi
analytical approach during the solidification of a finite one dimensional medium with
boundary temperature with oscillations. The effects of the solid, liquid Stefan numbers
and the unsteady boundary temperature variation were investigated and they found that
if the initial temperature of the medium is different than melting temperature of the
solidified material, reversal of the interface motion is possible. The large solid Stefan
number leads to fast interface motion but large liquid Stefan number has opposite effect
on the interface motion. Skrzypczak and Wergrzyn-Skrzypczak [49] studied on the
mathematical and numerical modelling of the heat transfer problem during solidification
of pure metals by using finite element method. They used front tracking method based

on the level set method for determining the position of the moving interface. They
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applied developed method to two dimensional area at different temperatures on the
boundaries to establish the effectiveness of the method for a complex shape of the

solidification front.

Caldwell and Kwan [50] used the perturbation method for the solution of Stefan
problems with time-dependent boundary conditions. They applied this method to
different cases such as melting of ice in the half plane, outward spherical and cylindrical
solidification of a saturated liquid. Pedroso and Domoto [51] and Huang and Shih [52]
used this method to investigate the solution of the planar solidification of saturated
liquid with convection at the wall. The perturbation solutions of the spherical and
cylindrical solidification process were derived in Pedroso and Domoto [53], and
Stephan and Holzknecht [54]. Yu et al. [55] obtained perturbation solution of planar
solidification problem with time dependent heat generation. The effects of heat
generation and Stefan number on the growth of the solidification were investigated.
Yigit [56] obtained an analytical solution for a two dimensional heat conduction
problem with phase change by using linear perturbation method when the temperature
at the outer surface of the planar mold was prescribed. The inverse problem was also
discussed and the effects of the process parameter such as cold thickness, thermal
contact resistance on the growth of the perturbation and the outer temperature of the
mold were examined. Yigit [57] used a linear perturbation method for determining the
solution of the solidification of pure metal on a sinusoidal mold surface of finite
thickness. The governing equations were discretized by using finite difference approach
and the effects of the system parameters such as thermal capacities of the shell and mold
materials and wavelength of the mold surface on the growth of the perturbation at the
solid-liquid interface were investigated for the different combination of the shell and
mold materials. A linear perturbation solution was used to obtain approximate analytical
and numerical solution of the two-dimensional heat conduction problem by Yigit [58].
The pure material solidified on a planar mold surface and the cooling rate is perturbed
by a small spatially sinusoidal heat flux at shell-mold interface. Approximate analytical
results were obtained for the solid/melt moving interface as a function of time and for
the temperature field in the shell. The approximate analytical solution was compared
with a numerical solution, and a very good agreement has been found. The effect of
thermal diffusivity of the solidified shell material on the development of the shell

thickness was investigated. It was shown that solidified shell materials with higher
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thermal diffusivities may result in irregular growth which, generally, causes cracking
near the surface. Yigit [59] solved the solidification of pure metal on a planar mold of
finite thickness by use of linear perturbation method. Analytical results were obtained
for limiting case in which the diffusivities of the mold and shell material are assumed to
be infinitely large. Then these analytical results were used to validate the numerical
results of model with diffusivities which are calculated by using an explicit finite
difference Lagrangian scheme. The influences of thermal diffusivities of materials,
thickness of the mold, thermal contact resistance at the mold-shell interface and the
thermal conductivity ratio of the material on the growth shell thickness were
investigated. The two-dimensional heat conduction equation with phase change was
solved by using linear perturbation method in Yigit [60]. The system involved a liquid
which is solidified on a sinusoidal mold with finite thickness and both surfaces of the
mold follow a sinusoidal lay for which the ratio of the amplitude to the wavelength. The
temperature of the bottom of the mold was prescribed as a constant. The thickness of
the shell and the temperature distributions in the shell and mold were examined. The
inverse phase change problem was solved in which the temperature at the bottom of the
mold is found according to the moving interface position. The effects of the system
parameters on the growth of the perturbation at the freezing front were investigated. The
one dimensional solidification problem with a periodic boundary condition prescribed at
the bottom of the mold of finite thickness was solved numerically in Yigit [61]. The
finite difference method was used for solution and the temperature distributions in the
solidified shell and mold, the position of the moving freezing front and its velocity were
calculated. The influences of the Stefan number of the solidified material and thickness
of the mold, the thermal conductivity and thermal diffusivity between the shell and
mold materials on the growth of the shell and growing velocity of the shell were
analyzed. The impact of oscillating mold temperature boundary on the growth of shell
thickness is particularly significant at earlier stages of the process and more pronounced
for smaller Stefan numbers.Hu and Argyropoulos [62] wrote a peer review paper about
most using analytical and numerical techniques for modelling and solving phase-change
heat transfer problem during melting and solidification problems. They gave the
advantages and disadvantages of each formulation.

The inverse heat conduction problem with phase-change usually refers to the problem

of calculating the heat flux and temperature at the boundaries for a given position,
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velocity of the interface between the phases or heat flux at this interface. The desired
motion and growth of the solidification is important for obtaining desired cast quality,
optimizing the time of casting, controlling the liquid feeding to the contracting front.
Zabaras et al. [63] developed a method to adjust the motions of moving interface
between the solid and liquid phases during the solidification process. In this method,
they calculated the boundary heat flux or temperature for a desired motion of the
solidification front. A moving and deforming FEM formulation in [42] was used with
spatial smoothing and a modification of Beck’s future information method to solve this
ill-posed design problem. A variety researches for solutions of the inverse one or two
phase change problems during the solidification process by using different solution
techniques are listed in [64-70].

1.2.2 Determination Stress Field

During the solidification of pure metals or alloys, the thermal stresses may develop. If
these developed stresses in the solidified shell and mold have sufficient magnitude, they
cause severe defects, such as formation of surface cracks in the final cast. The stress
fields in the solid layers are occurred depend on the two factors during solidification of
metals. First one of these factors is the external force due to the hydrostatic pressure
from the liquid metal and second one is the non-uniform cooling rate in the solidified
shell and mold. Some theoretical and experimental studies about development of the

stresses during the casting process are mentioned below briefly.

Tien and Koump [71] studied on the stress distributions and displacement in a slab
during solidification of metals analytically. The model consisted on elastic horizontal
beam with temperature-dependent parameter and different boundary conditions. They
investigated the effects of the cooling rate and dimensions of the beam on development
of thermal stress and transverse displacement. They found that the stress at the solid-
liquid interface depends on the compression to tension during the freezing process for
simply supported beam. However the stress at the freezing front is always compressive
for built-in ends beam. The stress at the cooling surface was always positive for both

models.

Richmond and Tien [72] investigated the mechanical behavior of the solidified material
at high temperatures. They used non-linear viscoelastic model without neglecting the

pressure of melt for determining stress fields. The viscosity and Young’s modulus of the
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solidified material changed depending on the temperature and the stresses in the
solidified layer and air-gap nucleation time at the shell/mold interface analytically.

Heinlein et al. [73] proposed to solve the heat transfer problem with phase change and
the thermal stress problem associated with thermal fields, thermal and elastic strains and
viscoplastic flow during the solidification by using boundary element method. In their
model, material properties changed with temperature.

Chen et al. [74] investigated the developing thermal stresses in a silicon ingot during a
unidirectional solidification numerically. The dynamic front tracking method was used
to determine the position of moving interface and thermal stress in the ingot was solved
using the displacement based thermo-elastic stress model. They observed the shapes of
the freezing interface for different growth velocities and investigate the occurred

thermal stress in the ingot for some different times.

Zhang et al. [75] studied on the modelling the meshless solidification process by using
finite point method and elastic-plastic analysis mode. They developed integrated
meshless thermal-mechanical analysis system and they investigated thermal stress and
strain distribution in the cast and mechanism of the off-corner defects formation. They

analyzed large deformation case by using same method.

Liu et al. [76] investigated the thermal stress and estimation of hot tearing and residual
stress of shaped casting. Rheological model and thermo-elasto-plastic model were used
for analyzing the quasi-solid zone and the time after solidification, respectively. The
finite element method was used to obtain thermal distribution and the stress analysis
based on the finite difference. The accuracy of their model was tested by comparing the

experimental and empirical results for casting of steel and iron.

Risso et al. [77] suggested two numerical models for early stages of steel casting
process and the thermal stress and plastic strain in the casting ingot was analyzed.
Thermo-mechanical problem during the solidification process was solved using these
models with Eulerian-Lagrangian procedure and extended plane strain condition with
uniform and nonzero axial strain at z-direction. The results of these models for the
simulation of a billet continuous casting process were compared and the results match

very well.

Meng et al. [78] modeled the continuous casting of steel process to simulate the

evolution of temperature field, stress field and strain in the steel cast using finite
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element method. The model involved combined elastic-viscoplastic constitutive models
for different graded steels and it was validated by submerged split chill tensile test. The
developed model was used to predict shrinkage during the casting and the effects of

grades on the shrinkage were investigated.

Xue and Wang [79] developed a finite difference based discretization method for
solving equations in terms of displacement associated with the thermal distortion. In
this method different partial derivatives were added to the boundary conditions to
correct the inner control volume’s discretized equations coefficients. These coefficients
of derived discretized equations were solved by line Gauss-Siedel method and 3-D
algorithm using this method was developed to solve thermal stress problem during the

casting process.

Sadrossadat and Johansson [80] studied on the effects of modification, superheat
temperature and mold properties on residual stresses and microstructure of final cast
during solidification of AI-Si-Mn alloy experimentally. Residual stresses were
measured by using sectioning method for different designs under different physical
parameters effects. The results showed that residual stresses decreases with lowered
superheat, temperature and mold hardness and microstructure of the ingot is influenced
significantly by changing these parameters.

Uehora et al. [81] studied on the phase field simulations of development of stress to
investigate the stress distributions in dendritic microstructures during solidification of
alloys. The finite element method was used to solve the coupled thermo-mechanical
equations which involved the phase transformation, thermal and stress fields. The
mechanical properties of the melt were neglected. The stress distribution in a dendrite is
determined and the influences of the morphology of the microstructures on the stresses

were investigated.

Farhangi et al. [82] investigated the effects of casting process variables on the residual
stress in Ni-base superalloys, IN713C and U500, for the rectangular and triangular
shapes samples. They found that increasing melt superheat temperature cause to higher
residual stresses and higher level of residual stresses were developed in U500 compared
to IN713C at constant melt superheat temperature due to more extended freezing range
and mushy solidification behavior of U500. In triangular sample castings, higher levels

of residual stresses were developed in triangular sample casting under same conditions.
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Uehara [83] used a phase field model for investigating cellular microstructure formation
and stress distribution in the binary alloy system. They observed a wavy pattern with
tips and bottom edges at solid-liquid interface and occurred stress below these tips has
significant magnitude. Also they studied on the effect of the phase transformation on the
pattern formation and they found that solidification grows faster at the bottom than the
tips until a flat interface is observed at the growing front when transformation is

accelerated under the tensile stress.

Thomas et al. [84] developed a mathematical model for determining the generated
internal stresses in the steel ingot during the thermal processes. The stress model was
formulated for a two dimensional transverse plane at mid-height of the ingot and is a
transient, elasto-viscoplastic, finite element analysis of thermal stress field. They
applied their model to solidification process, air cooling and reheating process to
calculate the thermal stresses. The result showed that while mold corrugations do not
have significant effect on temperature field but have an important influence on local
stress field variations. The maximum tensile stress generally centered beneath the

corrugation ridges.

1.2.3 Thermoelastic Stability Analysis

Thermoelastic stability analysis of solidification of metals is very important for
manufacturing process especially casting and welding. Due to the non-uniform heat
extraction at the shell/mold interface, uneven shell growth is occurred at the moving
interface. This uneven shell growth during the solidification process was observed
experimentally in [85-90]. This undulatory growth of the shell causes severe defaults in
the final casting such as cracks and it reduces the quality and usability of the casting.
[91-94].

Before the summarizing the theoretical studies about observed growth instability during
the solidification process, the two different models, which identify the relation between
the thermal and mechanical problems in the process, are discussed. As shown in the
Figure 1.3 the thermal problem affects the mechanical problem but mechanical problem
does not affect the thermal problem in uncoupled model. The temperature distributions
in the solid layer affect the thermal stresses, thermal distortion and contact pressure but
vice versa these temperature fields are not affected by the stress fields. This model is

valid for early stages of the solidification process.
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Heat Mechanical Contact Thermal
Problem Problem Pressure Resistance

Figure 1.3 Uncoupled process block diagram

Figure 1.4 shows the block diagram of the coupled process. As seen in the figure, the
thermal and mechanical problems are affected each other through contact pressure
dependent thermal contact resistance. Full stages of the solidification process are

repsented by using the coupled model.

Heat Mechanical Contact Thermal
Problem Problem Pressure Resistance

Figure 1.4 Coupled process block diagram

Theoretical works about thermoelastic instability during solidification firstly
investigated Richmond and Huang [95] and they showed that the contact pressure
decreases at the thinnest sections of the solidified shell, but increases at the thickest
section. An air-gap forms at the shell/mold interface when the contact pressure falls
down to zero under these thin sections of the shell. Lastly they indicated that increasing
in liquid pressure leads to increase the air-gap nucleation time but increasing cooling
rate has an opposite effect on this formation time. Li and Barber [96] studied on two
dimensional heat conduction problem during solidification of pure metals and they
found that a small sinusoidal perturbation in temperature parallel to the plane of the
mold and determined corresponding perturbed solution for the temperature field and the
motion of the solidified surface. Richmond et al. [97] developed a model for this
problem with analyzing non-uniform beam approximation based thermomechanical
stresses. The uniform heat flux at the shell/mold interface has a small, spatially
sinusoidal perturbation. Their model was valid only for early stages of solidification and
they found that if the heat flux increases in a region than associated thermal distortion
leads to increase in contact pressure. Therefore the thermomechanical coupled problem

behaves like a positive feedback system. Zabaras et al. [98] determined the temperature
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and stress field development in a pure metal during the solidification by using front
tracking finite element method. The velocity and location of freezing front were
determined and the thermal stress field was calculated based on virtual work principle
and hypoelastic-viscoplastic constitutive model. The effects of melt pressure, cooling
conditions and geometry of continuously cast metal on the occurred residual stresses
were investigated and the residual stress for the cylindrical section were compressive in
the region close to outer surface and tensile in the region close to the center. Zabaras et
al. [99] extended previous work for axially symmetric solidification. The thermal and
mechanical properties were changed depending on the temperature and strain rate. The
results show that residual stresses are very sensitive to the applied cooling rates and
melt pressure has important effect on the air-gap nucleation at shell/mold interface. Li
and Barber [100] solved the coupled solidification problem in which thermal and
mechanical problems were investigated together through pressure dependent thermal
contact resistance at the shell/mold interface. They assumed that the liquid was initially
at its melting temperature and thermal capacity of the solidified material was zero. They
indicated that coupling between the thermal and mechanical problems at the shell/mold
interface causes rapid growth of perturbation at the moving interface.

Yigit et al. [101] extended previous coupled study with taking into account the effect of
the thermal capacity of the solidified shell and they used linear perturbation method for
modeling the system and the governing equations were solved numerically by using
finite difference algorithm. The mold was assumed rigid and the heat flux at the
shell/mold interface was prescribed as a constant. The results showed that thermal
capacity of the shell has a stabilizing effect on the fully coupled process and its effects
are more important at large cooling rate. Yigit and Barber [102] determined the effect of
Stefan number on the growth of the shell during solidification on a rigid mold. The
thermal and mechanical problems were coupled at the shell/mold interface. They found
that Stefan number has a stabilizing effect on the solidification process and the
amplitude of the perturbation on the mean shell thickness reaches its maximum value
when the solidified shell thickness is about half the wavelength of the perturbation then
decays its steady state value. Zabaras and Kang [103] developed a methodology to
provide a uniform desired lateral residual stress distribution and a desired uniform
temperature distribution by determining the optimum cooling temperature history on the
fixed boundary of a unidirectional solidifying cast. A moving finite element method

approach was used for the thermal part of the solidification process and an approximate
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incremental hypoelastic-viscoplastic model was used for the thermal stress problem.
Hector et al. [104] and Li et al. [105] developed uncoupled and coupled models to
investigate the growth instability during solidification of pure metal by assuming that
the strain rate in the solidifying shell is the sum of elastic, thermal and viscous
components, respectively. Therefore, they developed a model for plane strain
thermoviscoelasticity and the strain rate relaxation parameter was defined for
determining the extent due to viscous creep. They investigated the effect of this
parameter on the contact pressure at the shell/mold interface. Hector et al. [106]
extended earlier works by considering the solidification of a three phase system and
investigated the effect of freezing width on the macro morphology of the solidification
front. They used perturbation theory for heat problem and then hypoelastic constitutive
law was used to obtain the thermal stresses and strains. They found that at small liquid
metal pressure, freezing range width has a destabilizing effect on the growth instability
but if liquid metal pressure is increased, freezing range effect becomes opposite.
However, the effect of the freezing range on the growth instability diminishes under
very high liquid pressure. Yigit [107] developed a coupled model for the solidification
of pure metal on a deformable mold of finite thickness with neglecting thermal
capacities of the mold and solidified shell materials. They found that the effects of the
contact pressure changes depending on the thickness of the mold. For highly distortive
mold, two contrary effects are observed such as for small thickness, the mold is flexible
and less pressure is needed to straighten it out but for large thickness, mechanical
rigidity of the mold increases and the perturbation in contact pressure reduces. But for
less distortive mold second effect overcomes the first and then perturbation grows
slowly.

The unstable growth of the solidified shell is eliminated or minimized by controlling the
heat transfer at the shell/mold interface. One of the most used controlling techniques is
using the periodic mold surface topography. Murakami et al. [108] investigated the
solidification process on the periodic grooved mold surface experimentally and they
found that grooved mold provides more uniform contact along the shell/mold interface.
Cracks in the final casting reduce and quality increases due to less uneven shell growth
associated with the more uniform heat extraction. Other experimental studies about
using different mold surface topographies were done by Anyalebechi [109,110]. He
investigated the effects of the wavelength of a grooved mold surface topography and

casting speed on the solidification of aluminum alloy in [109]. He observed early stages
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of solidification and compared the casting produced on ungrooved and grooved mold
surfaces. He found that the grooved mold surface topography has a stabilizing effect on
the growth of the perturbation and increase in speed, melt heat and wavelength of the
grooves increases the undulatory growth. Another important result was that
microstructures of casting solidified on shaped mold are more uniform. Anyalebechi
[110] studied on the effects of different types of ungrooved mold surface topographies
such as polished, spark roughened, shot peened and alligator on growth instability
during solidification of Al alloy. The results showed that increasing in casting speed
causes unstable growth for all mold surface topographies and start peened mold surface
prevents the gap formation on the casting surface. The most uniform shell growth and
subsurface microstructure were observed for peened mold. Some other experimental
studies about the effects of the mold surface topography are reported in [111-115].
Hector et al. [116] worked theoretically about the effects of the mold surface
topographies on uneven shell growth during solidification of pure metals. They
developed two uncoupled models for solidification of a pure metal on a sinusoidal mold
by using linear perturbation method. They neglected the effect of the thermal capacity
of the solidified shell in both models. In the first model the heat flux at the shell/mold
interface was assumed constant and in the second one the temperature of the mold
surface was constant. They observed that air gaps nucleate at the troughs of the mold
surface and it cause spatial variations at the thickness of the solidified shell.

Yigit and Hector [117] extended the heat prescribed uncoupled model in [116] by
considering the effects of thermal capacity of the shell. The mold was assumed rigid and
the effects of its properties were negligible. They found that when the thermal
capacitance of the solidified shell is increased, the amplitude of the perturbation on
contact pressure decreases and on the other hand increase in wavelength cause longer
gap nucleation time.

Yigit [118] investigated the effects of thermal capacity of the mold material on the
growth instability using the developed first uncoupled model in [116]. The results
indicated that the perturbation in contact pressure tends to maximum value at larger
time asymptotically for the lower values of the thermal capacities of the mold material.
However the thermal capacity of the mold material has a stabilizing effect on the
growth of the perturbation in shell thickness.

Hector et al. [119] studied on a coupled model for determining the formation time and

location of the gaps at the shell/mold interface during solidification of pure metal on a
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rigid sinusoidal mold. The results show that the contact pressure falls to zero at the
troughs and air gaps forms at these regions of the mold surface. An increasing in the
wavelength of the mold surface causes longer gap nucleation times and thickness of the
solidified shell increases accordingly.

Yigit and Hector [120,121] extended the previous coupled model for sinusoidal
deformable mold of finite thickness. They investigated the effects of the mold surface
topography on the formation of the air gap and growth of the solidified shell using
different material combinations as shell-mold materials. The critical wavelength band
was determined and the wavelengths of the mold surface lie in this band cause air gap
nucleation at the troughs of the mold surface. Vice versa if air gaps forms at the crest,
the stability of the system increases and uniform shell growth is observed. In addition
when the distortivity of the shell material is greatly exceeds the mold material, gap
nucleation time reduces and the bandwidth becomes more sensitive to mold thickness.
Increasing mold thickness leads to larger bandwidth.

Howarth and Hector [122] investigated the solidification of pure material with small
Stefan number on a plane wall with single asperity of arbitrary geometries such as
Gaussian, triangular and trapezoidal. The contact pressure associated with shell
distortion due to asperity geometry was determined form stress field. They found that
the contact pressure is a minimum at positions of maximum positive curvature but for
early stages of solidification process this behavior of contact pressure becomes
opposite.

Howarth and Hector [123] developed a model for obtaining a formula for contact
pressure at shell/mold interface as the mold moves into the molten liquid. The results
showed that the contact pressure perturbation increases with decreasing wavelength and
gaps will nucleate for all sufficiently small wavelengths. The effect of mold movement
at a constant velocity into molten liquid is that it diminishes the magnitude of the
contact pressure at both trough and crest regions on the surfaces.

The effects of the mold properties such as wavelength of the mold surface and thickness
on the growth of the shell during solidification of pure metal on deformable mod
without interfacial coupling effects were investigated in Yigit et al. [124]. They
neglected the thermal capacities of shell and mold materials. The results indicated that
mold surface wavelength has a stabilizing effect but mean shell thickness decreases for
any wavelength due to increase in heat flux. Other important results of this study were

that the thermal properties of the mold play no role under these conditions and absence
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of the interfacial coupling leads to eliminate the effects of the mold distortion on the
shell/mold contact mechanics.

Yigit [125] studied on the combined effects of the interfacial coupling and the thermal
capacity of solidified shell without mold deformation and effects of its properties using
different materials as shell material. They found that the formation of the gaps for iron
shell is faster than aluminum shell and critical wavelengths for the iron shell are larger
than the aluminum shell.

Yigit [126] investigated the combined effects of another combination of system
parameters, which are mold distortion and thermal capacity of shell material, on the
growth instability during the solidification of the pure metal on a sinusoidal mold of
finite thickness with interfacial coupling. The results showed that when the wavelength
of the mold surface is decreased, the time of air gap formation on troughs becomes
smaller. The optimum mold thickness was determined and the combined stability
effects of mold distortivity and thermal capacity of shell material cause to longer gap
nucleation time.

Yigit [127] studied on the uncoupled model for solidification of pure metal on a
deformable mold for investigating the effects of the mold properties on gap nucleation
time with thermal capacities of shell and mold materials were not negligible. He found
that thermal capacity of the mold has stabilizing effect on the growth of shell but on the
other hand thermal conductivity of the mold has destabilizing effect on the growth
instability during the solidification. When contact pressure is increased, gap nucleation
time becomes longer but critical wavelengths and optimum mean thickness of the mold
decrease.

Samanta and Zabaras [128] presented a numerical study to determine the effects of
uneven mold surfaces on fluid flow, macro segregation and inverse segregation in
solidified aluminum alloys shell. The results showed that macro segregation affects the
process highly when the mold surface unevenness is increased. Additionally, an
increase in surface unevenness causes to increase in heat transfer and phase change
rates. The degree of segregation decreases with increasing surface unevenness.

All developed models in above studies are valid before the air formation at shell/mold
interface. After the formation of air gaps, the dynamics of the solidification problem
changes. Lewis and Rensing [129] developed a model for predicting the air gap
thickness at the shell/mold interface. They determined interfacial heat transfer

coefficient and it is decreased inversely with the thickness of the air gap.
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Tan and Zabaras [130] modeled the influences of the topography on the mold surface on
the uneven growth of the shell during solidification of aluminum. The time of air gap
formation at shell/mold interface, thermal stress development and pattern of growth
solidified shell after air-gap nucleation were determined for different mold
topographies. They found that time of the air gaps nucleation becomes smaller when the
wavelength of the sinusoidal mold surface decreases. For the smooth mold, the
unevenness in growth of shell increases.

Samanta and Zabaras [131] investigated the effects of the varying wavelengths and
amplitudes of uneven surface at moving boundary on heat transfer, fluid flow, phase
change, macro segregation and inverse segregation processes during solidification of Al
alloys. The results showed that heat transfer at the shell/mold interface is affected by
variation of surface of shell and fluid flow is significantly affected near the sinusoids.
But the effect of the heat transfer changes on the phase change process is greater than
the effect of fluid flow.

Tan and Zabaras [132] analyzed the early stages of solidification of Al alloys to
determine the effects of mold surface topographies on the growth of the shell on a
deformable mold. They modelled air-gap formation at shell/mold interface and
determined thermal boundary condition at this interface dynamically using contact
pressure/air-gap relations. They indicated that smooth mold surface and high pressure
are preferred at early stages of solidification for better heat transfer profile. A larger
thermal conductivity material for mold increases the effect of the mold topographies.
Samanta and Zabaras [133] extended previous work by adding inverse segregation
effect due to shrinkage driven fluid flow in solidified alloy. They determined the effects
of mold and melt properties on the stress field, air gap nucleation and growth instability
and compared the results with similar cases in previous study for specify the effect of
segregation clearly. They found that air-gap sizes and actual stress field are changed
under segregation effect. The inverse segregation has a destabilizing effect on growth of

solidified shell and gives additional degree to unevenness at moving interface.

1.2.4 Mold Coating

The uneven shell growth due to the non-uniform heat extraction at the shell/mold
interface causes severe defects in final casting. Mold coating is one of the most

important factors controlling the heat transfer rate and hence, it has very important role
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on the solidification rate and development of microstructure. Other purposes of the
using coating layer on the mold in manufacturing processes are protecting mold surface
and improving the surface quality of the mold. The mold is a main part in the overall
economics of a casting process. There are lots of innovative studies to increase its
working life or to satisfy the new demands to be meet by the mold liners. A protective
layer is required because molten metal behaves like a solvent and can damage mold
material and reduce quality of its surface. Mold coating acts like a barrier between the
shell and mold and promotes thermal properties. On the other hand mold coating is used
for get over the various operating needs such as low wettability, high hardness, good
wear resistance and low cost. Another advantage of using mold coating is that it assists

with casting release from the mold. [134]

In the literature there were some studies about mold coating in casting process as
follows. These works were generally experimentally and investigated the effects of the
coating properties such as thickness and material on the solidification process and

quality of the final cast.

Chen et al. [135] investigated the Cu mold casting technique of rapid solidification.
They proposed to reduce and eliminate the negative effect of solidification
concentration on the cooling rate. Mold was coated with a thin liquid alloy coating for
increasing cooling rate. The results show that Ga-In-Sn liquid alloy coating is effective
for increasing cooling rate of cu mold casting by reducing the interfacial thermal
resistance. On the other hand, the liquid alloy causes homogeneous nucleation in the
final cast.

Jafari et al. [136] determined the effects of mold coating and sand grain size on the
properties of thin-wall ductile iron experimentally. The results show that using fine sand
grain size associated with graphite-based zircon coating causes to reduce in average
nodularity but increase in diameter of graphite in microstructure of casting. They
indicated that mold coating has a more significant effect on the mechanical and

metallurgical properties of casting than san grain size.

Chen et al. [137] studied on the effects of the cavity surface coating on mold
temperature variation and quality of casting during injection molding casting process.
The low thermal conductivity materials or the thermal insulted materials such as TiN

and Teflon with different thicknesses were selected as a coating material for reducing
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mold temperature variation. The results show that Teflon improves part surface
smoothness and shows more tensile strength for weld line than TiN.

Salas et al. [138] proposed to design a coating for Al die casting for increasing mold
surface tribological behavior and mold life by comparing several coating materials. The
wear resistance and the adhesion performance of the coating were analyzed and were
grouped based on the morphology observation of the track. They found that hardness
and coefficient of friction cannot be used as single guides for either wear or adhesion

performance. TiAIN, TiN/TiCN, CrN coatings performed well in wear and adhesion.

Karimian et al. [139] investigated the effects of thickness of pattern coating on
imperfection and porosity percentage of lost foam Al-Si-Cu alloy casting
experimentally. They found that increasing coating thickness associated with increase in
slurry viscosity or dipping time has a great effect on the casting microstructure and
thinner coatings cause refined microstructure and increase the quality of casting with
less porosity.

Acimovic and Pavlovic et al. [140] studied on the effects of the TALC —based coating
on the quality of casting during solidification of Al-Si alloy. The result shows that
coating layer has positive effects such as provides uniform solidification of entire
casting volume and eliminates pattern decomposition rapidly.

Hamasaiid et al. [141] investigated the effects of mold coating thickness and material
and alloy composition on the extraction of heat at shell/mold interface during permanent
mold casting of aluminum alloys. Graphite and TiO, based were used for solidification
of two different aluminum alloys. They found that heat transfer coefficient (HTC)
decreases when the thickness of coating increases and HTC of graphite coating is higher
than ceramic coating of similar thickness. The effect of coating material diminishes

after air gap nucleation at shell/mold interface.

The low fluidity the material causes severe defects during the casting process. Mold
coating has significant effects on the fluidity of casting. Lu et al. [142] determined the
effects of the ceramic coatings on fluidity during the solidification of magnesium alloys
on plain mold. They wanted to increase fluidity because mold filling may not be
accomplished due to fast solidification rate of magnesium alloys. TiAIN, CrN, CrC and
AICrN coating materials performances were compared and the results show that all of

the surfaces coating materials increase fluidity performance since reducing heat loss and
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providing insulation. The ranking of the fluidity enhancement is: TiAIN, CrC, AICrN
and CrN. Borouni et al. [143] reported the influence of three different types of coating
and the section thickness of the part on the fluidity of aluminum alloy casting. They
indicated that nano-ceramic mold coatings increase the fluidity length and quality of

casting because melt fills the mold easily.

Wei et al. [144] proposed to control and adjust the heat transfer at shell/mold interface
by using C/BN, Zn and organic coatings during AIS1304 stainless steel solidification on
the copper mold. They found that C/BN coating improves the uniformity of heat flux
and the surface of casting is coarse. Zn coating increases the heat flux and solidification
rate and causes the fine solidified shell occurs in wide range. They observed that

remelted layers in shell surface for organic coating due to decreasing in heat transfer.

Lee et al. [145] studied the effects of the pressure and coat permeability on casting
characteristics such as molten metal flow, casting failures and casting microstructure
and surfaces during evaporative pattern casting of magnesium alloys. The results show
that a complete mold filling was observed by using high permeability coating. When
coating of high permeability material was used, the effect of the casting thickness in the
stairway type pattern on the microstructure was not significant and decrease in the

pressure cause to reduce in the average grain size of the magnesium alloy.

Srivastava et al. [146] developed a new method for fatigue resistance that uses three
layer coating to reduce the heat transfer and chemical diffusion. They used rare-earth
oxide material in outer layer of coating for providing thermal barrier and TiAIN
material in the middle layer for diffusion barrier and a thin Ti in inner layer. The results
show that outer layer of the coating causes to reduce the number and depth of cracks

and new coating increases the thermal fatigue resistance of the substrate.

Shivpuri et al. [147] investigated the effects of the metallic coating of W, Mo and Pt
materials on erosive wear on die surface under production conditions. The result show
that the W coating showed improvement in the erosive wear resistance of steel substrate
due to its high hardness, high yield strength and high toughness. But Pt and Mo coatings

did not protect the substrate as well as the W coating.

Sulaiman et al. [148] studied on the influence of pattern coating thickness on porosity,
mechanical properties and microstructure of casting of Al-Si alloy with lost foam

casting experimentally. The foam pattern was coated up to fifth layer. The results show
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that porosity distribution on Al-Si alloy casting increases when the thickness of pattern
Is increased but increase in thickness cause to decrease in tensile strength of casting.

Finally they indicated that mechanical strength has inverse relationship with porosity.

Sands and Shivkumar [149] investigated the mold filling characteristics of aluminum
alloy 319 experimentally for different coating thickness and sand fineness under various
flow velocities. The permeability of the mold was changed depending on the coating
thickness and particle size distribution in the sand. They found that thicker coating layer

and finer sand leads to higher fill time.

Nwaogu and Tiedje [150] wrote a peer review paper about foundry coating technology.
They explain the description, component, characteristic and mechanism of coating with
some examples. New area of innovation for further development and improvement of

foundry coating technology was also introduced.

In the literature there are lots of experimental studies about effects of coating layer on
solidification process. But there are not enough theoretical studies about the casting
process with mold coating layer. Dynamical effects of the coating layer on the occurred
thermal and mechanical behaviors during the solidification of metals and alloys and
interaction of the properties of coating layer and the other system parameters are not
investigated in detail in the literature.

Turgut et al. [151] considered the conduction problem during solidification of pure
metals on a coated planar mold of finite thickness. They investigated the influences of
thickness of coating layer, thermal conductivity ratio between solidified shell, coating
and mold material on the growth of solidified shell. The results show that thicker
coating cause a slower growth of perturbation in solidification front but thinner coating

and thinner mold cause rapid growth due to high cooling rate.

1.3 Industrial Application Areas

Casting enables to produce different type parts such as complex shapes, parts having
hollows, parts that contain curved surfaces, very large and heavy parts and the metal
parts which have low machinability. Therefore, casting has very large usage area in
manufacturing processes and the casting parts are used in different industries such as
automobiles, aerospace, railways, motors, generators, pumps and many more. Due to

the widely usage of casting parts, the quality of these parts becomes very important. The
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defects that occur in part during casting process reduce its quality and usability. These
imperfect castings do not satisfy the necessity of the manufacturer and they are stood
out to recycling or need to extra operation for using. The studies about the analysis of
the stability analysis during the casting process in the previous section aim to
understand the growth instability mechanism and reduce the defects in the final cast
associated with this unstable growth. Some patents are discussed below consist
invention of the methods to improve the quality of the parts of some industrial products
which producing by casting. For this purpose inventors used the results of developed

theoretical studies about growth instability during the casting process.

Hanna et al. [152] developed equipment and a method which provides a brake rotor
assembly. The brake rotor assembly consist an annular rotor, rotor flange and hub
section. The rotor is produced by casting of steel or iron and the annular hub section of
rotor is preferably produced by casting of a material such as aluminum or magnesium
which lighter by volume than material of rotor. The quality of these parts of brake rotor
is important. Hanna et al. [153] developed a damped product with a layer which
includes a material for preventing vibrations and other oscillations in brake rotor system
whose parts are manufactured by casting and are assembled. They used different type
materials layer with different thickness in the layer which is located between a portion
of substrate and the body of the brake rotor. Schroth [154] suggested a method for
reducing the vehicle noise and produced a component by casting of steel for this reason.
They used this part into powertrain housing components to provide noise damping layer
within the components. Since the quality of the final cast affects the damping
performance, minimizing the several defects due to uneven shell growth is very
important in such cases. Hanna et al. [155] determined a method for manufacturing a
friction damped bi-metal disk brake rotor in which an insert is cast into rotor in a sense
to reducing noise without exposing the rotor corrosion. Their method involves two steps
which are positioning an insert into a mold and casting a rotor cheek of disk brake rotor
in the mold around the insert. They used theoretical and experimental studies in the
literature to improve the cast quality. Agarwal et al. [156] enhanced a method for
producing an insert to provide vibration damping which involves a body portion, a
plurality tabs which are tapered. This insert with taps is produced by casting and
production of this part without defects improves the vibration reduction performance.

Golden et al. [157] developed a product which has a body with cavity from first end to
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second end. The cavity in the product is filled a material and relative movement among
other things between the body and filler may help dampen vibration and other
oscillation in a body. The invented product with hollow is produced by casting process.
They used this part in brake rotor to reduce the vibration of rotor. Hanna et al. [158]
developed a production method of brake rotor with vents for cooling and with
embedded annular inserts for noise damping. A pair of like or identical vented brake
rotors are manufactured by a sand casting process. The annular insert has a coating
which comprises particles or flakes or fibers and radially extending locating tabs. Hanna
et al. [159] developed a method for producing a coulomb damped disk brake rotor by
casting. The manufacturing process involves providing a mold having a shape of disc
brake rotor, placing an annular insert with tabs for ensuring coulomb damping and
pouring the casting material into the mold in order to wrap the insert with this casting
material for formation a rotor cheek. Hanna et al. [160] developed a method which
involves a positioning an insert in a vertical mold and including a metal round at least a
portion of the insert for casting a material. The casting comprises pouring the material
into one gate located in the bottom of the vertical mold wherein only one gate is
positioned in between two adjacent tabs. They took advantages of the studies about

thermoelastic instability during casting process to increase the cast quality.

1.4 Thesis Overview

The purpose of this study is to improve our knowledge about the growth instability
during solidification of pure metals on a coated mold of finite thickness and determine
the conditions for increasing the stability of the growth. This study extends the previous
works by taking into account the properties of the deformable coating layer in the
process. The effects of this coating layer on the uneven shell growth of the solidified
shell during solidification are investigated theoretically. The thermal and mechanical
problems are affected each other through contact pressure dependent thermal contact
resistance. Mathematical model of the system are derived by using linear perturbation
method which separates the two dimensional solidification problem into two one
dimensional parts called as zeroth and first order problem. The zeroth order problem
show the unperturbed nonlinear solution of the full problem and the first order problem
represents the perturbed linear problem. Since the zeroth and first order problems

involve fields varying in only one spatial dimension and time, they are considerably
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easier to implement and more efficient computational effort than a full two-dimensional
numerical solution of the solidification problem. The thermal diffusivities of the
solidified shell, coating layer and mold materials are assumed infinitely large. The
physical meaning of this assumption is that the thermal capacities of the materials are
zero and the temperature fields change linearly in the solid layers. This assumption
provides us to solve heat transfer problem analytically. Then the uniform stress fields in
the solidified shell, coating layer and mold are derived depending on the temperature
fields. At the end of the solution of both thermal and mechanical problems, we obtain
two second order ordinary differential equations which involve the unknown function of
magnitude of the perturbation in the solidified shell thickness and residual stress in the
solidified shell. These coupled differential equations are solved simultaneously by using
variable step variable order predictor and corrector algorithm after they are converted
the state space form. Numerical solutions are compared with the results in Yigit [107]

under same conditions to verify the accuracy of our mathematical model.

The results show that the effect of the thickness of the coating on the growth instability
changes depending on the thermal and mechanical problems coupling between the
solidified shell and coating or coating layer and mold. It has destabilizing effect under
weak coupling but when at least one of the coupling rates at shell/coating and
coating/mold interfaces are increased, this destabilizing effect turns opposite. Also, the
material of the coating layer changes the effect of the coating thickness. The effect of
thickness on growth instability increases when the material of high thermal conductivity
is used as a coating material. It is also shown that the perturbation grows rapidly at the
moving interface when the sensitivity of the thermal contact resistances at the interfaces
between solid layers to contact pressure is increased. The combined effects of properties
of the coating layer such as thickness and coating and interfacial coupling at

shell/coating and coating/mold interfaces are investigated in detail.

Heat conduction problem with phase-change and thermal stresses problem are presented
in Chapter 2 and Chapter 3, respectively. The temperature and stress fields are derived
analytically. At the end of these chapters we have ordinary differential equations with
variable coefficients. The dimensionless representation of the problem for generalizing
the solution and simplifying the mathematical complexity of the problem and solution
procedure for this stiff problem are given in Chapter 4. The comparison with the

limiting problem and the effects of the properties of deformable coating layer and other

49



system parameters on the growth of the perturbation are presented in Chapter 5. Finally
we summarize our study and give important obtained conclusion from this work in

Chapter 6. Some research topics for future studies are also suggested in this chapter.

1.5 Contributions of the Thesis

In this study the analysis of thermoelastic growth instability in the solidification of pure
metals on a coated mold is presented. The difference between this study and the
previous studies which are mentioned in the literature review section is that the effects
of the properties of the coating layer on the stability of solidification process are
investigated theoretically in this study. The key question is that how the properties of
the coating layer are selected depending on the other process parameters such as the
materials of the solidified shell and mold, thickness of the mold and coupling between
the layers, for reducing the unevenness in the growth of the solidified shell. This
question is answered by developing a theoretical basis. This theoretical study helps to
manufacturer to determine the conditions which eliminates or minimizes growth
instability of shell and increase the quality of the casting. The original contributions of

this research can be summarized as follows:

1. The two dimensional solidification problem with mold coating layer is solved
using linear perturbation method. An analytical solution for the both temperature
and stress field is derived for the limiting case where the thermal capacity effects
of the material are negligible and our developed model is valid for only early
stages of the solidification.

2. The solutions of this works are used as initial conditions for fully coupled
problem, in which the thermal diffusivities of materials of solidified shell,
coating layer and mold are finite.

3. The effects of material and thickness of the coating layer on the development of
sinusoidal perturbations during the unidirectional of pure metals are investigated
in detail.

4. The system parameters such as material and thickness of the mold, material of
the solidified shell, the wavelength of the perturbation on the heat flux and the
newly added parameters to the system such as the coupling rates at shell/coating
and coating/mold interface, thermal contact resistances at these interface, the

thermal conductivity ratio between solidified shell and coating materials and
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thermal conductivity ratio between coating and mold materials on the growth
instability are investigated in detail.

The combined effects of the coating properties and interfacial couplings at
shell/coating and coating/mold interfaces are studied and case studies are done
for applying our model to real material solidification process by using different
material combinations as shell, coating and mold materials. The conditions are

determined for improving the quality of casting of pure metals.
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CHAPTER 2

HEAT CONDUCTION PROBLEM

2.1 Introduction

In this chapter the two dimensional heat conduction problem with phase-change for
solidification of pure metals on a deformable planar coated mold of finite thickness is
considered. The temperature fields in the solidified shell, coating layer and mold and
location of the moving interface is derived. The solution of the phase change problems
is very difficult since the location of the solidification is not in a priori must calculate as
a part of the solution. Due to the nonlinearity of the governing equations, exact
analytical solution is found for some limiting case only. In this limiting case some
simplifying assumptions are made but the problem is not handed fully. Therefore, a
substantial amount of work has been devoted toward the development of approximate
analytical as well as numerical techniques. In the previous chapter some of these
analytical, approximate analytical and numerical solutions are reported. The thermal
diffusivities of the materials are assumed to be infinitely large and the physical meaning
of this assumption is that the thermal capacities of the materials of solidified shell,
coating layer and mold are zero. This assumption allows us to solve this heat
conduction problem analytically. The heat conduction equations are solved for
obtaining temperature fields in the solidified shell, coating layer and mold by using
thermal boundary conditions at the moving interface, shell/coating and coating/mold
interfaces and at the bottom of the mold. For simplifying the complex solution of the
two dimensional heat transfer problem, linear perturbation method is used to reduce the
dimensionality of the problem and to provide less computational effort. All obtained
results are corrected by comparing the results in Yigit [107] for limiting case. The

results show good agreement with each other.
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2.2 Formulation of the Problem

We consider a two dimensional phase-change heat transfer problem for solidification of
metals on a coated deformable planar mold of finite thickness. The physical model of
the solidification process, as depicted in Figure 2.1, consists of liquid and solid phases
of solidified material, coating layer and mold. The temperature in the liquid region is
assumed to be spatially uniform and constant in time. It is equal to the melting
temperature T, and therefore the thermal effect of molten metal on the uneven shell
growth is negligible. This assumption provides us that the temperature at moving

interface between the solid and liquid phases is always equal to melting temperature of

molten metal.
y
A
2m/m J Liquid
P R e
s(xt)  sy(t) \ Solid
> X
u \ Coating
h Mold

R R R NN

Q(x,t)=Q,(t)+Q, (t)cos(mx)
Figure 2.1 Geometry of the system

As shown in the figure, no heat flux is transferred from the surfaces other than the
bottom of the mold and Q(x,t) denotes extracting heat flux there from. As already
mentioned, experimental studies show that the extraction of heat flux from the process
is non-uniform and small perturbation is added on the uniform heat flux to simulate this
behavior. Solidification takes place at a distinct temperature, and the solid and liquid
phases are separated by a sharp moving interface since the present analysis is valid only
for the solidification of pure materials. The properties of the materials of the solidified
shell, coating layer and the mold are independent of temperature and time. u and h

symbolize the thicknesses of coating layer and deformable mold, respectively. It is
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assumed that the upper surface of the coating layer which is in contact with the
solidified shell along the y = 0 and lower surface which is in contact with mold at
y = —u. The upper surface of the mold is at y = —u and its lower surface at y = —h —
u. After a time, the liquid forms a solid shell of thickness s(x,t). s(x,t) defines
instantaneous position of the freezing front and it consists of two parts such as s, (t)
and s (t) . sq (t) indicates the mean shell thickness and s; (t) denotes the amplitude of
the developing periodic variation at moving interface due to non-uniform heat
extraction. Thermal and mechanical problems are coupled through the contact pressure
dependent thermal contact resistances at the shell/coating and coating/mold interfaces.
TC (x,y,t),T? (x,y,t) and T (x,y,t) show the temperature fields in the solidified
shell, coating layer and mold, respectively. These temperatures must satisfy the heat
conduction differential equation;
i

) 10T
2i = | = 2.1
VT (x,y,t) R (x,y,t), i =(b,cAad) (2.1)

where af, a®, a® denote the thermal diffusivities of the materials of solidified shell,
coating layer and mold, respectively. The heat conduction parabolic equations are

subject to the following boundary conditions:

TC(x,s,t) =Ty (2.2)

ke s =10, B o) 2.3)
gy oSt T bPelg '

c aTb

K¢ (x,0,t) = K2 —(x,0,t) (2.4)
ay ay
aT? aT¢

Kb —(x,—u,t) = K —(x,—u, t) (2.5)
dy dy

T¢(x,—u —h,t) =0 (2.6)
aT?

de(x,—u—h,t) = Q(t) (27)

where L¢, p¢, K¢, K?and K “define the latent heat, density of the solidified material and

thermal conductivities of the solidified shell, coating layer and mold materials,
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respectively. Eq. (2.2) shows that the temperature at the moving interface between the
solid and liquid phases is always at melting temperature T,,,. Eq. (2.3) defines an energy
balance between heat conducted away from the freezing front into the solidified shell
and the latent heat released during solidification. Eqg.(2.4) and Eq. (2.5) state that the
heat flux from the casting to coating layer and from coating layer to mold must be
continuous. Eq. (2.6) defines the temperature at the bottom of the mold. The heat flux

drawn from the bottom of the mold is given in Eq. (2.7).

If a heat flux is imposed across the junction, the uniform flow of heat is generally
restricted to conduction through the contact spots. The limited number and size of the
contact spots results in an actual contact area which is significantly smaller than the
apparent contact area. This limited contact area causes a thermal resistance and this
thermal contact resistance at the interface between the two metallic solid surfaces
prevents the heat flux and cause mutual temperature differences at the opposite sides of
this interface. The magnitude of the contact conductance is a function of a number of
parameters including the thermophysical and mechanical properties of the materials in
contact, the characteristics of the contacting surfaces, the presence of gaseous or
nongaseous interstitial media, the apparent contact pressure, the mean junction
temperature, and the conditions surrounding the junction [161]. Some additional factors
which may affect the contact resistance are the direction of the heat flux, surface
scratches or cracks, nonuniform loading which causes uneven contact pressure, relative
motion or slipping between the surfaces, and the presence of oxides or contaminants on
the contacting surfaces. In our model there will generally be some thermal contact
resistance at the shell/coating and coating/mold interface due to the effects of surface
roughness and contaminants films. Eq. (2.8) defines this relation between heat flux and

thermal contact resistance.

CTC(x,0,6) —=T?(x,0,t)  TP(x,—u,t) — T%(x,—u,t)

R . (2.8)

Q(x,t)
where R is the thermal contact resistance at the shell/coating interface and R,, is contact
resistance at coating/mold interface. The thermal contact resistance is very sensitive to
changes in the local contact pressure. If the local pressure increases, the actual contact
area at the interface increase and heat transfer rate at this region becomes higher since

decrease in the contact resistance. For solidification process increasing heat transfer at
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the interfaces between the solid layers cause the liquid metal solidify faster above the
region where the thermal contact resistance decreases, than the other region. Inversely,
decreasing in the contact pressure leads to decrease the actual contact area and
accordingly leads to increase in the thermal contact resistance locally at this interface.
The molten liquid above these local regions solidifies slower than the other region.
Periodic variations at the moving interface occur as a result of these changes in the
thermal contact resistance. Therefore, thermal and mechanical problems are analyzed
together with the assumption is that thermal contact resistances R and R,,, assumed to be
continuous and differentiable function of contact pressure P(x,t). Experiments about

the pressure dependence of thermal contact resistance show that like in Figure 2.2.
R [m*T/w]

0.001 -
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0.0006 | .
0.0004 —
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Figure 2.2 Typical experimental results for the variation of thermal contact resistance
with contact pressure

2.3 The Perturbation Analysis

The rate of solidification of metals and the resulting properties of the cast product are
controlled by the conditions at the shell/coating and coating/mold interfaces. If the mold
is at uniform temperature, there is clearly a one-dimensional solution to the problem
described above, in which the solidification front at any given time is defined by the
straight line y = s,(t) and all physical quantities are functions of y, t, but are
independent of x. If an x-dependent perturbation is to grow on this unperturbed or
‘zeroth order’ process, its development will be influenced by the instantaneous zeroth
order quantities. As long as the perturbation is small compared with the zeroth order

values, the perturbation will be linear, and permits us to use Fourier transformation in x.
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This leads to reducing the dimensionality of the problem. Since the zeroth and first
order problems involve fields varying in only one spatial dimension and time, they are
considerably easier to implement and more efficient computationally than a full two

dimensional numerical solution of the solidification problem.

Two dimensional

problems
f(x,y,t)
Zeroth Order First Order
Problem Problem
fy.t) f(y,t)

Figure 2.3 Reducing order of the problem by using linear perturbation method

When the thermal stresses are combined into the heat conduction problem as introduced
above, we have to solve a nonlinear problem in y, t to determine the zeroth order
solution, then the perturbation problem will be defined by differential equations with
variable coefficients and first order quantities are derived by using zeroth order
solutions. Since the nonlinearity of the problem is confined to the zeroth order process,
which therefore generally requires a numerical solution, no extra difficulty will be
introduced by using a fully nonlinear constitutive law for the material deformation. The
rate of solidification of metals and the resulting properties of the cast product are largely
controlled by the physics of the mold-shell interface. In particular, the interfacial heat
flux is strongly moderated by contraction of the casting at the mold— shell interface
which leads to local air gaps. Consequently, the local heat flux across the gaps becomes
distorted since significant heat flow occurs through the solid—solid contacts in
comparison to that across the gaps. Additionally, the mold surface might be imperfectly
wetted because of surface tension in the molten metal, and therefore solid skin
nucleation begins at asperity peaks with micro-air gaps between peaks. This action
prevents heat from being extracted uniformly. Experimental observations indicate that

the development of solidification front exhibits sinusoidal perturbations. It is anticipated
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that this nonuniform shell growth could be a response to a pre-existing nonuniformity in
the heat flux drawn from the mold surface. The suitable form of the heat flux with

adding these sinusoidal non-uniformities is shown in Eq. (2.9).
Q(x,8) = Qo(t) + Q1(t) cos(mx) Qo (t) > Q1(t) (2.9)

Where Q,(t) and Q4(t) are the time-dependent variables and define the uniform heat
flux and magnitude of the adding perturbation into heat flux, respectively. The constant
m is the wave number that describes the wavelength A of the perturbation through Eq.
(2.10).

A=— (2.10)
m

Subscript 0 and 1 define the x-independent zeroth order process and the amplitude of
the sinusoidal perturbation on the field quantities or first order process, respectively.
Since the perturbation is sufficiently small compared with the unperturbed process and
the other field quantities such as temperature fields and solidification front are defined

in the form of similar inequalities in Eq. (2.11) and Eq. (2.12).
T(x,y,6) = To(y,t) + T1(y, t) cos(mx) To(y, t) > Ty (y,t) (2.11)
s(x, t) = so(t) + s1(t) cos(mx) so(t) > s1(t) (2.12)

We assumed that the amplitude of this perturbation is small in comparison with its
wavelength (i.e. ms; « 1), in which the slope of the moving front, ds/dx, is very much

less than unity. Therefore, the heat flux in the x-direction is negligible to the first order.

The thermal diffusivities of the mold, coating and solidified shell materials are assumed
infinitely large. The physical meaning of this assumption is that the thermal capacities
of the materials of the mold, coating and shell are zero. This assumption is correct at the
beginning of the solidification since the materials properties have no significant effects
on the process. This assumption allows us to solve the heat conduction problem
analytically because the temperature distributions in the each layer changes linearly in
space coordinate. This assumption converts the heat conduction equations in Eq. (2.1) to

Laplace form like as follows

ViT¢c=0 V?TP=0 V?T4=0 (2.13)
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The perturbation added form of temperature field in Eq. (2.11) substitutes into Eq.
(2.13) then the periodic and uniform term are separated for obtaining the zeroth and first

order heat conduction equations;

0°T§ 071} 21g
t) = — ) = — = 2.14

3y7 (y,t)=0 3y (y,t)=0 9y7 (,t)=0 (2.14)

0%Tf

3y ) —m*T{(y,t) =0

a2Tp

ayzl ., 0) —m*TP(y,1) = 0 (2.15)

92T

(y; t) - mZTld(ylt) =0

dy?

The temperature fields are expanded in the vicinity of the mean shell thickness y =
so(t), in the form of Taylor series since perturbation on the shell thickness s, (t) is very
small compared with the sy(t). Then the boundary conditions can then be written by
separating periodic and uniform terms and dropping the second and higher order and
product terms in the small quantities. This procedure is applied to the boundary

condition in EqQ. (2.2) and it can be written as

OTE (s, 1) 02TE(sq, t) 51(t)? cos?(mx)
T§ (s, t) + %51 (t) cos(mx) + gyzo ! T
(2.16)
0T (sp, t
+ [T (sp, t) + %sl(t) cos(mx) + +-- [ cos(mx) = Ty,

Then neglecting the third and fourth terms in left side of Eq. (2.16) and separating the

periodic and uniform terms, we obtain the two first order equations;

Tg (s, t) = Ty (2.17)
0Ts
5105, (50,0 + T{(50,6) = 0 (2.18)

Similar procedure is applied to other thermal boundary conditions in Eq. (2.3) — Eq.
(2.7). The obtained zeroth order boundary conditions are shown in Eq. (2.19) - Eqg.
(2.23) and the first order boundary conditions are given in Eq. (2.24) - Eq. (2.28).

The zeroth order thermal boundary conditions are
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Ty dsg
c _ 2.19

K ay (SO! t) LC:DC dt (xl t) ( )
oT¢ oTY

Kc=2(0,t) = K* =—2(0,t) (2.20)
dy dy
oTY aTg

KP =2 (—ut) = K= (—u, t) (2.21)
dy dy

Té(—u—h,t) =0 (2.22)
aTg

K5 (Cu—hD = Qo) (2.23)

The first order thermal boundary conditions are

oTf 0%T¢ ds,

K[ 3y (so,t) + sl(t)a—yz(so, t)] = chcﬁ(x; t) (2.24)
K¢ oTi (0,t) = K? oy (0,t) (2.25)
ay -7 dy '

oTY? aTg
pZ71 —pd_ 1 _ 2.26
K ay( ut) =K ay( u, t) (2.26)
Té(—u—h,t) =0 (2.27)
T2
K4 W (—u—ht) = Q:() (2.28)

Now we can rewrite the thermal contact resistances and heat flux relation at the
shell/coating and coating/mold interfaces for unperturbed and perturbed processes. For
zeroth order process contact pressure is constant and therefore it is not affected the
thermal distortions in the solid layers. Therefore, zeroth order thermal contact resistance
at shell/coating interface,R, and resistance at coating/mold interface, R,,, don’t change

during the process.

The zeroth order relations are
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_T5(0,0) =Tg(0,t) Ty (—u,t) — Tg'(—u, t)

2.29
Re RT (2.29)

Qo

In order to obtain first order relations between the thermal contact resistances and the
first order heat flux, we use following equations which are obtained by using developed
procedure in [162,163].

AQ = Q4(t)cos(mx)
AT' =T{(t) cos(mx) (i =c,b,d) (2.30)

AP = P;(t)cos(mx)

Then differentiating Eq. (2.8) we obtain

A ATC — AT?  R'(P,)AP
ae _ I _R() at  y=0 (2:31)
Qo Ty — Ty Ry

A AT? — AT2 R (P,)AP
—Q =— = m( 8) at y=-u (2.32)
QO TO - TO Rm

where R'= dR/dP and R,, = dR,,/dP define the changes of the thermal contact
resistances along the surfaces at y = 0 and y = —u depending on the small variations in
contact pressure at these interfaces. Each of the perturbed quantities changes with x

only through the multiplier cos(mx) and hence Eq. (2.31) and Eq. (2.32) are formed as

Qi _Ti=T? R(P)P
Q T§-T2 R,

aty =0 (2.33)

TP —ATE R (P,)P
G - ’”(O") Laty = —u (2.34)
Qo TP -T{ RY,

As seen in the equations, first order problems includes terms of zeroth order solution
such as sqo(t), TE(,t), T2 (y,t), T¢(y,t)and Q,(t). Therefore, firstly zeroth order
problem is solved analytically then the solutions for added small perturbations in the

field quantities are derived using these time dependent unperturbed solutions.

61



2.4 Solution of the Heat Conduction Problem

2.4.1 Solution for Zeroth-Order Thermal Problem

Due to the neglecting the effect of the thermal capacities of the solidified shell, coating
layer and mold by assuming the thermal diffusivities are infinitely large, the heat
conduction problem is solved analytically. Zeroth order heat conduction equations in
Eq. (2.14) are solved using thermal boundary conditions in Eqg. (2.17) and Eq. (2.20) -

(2.23). The temperature fields in the solidified shell, coating layer and mold are

T§(,t) =Ty + Q;’((f) [y — so(t)] (2.35)

b _ y  So(t) 236
Ty (y,t)—Tm+Q0(t)[ﬁ—?—R0] (2.36)
Td(y,t) = Qo(®) [y + u + h] (2.37)

Ka
The unperturbed heat flux is obtained by substituting Eq. (2.36) and Eq. (2.37) into the

right part of Eq. (2.29) with the result

T, K°KPK?
(Ro + ROKCKPKe + uK<K® + so(t) K’ K + hK°KP

Qo(t) = (2.39)
Finally we calculate the unperturbed location of the moving interface by substituting
Eqg. (2.35) into Eq. (2.19), we obtain a first order ordinary differential equation as shown
in Eq. (2.40).

dso(t) T, K°KPK?
dt  L°p°[(Ry + RO)KKPK® + uK°K? + so(t)KPK® + hKCKP]

(2.40)

We solve this equation for determining mean shell thickness by using the initial

condition s,(0) = 0, we obtain

—Lp°K[uK® + K (h + (Ry + RO)KD)]
chchKd

So(t) =

(2.41)
JLCpCKC{LCpCKC[uKd + Kb(h+ (Ry + RO)K D2 + 2tKb*K*T, )

+ chchKd
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2.4.2 Solution for First-Order Thermal Problem

Subject to the governing equations for the first order heat conduction differential

equations in Eq. (2.15), we assume general solutions for first order temperature field in

the solidified shell, coating layer and mold as follows

TS (y, t) = c;(t) sinh(my) + c,(t)cosh(my)
TP (y,t) = c3(t) sinh(my) + c,4(t)cosh(my)

T(y,t) = cs(t) sinh(my) + cs(t)cosh(my)

(2.42)
(2.43)

(2.44)

These equations put into the first order boundary conditions in Eq. (1.18) and Eqg. (2.25)

— Eq. (2.28) and we obtain the time-dependent coefficients as

b
o) = SOK
c2(6) = —[s1(2) %}%so) + ¢, (t)tanh(ms,)]
c;3(t) = ?;I((tb) (cosh(mu + mh) cosh? (mu)

— sinh(mu + mh) sinh(mu) cosh(mu))

00 RuP(® Y
" (Qo(t) * R, ) (Tm +Qo(t) <_ Kb~ ;(_C — Ry — ﬁ)) sinh(mu)

+ ?;I((? (— cosh(mu + mh) sinh?(mu)
+ sinh(mu + mh) cosh(mu) sinh(mu))
(010 Ry Py (1)
«0= (g ) <T"‘
h
+ ?nl—l((tz (— cosh(mu + mh) cosh(mu) sinh(mu)
+ sinh(mu + mh) cosh? (mu))
?ril((tb) (cosh(mu 4+ mh) cosh(mu) sinh(mu) — sinh(mu + mh) sinh?(mu))
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Q1(t)

cs(t) = —T cosh(mu + mh) (2.49)
ce(t) = ?}il({? sinh(mu + mh) (2.50)

For determining the magnitude of the perturbation on the heat flux at the bottom of the
mold, we substitute Eq. (2.36), Eq. (2.37), Eq. (2.39), Eq. (2.42) and Eq.(2.43) into Eq.
(2.34) and we obtain

Q:(t) = d, (2.51)
where
d, = L¢p°* ——— 1( ) + ms; (£)Qo () tanh(ms,(t))

(2.52)

B R,,(P,)P,(t)mK"Bsinh(mu)
cosh(ms,(£)) R,

cosh(mu + mh) cosh? (mu) — sinh(mu + mh) sinh(mu) cosh(mu)

2:

cosh(ms,(t))

N B sinh(mu) mK? )53
cosh(mso(t)) Qo(t) (2.53)
K? (- cosh(mu + mh) sinh?(mu) + sinh(mu + mh) cosh(mu) sinh(mu)

+ F( cosh(ms,(t)) )

u  So(t) h
B =T+ 0,0~ 5 - %2~ R~ ) (259

Finally the magnitude of the perturbation on the mean shell thickness is not found
directly because thermal contact resistance is a function of the contact pressure and first
order contact pressure changes depending on the thermal distortions. Hence, we find the
one of the coupled differential equations which contains thermal and mechanical terms
by using Eq. (2.33). Egs. (2.39), (2.51), (2.35), (2.36), (2.42) and (2.43) are substituted
into Eq. (2.33) and rearranging the terms, we obtain

d31(t)

d
P TE

+dys; () +ds =0 (2.55)
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where

ds = (L¢p€(cosh(mh) cosh(ms,(t)) sinh(mu) K°K)

+ sinh(mu) sinh(ms,(t)) K*(sinh(mh) + mK94R%,)

+K? (cosh(mh) cosh(mu) sinh(ms,(t)) K¢

+ cosh(ms(£)) K¢(cosh(mu) (sinh(mh) + mK4RY) + mK9R,)))(uK°K®  (2.56)
KPR (R4 K (Ro + RR)) + Kso(£))))

/(meK”zKCde(cosh(mh) cosh(mu) K¢

+ sinh(mu) K? (sinh(mh) + mK%R3,)R, )

d, = (mT,, cosh(ms,(t)) sinh(mh) sinh(mu) Kb KeKd

+mTy, cosh(mu) sinh(mh) sinh(ms,(t)) Kb2 KK

+mT,, cosh(mh) cosh(mu) cosh(ms,(t)) KPP KK

+mTy, cosh(mh) sinh(mu) sinh(ms,(t)) KbKe2Kd?

+m?2Ty, cosh(ms, (t)) sinh(muw) KY°KeK*RY, (2.57)

+m?2T,, cosh(mu) sinh(ms,(t)) Kb?Ke2K4*RO
+ m?2T,, sinh(ms,(t)) KP2K2K9%Ry)

/(mT,,KP° K2 K% (cosh(mh) cosh(mu) K¢

+ sinh(mu) K? (sinh(mh) + mK%RI))R,)

ds = (mT,, cosh(mh) KP>K2K4* P, ()R},
—m?2T,, sinh(muw) KP>K2K 2P, (H)R! R,
+mT,, sinh(mh) sinh(mw) K? K2K4P, (O)R’
(2.58)
+mT,, cosh(mh) cosh(mu) KbZKCZKdZP1 (R’
+m?2T,, sinh(muw) KP>K<2K 4P, (£)R%,R")

/(meszKcde(cosh(mh) cosh(mu) K¢
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+ sinh(mu) K? (sinh(mh) + mK%R3))R,)

Notice that ds term involves the term of perturbation in contact pressure P, (t) and it is
obtained from the thermal stress problem which is discussed in the following section.
Eventually first order thermal problem is coupled with the first order mechanical

problem.
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CHAPTER 3

DETERMINATION OF STRESS FIELDS

3.1 Introduction

In the previous chapter, we determine the temperature fields in the solidified shell,
coating layer and the mold. If the thermal behavior of the system is known, the stress
field can be determined. Thermal stresses are one of the major factors responsible for
generation of defects during the solidification process. Owing to the non-uniform
thermal distortion in the solidified layer and mold due to the temperature variation,
undesirable thermal stresses are developed in the solidification ingot. If these developed
stresses reach the sufficient magnitude, they cause to failure such as formation of cracks
in the final cast. Thermoelastic stresses in the solid layers are dependent of the thermal
and mechanical behavior of the system during the solidification process. In this chapter,
we determine the stress fields depending on the temperature fields. Developed solution
procedure in [100] for obtaining the thermoelastic stress solution of solidification
process is presented in Section 3.2. The unperturbed stress field depending on the mean
contact pressure is given Section 3.3. In Section 3.4 the perturbed solution of the stress
field which is corresponding to first order thermal and mechanical conditions, are
obtained.

3.2 Solution Procedure

Obtaining stress fields in the solidified shell, coating layer and mold necessitate
complex calculations since the material is continually being solidified while the solid is
in a deformed state. Residual stress is occurred in the final cast product, even after the

temperature of the casting has been reduced at steady state value. We use linear
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constitutive model for simplifying the modeling complexity. This model is much
idealized condition because when the temperature of a material comes closer to its
melting temperature, the yield strength of the material decreases. The solidified material
is assumed to behave elastically during solidification in this model. Furthermore, there
Is no discontinuous change in the stress state of a particle as it passes from liquid to
solid state and no significant shear stress will be occurred near the moving interface.
Also no inelastic strains can occur at any point in the cast after it has solidified. The
properties of the materials do not change with the temperature and density change effect

between the solid and liquid phases is negligible.

Thermo-elastic stresses in the solidified shell, coating layer and mold corresponding to

non-uniform temperature fields during the solidification are represented in the form

o =oP +oh 3.1)

oP is a particular thermo-elastic solution and symbolizes the determining solution
depending on the temperature distribution and it does not satisfy the mechanical
boundary conditions. ¢"is the solution of homogeneous problem without any thermal
strains. Homogeneous solution allows us to satisfy the mechanical boundary conditions
by providing additional degree of freedom. A particular solution is determined based on

the thermo-elastic displacement potential (@) where

V2p = T (3.2)

1—v

where T describes the temperature field and E, @ and v are the Young’s modulus,
coefficient of thermal expansion and Poisson’s ratio of the material, respectively. As
mentioned before all properties of material do not vary with temperature. The stress and
displacement components can then be expressed in terms of @ using the following

relations in Egs. (3.3)

920
P 3.3
%y = oxdy (3.3)
, %0 %0
T T ox2 " 922
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The homogenous solution can be obtained by using Airy stress function (@) where

0%d 0% 0%
= —_— h — h — 34
Oz dy? Oxy 0xdy %y T gx2 (3.4)

These equations provide that the equilibrium conditions are satisfied by the obtained
thermal stress field. The displacement potential function is obtained as a function of
temperature field but however, Airy stress function is determined depending on the
mechanical behavior of the system. During the solidification process, liquid material is
continually solidified while the solid material is in a deformed state and all material is
liquid phase at the beginning of the solidification. According to this, there is no
appropriate initial condition for determining the displacement field. Because of this
reason, the strains do not need to satisfy the compatibility equation and Airy stress
function does not have to be biharmonic. The incompatible strains don’t change as a
function of time because we assumed that there is no inelastic strains can occur at any
point of the solid after it has solidified. Therefore, Airy stress function is having the
following form

9
%V“(D =0 (3.5)

The general solution of Eq. (3.5) can be written into two parts,

O =00, + b, (3.6)
0D, .

— . = 37
o 0; Vi, =0 (3.7)

where @, and @, denote the residual stress and instantaneous suitable response of the
solid to the varying temperature field, respectively. Residual stress is the remaining
stress when the casting has been cooled to uniform temperature after end of the
solidification. Residual stress is independent of time but it is not necessarily biharmonic

and hence, it has traction-free boundaries.
The mechanical boundary conditions in the present problem can be written as follows:

Oxx = =D 05y = —D Oy =0 y =s(t) Vt (3.8)
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Oyy =0 o5y = 0y opy =0 ug = 1) y=0 Vt (3.9)
y=-u Vt (3.10)

ogy =0 ud =0 y=-u—hVt (3.11)

where p is the constant hydrostatic pressure in the molten metal. The boundary
conditions associated with the displacements are written in terms of a time derivative
because there is no reference state for determining displacements. Egs. (3.8a) and (3.8b)
define that the material is initially solidified under constant hydrostatic pressure.
a};y =0, (i = ¢, b,d), denotes the frictionless contact at the solidified shell-coating and
coating-mold interfaces. Eq. (3.11b) indicates that mold stands on the rigid surface and
there is no displacement changes are occurred at the bottom of the mold. Due to the
sinusoidal form of the temperature fields and heat flux with added perturbation on them,
the thermal stress fields in the solidified shell, coating layer and mold, and contact
pressure at the shell/coating and coating/mold interfaces may be written in following

forms
a(x,y,t) = 0o(y,t) + o1(x,y,t) ao(y,t) > ay(x,y,t) (3.12)

The magnitude of the perturbation, o;(y, t), is very small compared with the zeroth
order stress ag,(y,t). The contact pressure at the solidified shell/coating interface can

also be written as
P(x,t) = Py(t) + P;(t)cos(mx) Py(t) > Pi(t) (3.13)

In the solidified shell the magnitude and direction of the contact pressure at the
solid/coating layer interface are same with the y-directional stress field but it has
negative sense which is defined by

P(x,t) = —oy,(x,0,t)

(3.14)
Po(t) = —0y,0(0,8),  Py(t) = —0y,,(0,0)
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3.3 Determination of Zeroth Order Stress Field

3.3.1 Particular Solution ((a} )?)

Firstly we consider the particular solution of the unperturbed stress field by choosing an
appropriate displacement potential. The displacement potential function must satisfy the
Eq. (3.2) corresponding to the temperature field T,(y,t). The temperature fields in the
solidified shell, coating and mold are functions of only one spatial coordinate and time.
Therefore Eq. (3.2) will take the form

0’0, Ea
dy? 11—

~T,07,1) (315)

Also the first equation in Eqg. (3.3) becomes

62(250
foo == dy? (3.16)
where
VZQ)O - _To(y, t) (317)

Substituting the Eq. (3.16) into the Eq. (3.2), particular solution of the zeroth order

stress field is determine in the form

i i

7 To ((y,t)  (i=cb,d) (3.18)

( xO) =

The temperature fields in the solidified shell, coating layer and mold are determined in
the previous section. We substitute the temperature fields in Egs. (2.35), (2.36) and
(2.37) into the Eq. (3.18) and then the particular solutions for x-directional zeroth order

stress fields in the solidified shell, coating layer and mold are determined as follows

EC C

(50" = e T+ 2Dy — sy 0] (3.19)
b b

(O'xxo) {T + Qo () l SO (t) Rol} (3.20)
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d,d
(0do)" = - 1E _id {QIO{S) [y +u + h]} (3.21)

Since displacement potential @, is a function only of y and t, the other components of

the zeroth order particular stress equations in Eq. (3.18) are equal to zero.

(05y0)" =0 (05y0)" =0 (by)" =0 (o2y0)" =0

(080)" =0 (a50)" =0

The superscript ¢, b and d symbolize the solidified shell, coating layer and mold,

(3.22)

respectively.

3.3.2  Homogeneous Solution ((a? )™)

The homogeneous solution is determined by using uniform biaxial stress field and it

always satisfy the mechanical boundary conditions in Egs. (3.8) — (3.11)

Ea®

T—pcm P (050)" =0 (o50)" = (3.23)

(Uagxo)h =

(o20)" = (E51 = ")) (E°(1 - v9))p

brc
+ E'E Q;Et)so(t) (a(1+v°) —a?(1 +v?)
(3.24)
+EPve(1 +v)p — ESvVP (1 +vP)p + ESEP (1 + v2)a?(T,, — Qo (£)Ry))
(Ua?yo)h =0 (Uglz)yo)h =-P
d
(U’?xo)h - 129_‘/Vd Tm—p (Ugyo)h =0 (Ufyo)h =P (3.25)

3.3.3 Complete Solution (o)

We superpose zeroth order particular and homogeneous stress field to get the complete

zeroth order thermal stress field as follows;

Ea Qo(t)
Oxx0 = 1—v¢ K° [y —so(®]—p Oxyo =0 Oyyo = =P (3.26)
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-1 brc
50 = (B0 - 02)2) (B2 — 0oy Yp + S0 (e 4y
—a?(1+v?) + EPve(1 +vS)p — ESvP (1 +vP)p

+EEP (1 +vP)a® (T, — Qo()Ro))

va’ ( ) 3.27
) e
O_a?yo =0 O-:)t/)yO =-p
E%a? (Qo(t) pv?
aa(cixo 1— { ;)<C [y +u+ h]} — Y O',(Ciyo =0 o';}yo =—-p (3.28)

p is the constant hydrostatic pressure in the liquid. According to Eq. (3.14b) and Eq.
(3.23c), unperturbed contact pressure Py (t) at the solidified shell/coating interface and

coating/mold interface is equal to this constant pressure as follows

Po(t) =p (3.29)

3.4 Determination of first order stress field

3.4.1 Particular Solution ((¢% )?)

The particular solution of the first order stress field is changed depending on the first
order temperature fields, T (y,t)cos(mx), T (y,t) cos(mx) and TZ(y,t)cos(mx).
The suitable particular solutions can be obtained by assuming the potentials in the forms
of @$ = f¢(y, t)cos(mx), @ = fP(y,t)cos(mx) and @¢ = f%(y, t)cos(mx) and we
put them in the Eq. (3.2) to determine the functions f¢(y,t), f2(y,t) and f4(y,t)

62 c : Ec c

—%%2 m?fe(,6) = T——TE(, 1) (3.30)

2rb b b

o°f (21, t) 2oy t) = E’a T1 0.0 (3.31)
dy

0% (y,t) ) _ E%? (3.32)

a—yz—m fiy.t = 1_vdT1d(}’»t)
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Notice that these equations must be satisfied for all ¢t and hence it is an ordinary
differential equation for f in which t appears only as a parameter. The displacement

potential functions can be found as

o5 = % [c,(t)ysinh(my) + c;(t)ycosh(my)]cos(mx) (3.33)
, Ebab _

@b = T ) [c,(t)ysinh(my) + c5(t)ycosh(my)]cos(mx) (3.34)
p E%q? _

o = m [ce(t)ysinh(my) + cs(t)ycosh(my)]cos(mx) (3.35)

We can write the particular solution for the first-order stress fields in the solidified shell,
coating layer and mold by substituting the Egs. (3.33) - (3.35) into Eq. (3.3) as follows

0t = —f° () cos(mx)  af,; = —mfC (y,t) cos(mx)

(3.36)
Orx1 = M*fE(y, t) cos(mx)
0L = —f (3,¢) cos(mx) o2, = —mf? (y,t) cos(mx)

(3.37)
ol = m2fb(y,t) cos(mx)
ol = —f¢ Gt cos(mx) o, = —mfe(y,t) cos(mx)

(3.38)
ol = m2f(y,t) cos(mnx)

where (‘) denotes differentiation with respect to y.

The particular first order stress fields in the solidified shell, coating layer and mold are

¢\ E¢a‘ mc,(t) _
(05)? = =11 [e2(8) + Ty | sinh(my)
me, (t) (3.39)
+ [cz (t) + > yl cosh(my)} cos(mx)
(o51)" = 2(1 3=y (ea(0) + ea(my] sinh(my) 240

+ [c; (t) + ¢, (t)my]cosh(my)}cos(mx)
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(axyl)

(O-xxl)

(nyl)

(nyl)

(Ga(cixl)p =

(nyl)

(nyl)

mEC o) {cz (t)y sinh(my) + ¢, (t)ycosh(my)}cos(mx)

Ebb

{[c3< PRLIIO) y] sinh(my)

+ [c4(t) + =10 yl cosh(my)} cos(mx)

b b
ER 20 =y 40 + ca(Oymy] sinh(my)

+ [c3 (t) + ¢, (t)my]cosh(my)}cos(mx)

EbgPb
) ———{c,(t)y sinh(my) + c3(t)ycosh(my)}cos(mx)

d,d
- 1E_0;d {lcs (t) + mc;(t) yl sinh(my)

mes(t)
+ lc(,(t) + > yl cosh(my)} cos(mx)

dad .
B s {[cs () + cs(©ymy] sinh (my)

+ [cs (t) + c¢(t)my]cosh(my)}cos(mx)

) {66(t)y sinh(my) + c5(t)ycosh(my)}cos(mx)

3.4.2 Homogeneous Solution ((¢} ))

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

The homogeneous solution can be determined by using Airy stress function and must

satisfy the mechanical boundary conditions. The first order mechanical boundary

conditions are obtained from boundary conditions in Egs. (3.8) - (3.11) by using Taylor

series expansion in the vicinity of mean shell thickness since amplitude of added

perturbation is very small in comparison with the zeroth order quantities. The first

boundary condition in Eq. (3.8) can be written, dropping second, higher and product

terms in small quantities, a4, s, as follows
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aO'ngO (50’ t)

O-;XO(SOJ t) + ay

s1(t) cos(mx) + g5, (50, t) = —p (3.48)

Separating periodic and uniform terms and using Eq. (3.26a), we obtain the boundary
condition for a5, at y = sq(t), that is

CC

TE (y, ) s, (t) cos(mx) (3.49)

0 (6,50,8) = T——

The derivative of the temperature field in the solidified shell with respect to y is

calculated by using Eq. (2.35), with the result

Qo ()

o (3.50)

c' _
Ty =

Applying the same procedure to the remaining boundary conditions in Eqg. (3.8), we

obtain

O_;yl(x' So, t) =0 O-;)Syl (x, So, t) =0 (351)

Similar procedure is applied to boundary conditions in Egs. (3.9), (3.10) and (3.11), we

have

Oxy1(x,0,8) =0 0yy1(x,0,t) = 03’,’3,1 (x,0,t) (3.52)
02,1(x,0,t) =0 u$,(x, 0,8) = uby(x,0,¢) (3.53)
o2y, (x, —u, t) =0 o0y (X, —u, t) = o, (x, —u, t) (3.54)
og1 (6, —u, t) =0 upy (x,0,t) = ufy(x,0,t) (3.55)
afyl(x, —u—h,t)=0 a;‘l(x, —u—h,t)=0 (3.56)

After determining the first order mechanical boundary conditions we can obtain the
Airy stress functions @€, ®? and ®%for each solid layers in the process. As we
mentioned before the Airy stress function & decompose two parts such as one can
interpret time-independent residual stress and other one represent instantaneous
compatible response of the solid to the changing temperature field. The time derivative
of functions @€, ®» and @ must be biharmonic. Appropriate form of the Airy stress

function is
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@€ = {[a1(t) + az()y] cosh(my) + [a3(t) + a,(t)y]sinh(my)

+ g(¥)}cos(mx) (3.57)

®P = {[A,(t) + A, (t)y] cosh(my) + [43(t) + A,(t)y] sinh(my)}cos(mx)  (3.58)

@4 = {[B;(t) + B,(t)y] cosh(my) + [B3(t) + B,(t)y] sinh(my)}cos(mx)  (3.59)

where a; (t) — a,(t), A;(t) — A,(t) and B, (t) — B,(t) are time-dependent coefficients
and g(y) is the time-independent residual stress function. The homogeneous stress

fields in the solidified shell, coating layer and mold are found by using Eqg. (3.4), with

the results
(U§x1)h = {[Ch(t) + ay(t)y + Za:n(t)] cosh(my)
’ (3.60)
+ [a3 () +a,()y + 2( ) sinh(my g"g)}mzcos(mx)
(a,?yl)h = {[al ) +a,(t)y + a‘:r(lt)] sinh(my)
a5 () 9 (3:61)
+ [a3 ) +a,()y + — cosh(my) + T}m sin(mx)
(551)" = ~{1a,(®) + @, (®)y] cosh(my) 05
+ [a3(t) + a4 (t)y] cosh(my) + g(y)}m?cos(mx) '
(o80)" = {420 + 220y + 2222 coshmy)
" 24,(0) (3.63)
+ [A3(t) + A,y + ] sinh(my)} m?cos(mx)
m
(08:)" = {0 + 400y + 2] sinh(my)
3.64
+ [A3(t) + A, ()y + Air(Lt) cosh(my)} m?sin(mx) (364
(0 yl) —{[4:(t) + A, (t)y] cosh(my) (3.65)

+ [43() + A4(0)y] cosh(my) (y)}m?*cos(mx)
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2B,(t)
m

] cosh(my)

2B,(t)

- ] sinh(my)} m?cos(mx)

(Ufm)h = {[31(t) + B,()y +

(3.66)
+ [Bs@ + Buwyy +

(02:)" = {[Bs® + B0y + 72 sinnmy)
B, (t
m

(3.67)

+ [33 () + B,(t)y + )] cosh(my)}mzsin(mx)

(62,)" = —{[B(®) + B,(£)y] cosh(my)

+ [B3(t) + B4(t)y] cosh(my)}m?cos(mx) (3.68)

3.4.3 Complete Solution (a%)

We superpose first order particular and homogeneous stress field for determining the

complete first order thermal stress field

2a,(t) 1c(0) 1y (D)
— ~ o ylcosh(my)

Oxx1 (%, y,8) = {[a1(t) + ay()y + m2

N la3 (©) + 4,y + Za:n(t) _ T'1:;§t) _ Tlgir(lt) yl sinh(my) (3.69)
+ g”(gl)} m?cos(mx)
m

a,(t) _ r1C2(t) _ 161 (8)
m

T2 = yl sinh(my)

J,fyl(x, y,t) = {l%(t) +a,()y +

N lag (®) + a,(O)y + azn(lt) _ T12C11n(2t) _ T1;j'§t) yl cosh(my) (3.70)
+ %} m?sin(mx)
c r161(8)
Oyy1 (%, y,8) = {[—al(t) —a Oy +— yl cosh(my)
+ [—a3 (t) — a,(t)y + rl;i,(lt) yl sinh(my) (3.71)

- g(y)} m?cos(mx)

78



ZA;(t) _ 126 (8)  Tes() y | cosh(my)

02 (x,y,t) = {lfh(t) +A4,()y + 2 om

i |43 + a0y + 2228 2D
_ Tz;:r(lt) yl sinh(my)} m?cos(mx)
a,?yl (x,y,t) = {lAl(t) + A,y + A‘:r(lt) - TZZC;(;) - T223T§1t) y | sinh(my)
Ay(t)  1ycs(t)
+ [Agw A,y + == -2
_ rz;f) yl cosh(my)} mZsin(mx)
o3y (6, 1) = {[—Al(t) ~ a0y + 220 y] cosh(my)
+ [—Aga) ~ ayoyy + 2289 y] sinh(my)} m?cos(mx)
2B,
o) = [0 + By (0 + 2240 - B D | oty
n [Bga) + By + 228 1St
_ rg;:r(f) yl sinh(my)} m?cos(mx)
afm(X, y,t) = {[Bl(t) + B,(t)y + B‘;(lt) — rgzc;(zt) — @;;(lt) y | sinh(my)
B,
# [Bs0 + B0y + 50 - D
— %yl cosh(my)} m?sin(mx)
0 (5,9,0) = {[—Bm:) B,y + 2 y] cosh(my)
+ [—Bs (©) — By(D)y + rijff) y] sinh(my)} m?cos(mx)
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where

E€a‘ Eb b Edgd

T1=1_VC rz:l—vb r3=]_—vd (378)

c1(t), c2(t), c3(t), ca(t), c5(t) and cq(t) are the coefficients of first order temperature
fields in the solidified shell, coating layer and mold which are determined during the
solution of the thermal problem as in Egs. (2.46)—(2-50). Elastic constitutive relations

are used for the plane strain conditions to determine derivatives of displacements with

the results
103, 6) = == ;Cvc {ldl(t) a0y -2 o - rlcz(ﬂ
N I
+ [aga) + a0y - 2L ay(0) - %@ (3.79)
n ;Zn(lt) yl Cosh(my)} mcos (mx)
iy (6, 8) = = Ebe {l/ll(t) + Ay — 22 40 - rzzé;(zt)
Gy
+ lAg(t) +—A4(t)y _1-2f Ay(E) — Tzzé;(zt) (3.80)
RO cosh(my)} meos(ma)

d — b
U (6 y,6) = = 1E+—dv{[31(t) + B,()y — 1-2v B.(t) — r3cr6n(2t)
- %n(lt)y_ sinh(my)
) — b .
+ [Bgm + By o By (1) - ) (3.81)
- m
- r?;:r(lt) y COSh(my)} mcos(mx)
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The unknown time dependent coefficients a,(t) — a,(t), A;(t) — A,(t) and B,(t) —

B, (t) are determined using first order mechanical boundary conditions in Eq. (3.49) —

Eqg. (3.56). We can use the first order stress field complete solutions in first order

mechanical boundary conditions. The resulting calculations give 12 coupled algebraic

equations which can be solved by using Cramer’s rule to determine unknown

coefficients in Airy stress functions.

z1a1(t) + [so(t)zy + 225 /m]ay(t) + z,a5(t) + [so()z + 221 /m]a,(t)

+ 9" (so(®))/ m?

=11Q051(t) / M*K® + ri[c;(t)/m? + ¢1(t)so(t)/2m]z,

+ rlei(®)/m? + c(O)so(t)/2m]z,

z1a1(t) + 5o()z1a5(t) + z2a3(t) + so(£)z2a4(t) + g(so(t))
= 1101(6)s0(D)21/2m + 11C5(8)50(8)2,/2m

Zpa1(t) + [so(t)z; + z1/m]ay(t) + z1a3(t) + [so()z; + 2, /m]a,(t)

+ g,(So(t))/ m

= nlc;(®)/2m? + c1(t)s(t)/2m]z,

+ rile;(®)/2m? + c(V)so(t)/2m]zy
az(t) + a (t)/m = ryc,(t)/2m?

A3(t) + Ay () /m = rye3(t)/2m?

a;(t) = A;(t)

1+v° 1-—2v° rycq(t)
e las (t) — - a,(t) — 22
14+ vP 1—2vP r,c5(t)
= T[As(t) - Ay(t) — >m?

=24 A1 () + [uzy + z3/m]Ay(t) + z3A45(t) + [—uzz — z,/m]A,(t)
= nles (Ou/2m — cu(t)/2m?]z,
+ 133 (t)/2m? — cy(H)u/2m]z;
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—z4B1(t) + [uzy + z3/m|B,(t) + z3B5(t) + [—uzz — z,/m]B,(t)

= r3lcs (Du/2m — cg(t)/2m?]z, (3.90)
+ r3lcs (£)/2m? — cg(t)u/2m]z;

—2z3A1 (1) + uzzA;(6) + 2, A3(8) — uzy Ay (t) + z3B1 () — uz3B,(t)
— 2,B3(t) + uz,B,(t)
= nples(uzs/2m — cu(H)uz,/2m] (3.91)
+ r3[—cs(Huzs/2m — co(t)uz,/2m]

14+ vP 1—2v°
“Eb —z,4,(t) + [UZ4 - Z3] Ay (t) + z3A5(8)
m
1—2vb
+ _uZ3 + Z4_ A4(t)
c4(t)zy _ c3(tuz, _ c3(t)zz  ca(t)uzs
2|1 2m2 2m 2m? 2m
1+ v? —2v4
= Ed {_Z4B1(t) + [uZ4 - Z3l Bz(t) + Z3B3(t) (392)
_o.d
+ _uZ3 + Z4,l B4_(t)
. ce(t)zy _ cs(tuz, _ cs(t)zz  ce(t)uzs
31 2m2 2m 2m? 2m

»a
Zsl B,(t) + z5B3(t)

—z¢B,(t) + [(u + h)z, —

d

+ [—(u + h)zs + Zsl B,(t) (3.93)

= r3[—cs (t)/2m?* + c5(t) (u + h)/2m]ze
+ 13fcs (£)/2m? — () (u + h)/2m]zs

—2z¢B1(t) + [(u + h)zg + z5/m]B,(t) + z5B3(t)
+ [—(u + h)zs + z¢/m]B,(t)
= 13[—ce (£)/2m? + c5(t) (u + h)/2m]z, (3.94)
+ 73lcs (£)/2m? — c(t) (u + h)/2m]zs
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where () denotes differentiation with respect to y. zt0z¢ coefficients are defined as

follows

z; = cosh(msy(t)) z, = sinh(msy(t)) 23 = cosh(mu)

(3.95)
z, = sinh(mu)  zg = cosh(mh)  z4 = sinh(mh)
After determining the time-dependent coefficients, all coefficients substitute into Eq.

(3.94) and we can obtain the following differential equation

ds,(t)
%t

+ azs.(t) + asg”(so(t)) + a9g’(50(t)) + 05109(50(t)) =0 (3.96)
Then, we calculated the first order contact pressure using Eq. (4.14c) and Eq. (3.71)
with the result

P, (t) = m?a,(t)

ds, (t) (3.97)
at + ays:(t) + a39”(50(t)) + a4g’(50(t)) + a5g(so(t))

a;(t) = a4

Eq. (3.97) is substituted into Eq. (2.55) then we obtained the second differential

equation in the following form

ds,(t)

a1y T + a5, (t) + a13gu(50(t)) + a:14g'(so(t)) + alsg(go(t)) =0 (3.98)

Egs. (3.96) and (3.98) serve to determine residual stress function and position of the
moving boundary as a function of time. These coupled equations need to be solved
simultaneously and the solution method is discussed in the following section.
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CHAPTER 4

NUMERICAL SOLUTION

4.1 Dimensionless Presentation

Before proceeding to the solution, it is convenient to introduce the following
dimensionless variables for generalization of the problem and simplifying the
mathematical complexity.

Y =my S(B) = ms(t) H =mh U=mu (4.2)
pemtlEEe TOD =t 0 02
P(B) = El;‘;m P G(Y) = ’iii—ﬁg(y) R = mK°Rq (4.3)
R, = mK°R%, R = MR'(PO) R, = MR;H(PO) (4.4)
51:%; fzzz_: (3:% /11:1:—3: /12:1:—32 (4.5)
wq = gl:zl: Wy = % N = widy N2 = Wyl (4.6)
neErre hemToe @

Using these dimensionless parameters we can rewrite the thermal and mechanical

equations. The dimensionless solutions of the zeroth order heat conduction problem are
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_ _ (R+R)+Y+UG +HGG
To(.p) = (R+ Rp) +So(B) + UG + H{1G, 2

Rp+Y$ +UG +HGC,
(R+Rp) +So(B)+ UG + HG G,

To(Y,B) = (4.9)

- ~ 4G (Y + U + H)
TR = R R + 50(B) + UG + Hards (4.10)

Then we convert the mean shell thickness in Eq. (2.41) and mean heat flux at the

bottom of the mold in Eq. (2.39) to dimensionless forms, with the results

So(B) = =(GU + §1{,H + RT)

+\/(U{1)2 + (H{1$,)?% + (RT)Z + ZUHflzfz + ZRTHQ(Z + ZUﬁTfl + 2 @
3oB) = = - (412)
R+ 50(8) + UG + HGuds

where

RT =R +Ry (4.13)
The first order temperature fields in Egs. (2.42) — (2.44) can be written as

TS, B) = G, (B)sinh(Y) + C,(B)cosh(¥) (414)
TP(Y,B) = Co(B)sinh(¥) + Co(B)cosh(Y) (4.15)
TE(Y,B) = Co(B)sinh(Y) + Co(B)cosh(Y) (4.16)

where C;__¢(B) are the time dependent dimensionless coefficients and dimensionless
form of these coefficients are shown below.
C3(B)

L(B) = 222 4.17
G =—7 (4.17)

Qo(B)

m&(ﬁ) + C1(B)tanh(So(5))) (4.18)

C,(B) = —(
C3(B) = ¢1Q,(B)(cosh(U + H)cosh?(U) — sinh(U + H)sinh(U)cosh(U)) (4.19)
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Q:(B) Rn
%® ' Rm

+¢,4,01(B) (—cosh(U + H)sinh?(U) + sinh(U + H)cosh(U)sinh(V))

+( )(sinh(U) — sinh(U)Qo(B) (61U + So(B) + R + {13, H))

LB R

Co(B) = (5~ + ) (cosh(U) — cosh()Qo(B) (61U + So(B) + R
Qo(B)  Rm
+ $16.H))

(4.20)
+10,0,(B) (—cosh(U + H)cosh(U)sinh(U) + sinh(U + H)cosh?(U))
+;Q1(B)(cosh(U + H)sinh(U)cosh(U) — sinh(U + H)sinh?(U))

Cs(B) = §1,Q1(B)cosh(U + H) (4.21)
Cs(B) = $152Q:(B)sinh(U + H) (4.22)

where dimensionless form of the perturbed heat flux Q;(B) is obtained by using Eq.
(2.51) in Chapter 2. It can be written as

_ d

Q:(B) = d—6 (4.23)
7

where

ds,
iy éﬁ)

_ RnPi(1 4 Qo(B)(=6U = So(B) — R — {13, H))sinh(U)
Z1C05h(50(ﬁ))ﬁ;n

+ Qo (B)S1(B)tanh (S, (B))
(4.24)

g = cosh(U + H)cosh?(U) — sinh(U + H)sinh(U)cosh(U)
T cosh(So(B))
+ sinh(U)(1 + Qo(B) (=61 U — S_o(ﬁ) —R—-(1(H))
¢1cosh(So(B8))Qo(B)
—cosh(U + H)sinh?(U) + sinh(U + H)cosh(U)sinh(U)
+al cosh(So(B) )

(4.25)

The first governing differential equation in Eq. (2.55), can be written dimensionless

form as
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dS1(B)
dfs

d8 + ngl(B) + le = 0 (426)

where

dg = (cosh(H)cosh(Sy(B))sinh(U) 2_1 + sinh(U)sinh(Sy(f)) (sinh(H)
2
R

+ E}
(4.27)
+cosh(H)cosh(U)sinh(Sy(5)) (i + cosh(H){; (cosh(U)sinh(H)
 cosh(UIRT =) Wl + GudFH + LR + Go5o(9)
162
dg = cosh(S5y(B))sinh(H)sinh(U){, + cosh(U)sinh(H)sinh(Sy(£)){1{,
+cosh(H)cosh(U)cosh(Sy(B)) + cosh(H)sinh(U)sinh(Sy(5)){1 (4.28)
+cosh(Sy(B))sinh(U) }z—m + cosh(U)sinh(Sy(8)) R + sinh(Sy(8))R
_ _,  sinh(U)R,R . _ _
dio = P;(cosh(H)R,, — ————— + sinh(H)sinh(U){,R
(4.29)
_, sinh(V)R'R,,
+cosh(H)cosh(U)R + (—)
1

The dimensionless form of the first order contact pressure is located in Eq. (4.28). The
first order contact pressure is found in the solution of the mechanical problems and it is
determined as in Eq. (3.96) and Eqg. (3.97). These equations can be written in the

dimensionless form as follows

ﬁ1(,3) = a;(B) (4-30)

dS:(B)
s

a;(p) = a, + a,5.(B) + 6736”(50(3)) + 6746'(50(/3)) + CY5G(So(ﬁ)) (4.31)

We substitute the Eg. (4.30) and Eg. (4.31) into the Eq. (4.26) for writing first
differential equation as a function of S;(8) and G (S,(8)), with the result
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i ds,(B)
¢ 4B

+ 67751(ﬁ) + 6786”(50(3)) + CY96’(50(3)) + ‘7106(50(3)) =0 (4-32)

Finally the governing second ordinary differential equation in Eg. (3.98) can be written
dimensionless form as

_dsB) | _ . L _ ~

a117 + @15, (B) + @36 (So(ﬁ)) + @46 (So(ﬁ)) + 05156(50(3)) =0 (4.33)
where () denotes the dimensionless form of the corresponding parameters. The

dimensionless coefficients @; (j = 1,....,15) are functions of S,(8) and the other

dimensionless constants and their terms are given in Appendix.

The differential equations in (4.32) and (4.33) constitute a pair of coupled ordinary
differential equations to determine the unknown quantities G(Y) and S;(B) by using
given suitable initial condition at Y = 0. These coupled equations are solved
simultaneously and the method of solution of this stiff problem is discussed in the

following part.

4.2 Solution Method

The second order differential equations with variable coefficients Eq. (4.32) and Eqg.
(4.33) are solved by using similar approach in Yigit [107]. Firstly these coupled
equations can be written in the state-space form with three state variables and solve
them simultaneously. Before starting the solution we should write the equations as a
function of only one variable as S, () for this purpose. As seen in the equations there is
a only one term is not a function of S,(B) which is dS;(B)/df. We use chain rule for
obtaining derivation of the S;(B) with respect to S,(B) instead of the derivation of
S1(B) with respect to  and we obtained

dS:(B)
dSo(B)

ds,(B)

T (4.34)

= (ﬁT + So(ﬁ) +U¢ + H5152)

Substituting the Eg. (4.34) into Eq. (4.32) and Eq. (4.33), the coupled differential

equations are in the form of

_d$i(B)

Tio oo+ @7S1(B) + @G (So(B)) + @G (So(B)) + @10G(So(B)) =0 (4.35)
dSy(B)
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_d5(B)

@ Jsoqp) T S B) F @136 (So(B)) + @1 (So(B)) + 156 (So(B))

=0

(4.36)

where ;¢ and a,, are the dimensionless coefficients as a function of S,(£) and other

system parameter and they are given in Appendix.

The state variables are defined as

x; =5:1(B) Xy = G(So(ﬁ)) X3 = G,(SO([;)) (4.37)

After that, the Eq. (4.35) and Eq. (4.36) are written in the form

x1 = fixy + foxy + faxz + f, (4.38)
x2 = x3 (4.39)
X3 = faXq + foxy + foxz + fo (4.40)

where (") shows the differentiation with respect to S, and the coefficients f; (i =
1...8) are the function of S, and the other time-independent coefficient. f; coefficients

are given in Appendix.

In order to compare the results of this study with the limiting case in Yigit [107], the
same initial conditions are used for solution. The initial conditions are defined in Eq.

(4.41) when S, is very small but finite.
x; = 0.1 x; =0 x3 =0 (4.41)

The initial condition given to x; is not a state but used for x, and initial value of x, state
is determined with this artificial condition. Hence the first order problem is linear in
contrast to the nonlinear zeroth order process and all the perturbed quantities are

proportional to this initial value.

The solution is obtained by integrating Eq. (4.38), Eq. (4.39) and Eq. (4.40) with given
initial conditions. The solution of this stiff problem is obtained by using a variable step
variable-order predictor-corrector algorithm is presented in Bryne and Hindmarsh [164].
The constant process parameters are chosen to be n, = 1.3756, n, = 1.5, v, = 0.37,
vy = 0.32, v, = 0.28, ¥, = 3.4785, y, = 3.
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CHAPTER 5

STABILITY ANALYSIS OF THERMOELASTIC CONTACT

5.1 Introduction

In previous chapters we discussed the modelling of heat transfer and thermal stress
problem and new dimensionless parameters are defined to extend the analysis. After
that, we obtained two coupled second order ordinary differential equations with variable
coefficients. Numerical solution of these coupled equations is determined by using
variable step variable order corrector and predictor algorithm after converting the
equations in state space form. In this chapter we investigate the effects of system
parameters such as thickness of coating and mold, the thermal conductivity ratios
between solidified shell, coating layer and mold materials, the thermal contact
resistances at shell/coating and coating/mold interfaces, wavelength of the extracting
heat at the bottom of the mold and coupling rates of the thermal and mechanical
problems at the shell/coating and coating/mold interfaces, on the growth instability
during solidification process. The results of these analyses are discussed in Section 5.2.
A case study is done for applying the developed theoretical model to solidification of
real pure metals in Section 5.3. For this purpose we examine the changes of the growth
perturbation at solidification front between solid and liquid phases for specific material

combinations and process parameter.

5.2 Effects of the System Parameters

Before investigating the effects of system parameters on the growth of the perturbation
in solidified shell thickness, we will compare the results of this study to the previously
obtained solution due to Yigit [107], in which the pure metal solidifies on a deformable
planar mold without a coating layer. The present theoretical model approaches the
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Yigit’s model in [107] when H =5, R'=-1, R=0.3, n, = 1.3756,v, = 0.37,
vy = 0.28 and y; = 3.4785 while U< 1, , R, <1, R,=0,1n,=1, y,=1 and
v, = 0.28. The coating thickness is not equal to zero because numerical algorithm
doesn’t allow us due to dividing zero. Figure 5.1 compares the perturbed solidification
front obtained from the present model with the previous solution due to Yigit [107]
when coupling rates between the solidified shell and mold are equal to -1 and -100,
respectively. The results show excellent agreement signifying the performance of the
numerical algorithm used in the solution of the present model. The particular interest
will be given to the effect of coating properties on the growth instability in the present
work. Therefore, thickness of the deformable mold is assumed to be constant as H = 4
for all of the following simulations. Other process parameters are chosen to be R = 0.5,
R,, =0.5,n, = 13756, n, =15 v.=037v,=0.32,v; =0.28, y; =3.4785,
Y2 = 3.

= Developed Model
-4\ |imitting Model in [107]

Figure 5.1 Comparison of the developed model with the limiting case in Yigit [107]

5.2.1 Effects of thermal conductivity of coating material

The effects of the thermal conductivity of coating material on the growth of the
perturbation in solidified shell thickness for two different coating thickness (U = 0.1
and U = 1) and thermal conductivity ratio between shell and mold materials ({3 = 0.5
and {3 = 2) in four different coupling rate at the shell/coating and coating/mold

interface cases in the following figures. Before determining the effects of thermal
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conductivity of coating material on the growth instability, we must dwell on important
parameter which is called thermal distortivity. Thermal distortivity of a material is a
constant parameter which identifies the formed curvature in a body due to flowing heat
through it [165]. It depends on the properties of the material of body and thermal
distortivity of a material is formulated as

§=a(l+v)/K (5.1)

where @, v and K are linear thermal expansion coefficient, Poisson’s ratio and the
thermal conductivity of the material, respectively. If two elastic bodies at different
temperatures are placed in contact, the will be generally some contact resistance due to
surface roughness and other contaminant films. Thermal contact resistance is a function
of the local contact pressure and pressure distribution in contact area is very sensitive to
small changes in surface profile. Thermoelastic distortions due to temperature fields in
the bodies cause comparatively small surface variations and the total contact area at this
interface changes. When heat flows through the interface between two different
materials, then the ratio of the distortivities of these two materials comprising the

interface deform relative to one another under the imposed thermal load.

0.06

0.05

0.02
—U=0.1¢,=05
..... U=0.1 4 =2

0.01 o
—=U=1(,=0.5
e U=1 C3:2

0 r r r r r T T
0 1 2 3 4 5 6 7 8

61

Figure 5.2 Maximum amplitude of perturbation in solidification front as a function of {;
for selected values of coating thickness and {3 when R" = —1, R;, = —1

Figure 5.2 indicates the variations of maximum values of perturbed solidification front,

S1(B)max With the thermal conductivity ratio between solidified shell and coating layer
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materials, ¢; when the thermal and mechanical problems are weakly coupled at both
lower and upper surfaces of the coating between the solidified shell and mold. The
results show that increase in {; has the destabilizing effect on the growth of the
solidifying shell for all combinations of {5 (thermal conductivity ratio between the shell
and mold materials) and mold thickness, U considered. In this way, an increase in
thermal conductivity of the coating material leads to more non-uniform growth of the
perturbation at moving interface regardless of its thickness and materials of the shell
and mold. This suggests that selecting coating layer less distortive than the solidified
shell and mold improves the quality of the final cast product. Thicker coating leads to
more uniform growth for a coating layer with higher thermal conductivity. On the other
hand, thinner coating layer improves the growth stability when the thermal conductivity
of the coating material is decreased. It is also noteworthy that an increase in {5 leads to
increase in S;(B)max for fixed values of ¢;. In other words, decrease in thermal
conductivity of the mold deteriorates growth stability of the solidified shell. This effect

however diminishes as the coating layer thickness increases.

0.09
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0.06
3
£
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0.04f 7§ 1
e
H —_U=0.1¢_=0.5
0.03f 57054
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0.021% ——U=1(,=05 |
e U=1 C3:2
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Figure 5.3 Maximum amplitude of perturbation in solidification front as a function of {;
for selected values of coating thickness and {; when R’ = —100, R;, = —1

In order to investigate the effect of coupling rate at the shell/coating interface on the
growth instability, we increased the value of R’ in Figure 5.3. When {3 < 1, increase in
¢; leads to two contrary effects on the growth of perturbation in solidified shell. There is

a critical ¢; value for leading most non-uniform growth. This critical value is equal to 1
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for both coating thicknesses considered. This means that when the thermal conductivity
of coating material is selected close to the thermal conductivity of shell material,
amplitude of the growth perturbation reaches its maximum value. This suggests that the
thermal conductivity of coating material should be selected much greater or smaller
than the thermal conductivity of shell material to minimize the growth instability. On
the other hand, when the mold is more distortive than the solidified shell, ({3 > 1), {;
shows destabilizing effect on the growth of the perturbation for considered all coating
thicknesses. Physically, decrease in thermal conductivity of the coating material leads to
more non-uniform growth in the solidified shell. So, the thermal conductivity of the
coating material should be selected much greater than the thermal conductivity of shell
material to improve the cast quality.

—U=01¢,=05

0.02rF U=01¢,=2 |

001 —=U=1¢,=05 |
ciee U=1¢,=2

% 1 2 3 4 5 6 1 8

Figure 5.4 Maximum amplitude of perturbation in solidification front as a function of ¢,
for selected values of coating thickness and {53 when R' = —1, R;, = —100

Figure 5.4 shows the variation of maximum amplitude of growth perturbation as a
function of ¢; when the coupling rate is increased only at lower surface of the coating
layer. We observed that an increase in {; changes the characteristic of the variation of
S1(B)max Only when U < 1 and {5 < 1. The critical value of ¢; for leading the highest
amplitude of growth perturbation is approximately equal to 2. Accordingly, thermal
conductivity of the coating layer should not be selected close to the half of the value of
thermal conductivity of shell material for a thin coating layer to decrease the instability
when the solidified shell is more distortive than the mold. However, if the shell is more
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rigid than mold, thermal conductivity of the coating material shows stabilizing effect on
the growth instability regardless of coating thickness. Therefore, thermal conductivity
of the coating material must be chosen much greater than shell material to obtain more
uniform growth and a better quality final cast. Similarly, {; has destabilizing effect for

thicker coating when shell is more distortive than the mold.
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0.12- q

0.11 b

0.08

S1([3)max

--------------------------
.
.

PYYTLLY I I 2232 22 08 88 C L L L1 )
0.06 g

"
5 —U=0.1 =0.
0.04} § U=01¢,=05}
:' ..... U=0.1 C3=2
0.024% ——U=1¢,=05 |
e U=1 (;3:2
0 r r r r r T T
0 1 2 3 4 5 6 7 8

Figure 5.5 Maximum amplitude of perturbation in solidification front as a function of {;
for selected values of coating thickness and 3 when R’ = —100, R}, = —100

When thermal and mechanical problems are strongly coupled at the surfaces between
shell/coating and coating/mold, the variation of S;(8)max 1S illustrated in Figure 5.5.
The results show similar characteristics with the results in Figure 5.3. It can be seen that
when {5 < 1, there are critical ratios, which are equal to 1 for both coating thicknesses
considered. Similar to Figure 5.3, most non-uniform growth is observed when the
thermal conductivities of shell and coating materials are selected close to the each other
regardless of the coating thickness. On the other hand, {; has destabilizing effect on the
growth of the solidifying shell when {3 > 1. In other words, thermal conductivity of
coating material should be selected much less than thermal conductivity of solidified
shell material to enhances the quality of final cast when mold is more distortive than
shell. In addition, the coating thickness decreases the growth instability due to the less
cooling rate. An increase in coating thickness also leads to increase the sensitivity of
growth perturbation to thermal conductivity of coating material. It is also noteworthy

that an increase in {5 leads to decrease in growth instability for strong coupling rates at
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both surfaces of coating layer. Additionally, it can be seen from the results in previous
figures that ¢; dependence of the variation of magnitude of the growth perturbation at
moving interface decreases for larger values of ;.

The variations of S; (8)max as a function of ¢; for R’, R},, U and {, are shown in the
following figures. The physical meaning of increasing ¢; while ¢, is kept constant is
that the thermal conductivity of solidified shell increases when thermal conductivity
ratio between the coating and mold materials is not changed.

Figure 5.6 shows the variations of maximum values of perturbed solidification front,
S1(B)max With the thermal conductivity ratio between solidified shell and coating layer
materials, ¢; when the thermal and mechanical problems are weakly coupled at both
lower and upper surfaces of the coating between the solidified shell and mold. The
results show that increase in {; has the destabilizing effect on the growth of the
solidifying shell for all combinations of ¢, (thermal conductivity ratio between the

coating and mold materials) and mold thickness, U considered.
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Figure 5.6 Maximum amplitude of perturbation in solidification front as a function of {;
for selected values of coating thickness and {, when R’ = —1, R}, = —1

In physical meaning, thermal conductivity of solidified shell leads to increase in the
magnitude of the growth perturbation in solidified shell regardless of the coating
thickness and materials of the mold and coating. Therefore, the thermal conductivity of
shell should be selected much less than thermal conductivity of the coating material for

better quality. On the other hand, an increase in {, leads to more unstable growth of
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perturbation in solidification front for fixed values of ;. This means that decrease in
thermal conductivity of the mold material has destabilizing effect on the growth
instability. However, this destabilizing effect diminishes when the coating thickness is
increased. It should be also noted that coating thickness has destabilizing effect on the
growth instability for weak coupling rates and an increase in , leads to decrease in the

sensitivity of the process to the coating thickness.
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Figure 5.7 Maximum amplitude of perturbation in solidification front as a function of {;
for selected values of coating thickness and ¢, when R’ = —100, R}, = —1

In order to investigate effects of coupling rates at the shell/coating and coating/mold
interfaces R’ and R}, are increased individually in Figure 5.7 and Figure 5.8,
respectively. It can be seen in Figure 5.7 that the characteristics of the curves are
changed depending on the values of {,. When {, < 1, there are critical {; values for
leading most unstable growth in the solidified shell. These values are approximately
equal to 1 and 0.4 for U = 0.1 and U = 1, respectively. This suggests that thermal
conductivity of solidified shell material must be chosen far enough away from thermal
conductivity of coating material to minimize the unevenness in the solidified shell when
the mold is coated with more distortive layer than itself. On the other hand, when
¢, > 1, the characteristics of the curves are changed to be opposite for both coating
thicknesses. The critical {; values for leading most stable growth at moving interface
are equal to 1. Therefore, when the mold is coated with more rigid layer than itself, the

thermal conductivity of solidified shell material should be selected close to thermal
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conductivity of the coating layer regardless of the coating thickness. Additionally, the
thickness of coating has stabilizing effect on the growth instability but an increase in {,

leads to decrease in this effect.

The results in Figure 5.8 depict similar characteristics with the results in Figure 5.7
when the mold is more rigid than coating layer. The critical {; values are approximately
equal to 1 and 0.6 for U = 0.1 and U = 1, respectively. Similarly, selecting thermal
conductivities of the shell and coating materials close to each other leads to the most
non-uniform growth of the perturbation in solidified shell. When ¢, > 1, {; has
stabilizing effect on the growth instability for relatively thin coating layer (i.e., U = 0.1)
until it is approximately equal to 1. However, when ¢; exceeds this critical value, its
stabilizing effect turns to destabilizing. It can be seen that most stable growth is
observed when thermal conductivity of shell material should be selected close to
thermal conductivity of the coating material for relatively thin coating layer (i.e.,
U = 0.1). Unlike that of Figure 5.7, an increase in {; leads to increase in the maximum
of the growth perturbation in solidified shell thickness for relatively thicker coating
layer ((i.e., U = 1)) when ¢, > 1.
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Figure 5.8 Maximum amplitude of perturbation in solidification front as a function of {;
for selected values of coating thickness and ¢, when R' = —1, R}, = —100

Combined effects of coupling rates at the shell/coating and coating/mold interfaces on
the variation of S; (8)max are illustrated in Figure 5.9. It can be seen that the results for

each combination show similar characteristics with Figure 5.7. Similar to Figure 5.7, the
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results suggest that the thermal conductivity of the solidified shell material must be
chosen much less or greater than the thermal conductivity of the coating material for
both coating thicknesses considered when the mold is more rigid than the coating layer.
On the other hand, when C, > 1, the most stable growth is observed when thermal
conductivities of the shell and coating materials are selected close to each other. In
addition, an increase in coupling rates at both interfaces of coating layer leads to

increase in the maximum of the growth perturbation at the moving interface.
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Figure 5.9 Maximum amplitude of perturbation in solidification front as a function of {;
for selected values of coating thickness and ¢, when R’ = —100, R},, = —100

5.2.2 Effect of thickness of the mold coating layer, (U)

Thickness of the coating is an important parameter for the solidification process due to
its thermal and mechanical effects on the thermoelastic instability during the
solidification process. The thickness affects the mechanical stiffness of a layer and the
temperature distribution in this layer significantly. An increase in the thickness of a
layer leads to increase in the stiffness and decrease in the slope of temperature
distribution in the layer. These two contrary effects of thickness have an important role
on the growth instability when the material of the layer is selected highly distortive. The
effects of the coating layer are investigated for different combinations of the thermal
conductivity ratios of solidified shell, coating and mold materials and coupling rates at
shell/coating and coating/mold interfaces. The dimensionless mold thickness is equal to
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4 and the zeroth order thermal resistances at the shell/coating and coating/mold
interfaces equals to 0.5 for all following simulations.

Figure 5.10 shows the variation of the growth perturbation in solidified shell as a
function of the mean shell thickness for selected values of coating thickness when the
thermal and mechanical problems are weakly coupled at upper and lower surfaces of
coating layer. The thermal conductivity ratios are equal to 0.1 in this case. It means that
the thermal conductivities of the materials are ranked as K¢ > K? > K¢. Therefore,

solidified shell is most distortive and the mold is least distortive layer in the process.

The results show that coating thickness has destabilizing effect on the growth
instability. For small coating thickness, coating layer shows more compliant to occurred
distortions in the solidified shell. Therefore, the stabilizing effect of the stress relaxation
overcomes the destabilizing effect of high cooling rate. This result suggests that coating
thickness should be selected thinner for the case in which the thermal conductivities of

solidified shell, coating and mold materials are ranked like this.

Figure 5.10 Perturbation in solidification front as a function of S, () for selected values
of UwhenR' = -1,R, =-1,{; =0.1,{, = 0.1

On the other hand, it can be seen that the perturbation at the solidification front grows

and reaches a maximum value for all cases. Then, the mean shell thickness becomes

large enough, the conditions at the solidification front are less affected by the changes in

the conditions at shell/coating and coating/mold interfaces. For this reason, the
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amplitude of the perturbation starts to decrease and then completely diminishes at the

end of the solidification process.

In order to investigate the effect of coating thickness when the thermal conductivity
ranking of the materials is changed, Figure 5.11 is reproduced with the same parameters
given in Figure 5.10 except the value of ¢;. We increased the value of {; from 0.1 to 2
and the thermal conductivities of the materials are ranked as K¢ > K¢ > K”. The mold
is still least distortive layer but differently from the previous figure, the coating layer is
the most distortive material in this case. Similarly, increase in the coating layer leads to
increase in amplitude of the perturbation in solidified shell when coupling rates are
weak at both interfaces. Similar to previous case the stabilizing effect due to the high
stress relaxation dominates the system behavior and overcomes to destabilizing effect of

less cooling rate for thinner coating layer.
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Figure 5.11 Perturbation in solidification front as a function of S, () for selected values
ofUwhenR' = -1,Rl, =—-1,{, =2,{, = 0.1
It can be seen by comparing the previous figure that when the thermal conductivity of
the coating material is selected less than the thermal conductivities of the solidified shell
material, the amplitude of the perturbation at moving interface increases for all selected
values of U. This result suggests that the coating material should be selected more rigid
than the solidified shell regardless of the coating thickness to improve the quality of the
casting. It is also noted that increase in {; leads to increase the coating thickness

dependence of the growth instability when coupling rates are weak. On the other hand,
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we can observed from the comparison this figure with the previous figure that the mean
shell thickness when the perturbation reaches its maximum amplitude increases

depending on an increase in {;.

Figure 5.12 shows the variation of the amplitude of the perturbation at moving interface
as a function of mean shell thickness for ({; = 0.1, {, = 2) thermal conductivity ratio
combination when coupling rates are weak. The thermal conductivities of the materials
are ranked as K? > K% > K°. As it is shown that the most rigid layer is coating and
solidified shell is the most distortive layer in this case. It can be seen that the
destabilizing effect of the coating thickness turns to opposite and increase in coating
thickness leads to decrease in amplitude of the perturbation in solidified shell thickness.
For highly rigid coating layer, stabilizing effect of less cooling rate overcomes the
destabilizing effect of less stress relaxation.
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Figure 5.12 Perturbation in solidification front as a function of S, () for selected values

ofUwhenR'=—-1,R, =—1,{, =0.1,{, = 2
This result suggests that when the mold is coated a layer which is more rigid than the
mold, the thickness of highly rigid coating layer should be selected thicker for more
uniform growth in the shell. On the other hand, when we compared the results in Figure
5.11 and Figure 5.12, we obtained that decrease in the thermal conductivity of coating
material leads to decrease in the sensitivity of the growth perturbation to the coating
thickness.
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Figure 5.13 shows the effects of the coating thickness on growth instability when
thermal conductivity ratios ¢; and {, are become greater than 1. The thermal
conductivities of the materials are ranked as K¢ > K? > K¢ for this case. The result
shows that the thickness of coating layer has stabilizing effect on the growth of the
perturbation in solidified shell but decrease in the maximum amplitude of the
perturbation is less than the result in previous figure. Hence, an increase in {; decreases
the stabilizing effect of the coating thickness on the growth instability. Physically, the
sensitivity of the growth instability to coating thickness decreases when the mold and
coating layer are more distortive than solidified shell. It can be seen by comparing the
results in this figure and Figure 5.11 that increase in {, turns to effect of coating
thickness from destabilizing to stabilizing. This means that increase in the thermal
conductivity ratio between coating and mold materials leads to change the effect of the
coating thickness on growth instability. However, coating thickness dependence of the

process decreases when {; is increased while ¢, is equal to 2.
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Figure 5.13 Perturbation in solidification front as a function of S, () for selected values
ofUwhenR' = —-1,R,, =-1,{; =2,{, =2

In order to investigate the effect of the coupling effect at shell/coating interface on

variation in the growth of the perturbation depending on the coating thickness, the value

of the R’ is increased from -1 to -100 while the thermal and mechanical problems are

coupled still weakly between coating layer and mold.
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Figure 5.14 shows the variation of the growth perturbation in solidified shell for
selected values of coating thickness when the both conductivity ratios between the
solidified shell, coating layer and mold materials are less than one. Similar to Figure
5.10, coating thickness has destabilizing effect on the growth instability. The effect of
the coupling at shell/coating interface does not change the destabilizing effect of the
coating thickness but it leads to increase in amplitude of the perturbation for all coating
thickness. In addition, the sensitivity of the uneven shell growth to coating thickness
increases when the coupling rate at shell/coating interface is increased. On the other
hand, the mean shell thickness when the perturbation reaches its maximum value

becomes thicker for this combination of system parameters.
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Figure 5.14 Perturbation in solidification front as a function of S, () for selected values
of Uwhen R = =100, R}, = —-1,¢{; =0.1,{, = 0.1
Figure 5.15 indicates the effect of the coating thickness on the growth instability during
solidification for same parameters given in previous figure except the value of {;. As
mentioned before, the coating layer is more distortive than solidified shell but still mold
is more rigid layer in this case. Differently from the results in Figure 5.11, increase in
the thickness of coating layer leads to more uniform growth in the solidified shell when
coupling rate at shell/coating interface is increased. As seen in the figure two different
behaviors are shown depending on the increase in coating thickness during growth of
the perturbation. Since U is large, its two contrary effects may be pronounced when the
coating layer is highly distortive. First one is the stabilizing effect on the growth

instability due to less cooling rate. However, the stiffness of the coating layer is high
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due to large thickness and it necessitates higher stresses to straighten it out. This effect
in turn will cause rapid growth of the perturbation. At the beginning of the process
increasing coating thickness cause rapid growth for thicker coating since second
destabilizing effect overcomes the first stabilizing effect. But these effects are not
permanent and as the time progress the growing mean shell thickness gives positive
contribution the stabilizing effect of the less cooling rate. Then, perturbation grows
slowly for thicker coating layer and reaches smaller amplitude. When we compared this
figure with the previous figure, the result show that increase in ¢; leads to change the
effect of the coating thickness from destabilizing to stabilizing when coupling rate at
shell/coating interface is strong while other one is weak. Additionally, the amplitude of
the growth perturbation increases for all coating thickness when this coupling rate is
increased. On the other hand, it can be seen by comparing the results in Figure 5.11 that
coupling rate at the upper surface of coating changes the effect of the coating thickness

on the process for same conditions.
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Figure 5.15 Perturbation in solidification front as a function of S, () for selected values
of UwhenR' = —=100, R}, = -1,{; = 2,{, = 0.1
Figure 5.16 depicts the effect of the coating thickness on the uneven shell growth during
solidification under same coupling rates given in previous case when the thermal
conductivity ratio between the coating and mold materials is increased to 2. The coating
iIs most rigid layer in this case and increasing the coating thickness has a stabilizing
effect on the growth instability. The stabilizing effect of less cooling rate overcomes the
destabilizing effect of the less stress relaxation due to high rigidity of coating layer for
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thicker coating layer. Since high rigidity of the coating layer, the destabilizing effect of
coating stiffness has no significant effect for this case. It can be seen that the effect of
the coating thickness on the growth instability does not change during the solidification
like in the previous case. The perturbation grows slowly and reaches smaller amplitude
for thicker coating. On the other hand, increase in coupling rate at shell/coating
interface does not change the stabilizing effect of the coating thickness but it leads to
increase in the mean shell thickness when the perturbation reaches its maximum
amplitude. Additionally, this coupling rate increases the coating thickness sensitivity of

the solidification process.
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Figure 5.16 Perturbation in solidification front as a function of S, () for selected values
of UwhenR' = —=100,R/,, = -1,{, =0.1,{, =2
Figure 5.17 shows the variation of the perturbation in solidified shell as a function of
So(B) when ¢; and ¢, are greater than one. As described in Figure 5.13, highly rigid
material solidifies on a more distortive mold and coating layer in this case. Similar to
this figure, the destabilizing effect of stiffness of high distortive coating layer and
stabilizing effect of less cooling rate suppress each other and coating thickness has
minor stabilizing effect on the growth instability. It means that increase in coupling rate
at shell/coating interface does not have significant effect on the effect of the coating
thickness on the growth of the perturbation at moving interface. On the other hand, the

sensitivity of the growth instability to coating thickness decreases when ¢; and {, is
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greater than one. This means that when the solidified shell is selected more rigid than
coating layer and mold, the effect of coating thickness reduces.
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Figure 5.17 Perturbation in solidification front as a function of S, () for selected values
of UwhenR' = =100, R, = —1,{, =2,{, = 2

In order to investigate the effect of the coating thickness on the growth of the

perturbation in solidified shell when coupling between the coating and mold is strong

only, we increased the value of R;, from -1 to -100 while R’ is still equal to -1. The

influence of the coating thickness of the growth of the perturbation is shown in Figure

5.18 when the thermal conductivities of the materials are arranged as K¢ > K? > K°¢.

The results show that thickness of the coating layer has stabilizing effect on the growth
instability during the solidification process. The destabilizing effects of the coating
thickness for same rank of thermal conductivity for different coupling rate combinations
in Figure 5.10 and Figure 5.14 turns to stabilizing when the coupling rate at
coating/mold interface is increased only. At the beginning of the process, destabilizing
effect of less stress relaxation effect dominates the system but as the time is progressed
stabilizing effect of the less cooling rate overcomes the destabilizing effects and growth
of the perturbation slows down for thicker coating layer. This result suggest that
increase in the coupling between the coating and the mold leads to more uniform
growth in the solidified shell compared with increase in coupling between the solidified

shell and the coating for thicker coating layer. On the other hand, dependence of the
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growth instability on the coating thickness increases when the coupling at coating/mold
interface is increased only.
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Figure 5.18 Perturbation in solidification front as a function of S, () for selected values
of UwhenR' = —1,R), = —100,¢; = 0.1, {, = 0.1
Figure 5.19 shows the variation of the growth perturbation depending on the coating
thickness for similar coupling rates with the previous case when the thermal
conductivity ratios are arranged as ¢; = 2 and ¢, = 0.1. When mean shell thickness is
small, growth stability of the solidified shell is affected by the conditions at
shell/coating and coating/mold interfaces very much. In this case, mold is more rigid
than coating layer and destabilizing effect due to high stiffness of more distortive
coating layer dominates the system behavior at the beginning of the process. Therefore,
perturbation grows rapid for thicker coating layer at early stages of perturbation. But
after a while, the stabilizing effect of less cooling rate overcomes this destabilizing
effect and perturbation slows down. The thickness of the coating leads to decrease in the
amplitude of the growth perturbation at freezing front. Due to high rigidity of the mold,
its mechanical properties do not have significant effect on the process. When we
compared the results in this figure and Figure 5.11, it is observed that increase in the
coupling rate at coating/mold leads to change the effect of the coating thickness on
growth stability from destabilizing to stabilizing. On the other hand, it can be seen by
comparing the results in Figure 5.15 that the perturbation grows more uniform for all

coating thickness when the coupling at coating/mold interface than when the coupling at
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shell/coating interface. It is also noteworthy that the sensitivity of the growth instability
to coating thickness when the coupling rate at coating/mold interface is increased is

more than the sensitivity when coupling rate at shell/coating interface is increased only.
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Figure 5.19 Perturbation in solidification front as a function of S, () for selected values
of UwhenR' = -1, R}, = —100,¢{; = 2,{, = 0.1
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Figure 5.20 Perturbation in solidification front as a function of Sy (/) for selected values
of UwhenR’' = —1,R,, = —100,¢;, = 0.1, {, = 2

Figure 5.20 shows that the effects of the coating thickness on the growth of the

perturbation in the solidified shell when we use same parameters given in Figure 5.18

except the value of the {,. ¢, is increased from 0.1 to 2 and so that the mold is coated
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more rigid coating layer than itself for this case. The result shows that thickness of the
coating layer has stabilizing effect on the growth instability. Since the mold is more
distortive than coating layer its mechanical stiffness becomes important. It causes
destabilizing effect on the growth instability due to its stiffness. Stabilizing effect of less
cooling rate overcomes the destabilizing effects of less stress relaxation due to high
rigidity of coating layer for thicker coating layer. Thicker coating layer shows more
uniform growth for all stages of solidification process. In comparison with the previous
figure, increase in the rigidity of the coating layer leads to increase in sensitivity of the
growth instability to coating thickness. It can be also seen by comparing this result with
the result in Figure 5.16 that coupling rate at coating/mold interface leads to smaller
amplitude of perturbation for all selected values of U than coupling rate at shell/coating

when thermal conductivities of the materials are selected in this rank.

Similar to the results in Figure 5.13 and Figure 5.17, increases in the both thermal
conductivity ratios between the solidified shell, coating layer and mold materials leads
to decrease in the effect of the coating thickness on growth of the perturbation in
solidified shell when the coupling at coating/mold interface is strong only. Similar
characteristics are observed in this case with mentioned previous figures. It means that
increases in the coupling rates at shell/coating and coating/mold interfaces individually
do not have significant effect on the growth of the perturbation when {; and ¢, are
greater than one. The effect of the coating thickness on the growth instability does not
change when coupling rates are increased for this rank of thermal conductivities of

materials.

When we examine the variation of growth of the perturbation depending on the coating
thickness when the thermal and mechanical problems are strongly coupled at both
shell/coating and coating mold interface, the results show that combined effects of
coupling rates cause to increase in the amplitude of the perturbation for all cases except
¢, = 2 and ¢, = 2 case. Similar to the cases in which coupling rate at coating/mold is
strong only, the thickness of coating layer has stabilizing effect on the growth instability
during the solidification process for all combinations thermal conductivity ratios
between the solidified shell, coating layer and mold materials. On the other hand, the
sensitivity of the growth instability to the coating thickness increases for {; = 0.1 -
(=01 =2-¢=01and {; =0.1 - {;, =2 conductivity ratios combinations

when the coupling rates at the upper and lower surfaces of coating are become strong.
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However, the thickness of coating has similar less stabilizing effect on the growth
instability for the case in which ¢; and ¢, are greater than one. It means that when a less
distortive material solidifies on a more distortive mold and coating layer, the process is
less dependent on variations in the coating thickness and coupling rates at both

interfaces.

5.2.3 Effect of zeroth order thermal contact resistances at shell/coating and

coating/mold interfaces (R and R,,,)

Since the effects of surface roughness and other contaminants films, there will be
thermal contact resistances at the shell/coating and coating/mold interfaces. There
thermal contact resistances have significant effect on the growth of instability because
the thermal contact resistance between the two metallic solid surfaces prevents the heat
flux and cause mutual temperature differences at the opposite sides of this interface. It is
know that the extraction of heat by conduction across these interfaces increases in the
regions where the thermal contact resistance is decreased and vice versa, it decreases in
the regions where the thermal contact resistance is increased. These non-uniformities in
the heat extraction cause undulatory structure at the moving interface between the liquid
and solid interface and therefore, the quality of the cast reduces. As a result, contact
resistances at the casting/coating and coating/mold interfaces play an important role in
the solidification process and have to be taken into account in the stability analysis of

the solidification of casting.

The effects of the zeroth order thermal contact resistances at shell/coating and
coating/mold interfaces, which are constant associated with the constant unperturbed
contact pressure P,, on the growth instability are investigated in the following
considered cases for the combinations of thermal conductivity ratios between solidified
shell, coating and mold materials and coupling rates at the upper and lower surfaces of
coating layer. In these cases, the dimensionless thicknesses of the coating and mold are

equal to 0.5 and 4, respectively.

Figure 5.21 shows the variation of growth perturbation at moving interface as a function
of mean shell thickness for selected values of the zeroth order thermal contact resistance
at shell/coating interface while R,, is equal to 0.01. The thermal and mechanical
problems are weakly coupled at both shell/coating and coating/mold interfaces and the

thermal conductivity ratios between materials of solidified shell, coating and mold are
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equal to 0.1 in this case. It can be seen that R has a destabilizing effect on the growth of
the perturbation in solidified shell for weak coupling rates when the thermal
conductivity of the materials are ranked as K¢ > K? > K°. It means that when the
solidified shell material is more distortive than the coating layer and mold, increase in
the zeroth order thermal contact resistance at shell/coating interface leads to more rapid
growth of the perturbation in solidified shell. This result suggests that the value of R

should be selected very small for improving the quality of the final cast.
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Figure 5.21 Perturbation in solidification front as a function of S, () for selected values
of RwhenH =4,U=05R =—-1,R,,=-1,{; =0.1,{, = 0.1and R,, = 0.01
Figure 5.22 is reproduced with the same parameters given in Figure 5.21 except the
value of ¢;. ¢; is increased from 0.1 to 2 and the coating layer is become more distortive
than the solidified shell. The result shows that when the highly rigid mold is coating a
material whose thermal conductivity is greater than its and casting material’s thermal
conductivities, thermal resistance at shell/coating interface does not have any significant
effect on the growth of the perturbation in solidified shell during the solidification
process. In other words, increase in {; leads to decrease in the sensitivty of the process
to the thermal contact resistance at shell/coating interface. It means that the effect of the
R on the growth instability is eliminated for weak coupling rates at the upper and lower
surfaces of the coating layer when ranking of the thermal conductivities of the materials

are selected as K¢ > K¢ > KP.
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Figure 5.22 Perturbation in solidification front as a function of S, () for selected values
of RwhenH =4,U =05R =—-1,R,,=-1,{; =2,{, =0.1and R,,, = 0.01
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Figure 5.23 Perturbation in solidification front as a function of S, () for selected values
of RwhenH =4,U=05R =—-1,R, =-1,{; =0.1,{, = 2and R, = 0.01
Figure 5.23 shows the effect of the thermal contact resistance at shell/coating interface
on the growth of the perturbation in solidified shell when the thermal conductivity ratios
combination is arranged as ¢; = 0.1 and {, = 2. Now, the thermal conductivities of the
material are ranked as K? > K% > K¢ and it is seen that the coating layer is become the
most rigid layer in the process. R has destabilizing effect on the growth instability

similar to the results in Figure 5.21 but however, we observed that the dependence of
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the shell growth on the thermal contact resistance at shell/coating interface reduces for
this case. On the other hand, the thermal conductivity ratios between the mold and
casting materials, {5, are same with the previous case. It can be seen that increase in the
thermal conductivity of coating layer material leads to increase in the sensitivity of the
growth instability to thermal contact resistance at shell/coating interface. It is also
noteworthy that the amplitude of the perturbation at moving interface decreases for all
selected values of R when the coating layer is selected more rigid than solidified shell

and mold.

Figure 5.24 Perturbation in solidification front as a function of S, () for selected values
of RwhenH =4,U=05R =—-1,R, =-1,{, =2,{, =2and R, = 0.01
Figure 5.24 shows that the effect of the R on the growth of the perturbation in solidified
shell when both thermal conductivity ratios between the solidified shell, coating and
mold are equal to 2 (K¢ > K? > K%). The result shows that the variation in the thermal
contact resistance does not have any effect on the growth instability. It means that if the
solidified shell is more rigid than the coating and mold then the effect of the thermal
contact resistance on the growth instability diminishes for weak coupling rates at
shell/coating and coating/mold. It can be also seen by comparing this result with the
previous results in Figure 5.21, Figure 5.22 and Figure 5.23 that increase in {; leads to
decrease in the effect of R on the growth instability. This means that when coating layer
iIs become more distortive than the solidified shell regardless of the mold materials, the
destabilizing effect of the thermal contact resistance at shell/coating interface eliminates
for weak coupling at both interfaces. It is alos seen that the amplitude of the growth
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perturbation in solidified shell will be greatest when the values of ¢; and {,are greater
than 1. Most uniform growth is abtained when R is selected smaller when tha ranking of
thermal conductivities of the solidified shell, coating and mold materials is K¢ > K? >
K€.

In order to investigate the effect of R on the growth of the perturbation in solidified
shell when coupling rate at the upper surface of coating layer is strong, we increased

magnitude of R’ to 100 while R}, is still equal to -1.

S,(B)

Figure 5.25 Perturbation in solidification front as a function of S, () for selected values
of RwhenH = 4,U =0.5,R' = —100,R,,, = —1,{, = 0.1, {, = 0.1 and R,, = 0.01
Figure 5.25 shows the effect of the thermal contact resistance at shell/coating interface
when thermal conductivity ratios between materials of solidified shell, coating and mold
are ranked as K¢ > K? > K¢. The destabilizing effect of R on the growth instability
converts to stabilizing when the coupling between shell and coating is increased. It
means that increase in the thermal contact resistance at shell/coating interface leads to
decrease in the amplitude of the growth perturbation in solidified shell. Low values of R
cause more rapid growth and the perturbation diminishes in a longer time. This result
suggests that the thermal contact resistance at shell/coating interface should be selected
high for more uniform growth in solidified shell. It can be seen by comparing the results
in Figure 5.21 that the amplitude of growth perturbation in shell thickness increases for

all selected values of R when we increased the coupling rate at shell/coating interface.
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Additionally, the sensitivity of the growth of the perturbation to zeroth order thermal
contact resistance at shell/coating interface increases under this conditions.

Figure 5.26 depicts the variation of the growth perturbation at moving interface as a
function of mean shell thickness for selected values of R when ; is increased to 2. The
result shows that the thermal contact resistance at shell/coating interface has stabilizing

effect on the growth instability.
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Figure 5.26 Perturbation in solidification front as a function of S, () for selected values
of RwhenH =4, U =0.5,R' = —100, R, = —1,{, = 2,{, = 0.1 and R,,, = 0.01
It can be remembered that the results in Figure 5.22 showed that R does not have
significant effect on the growth of the perturbation at freezing front. However, it can be
seen that increase in the coupling between solidified shell and coating layer leads to
increase in the sensitivity of the growth instability to R during the solidification process.
On the other hand, when we compared with the previous figure, we observed that if the
thermal conductivities of the materials of solid layers are ranked as K¢ > K¢ > K?
(¢; =2 and ¢, = 0.1) then dependence of the process on R decreases. It means that the
sensitivity of the process to R decreases for strong coupling rate at shell/coating
interface when coating layer is become more distortive than the solidified shell. It is
also noteworthy that increase in coupling rate leads to increase in the mean shell

thickness when the perturbation reaches its maximum value.

Figure 5.27 shows the variation of perturbation in solidified shell for same parameters

given in Figure 5.25 except the value of {,. ¢, is increased to 2 when the thermal and
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mechanical problems are strongly coupled only at shell/coating interface. The results
show that increase in R leads to decrease in the amplitude of the growth perturbation in
solidified shell. When we compared these results with the results in Figure 5.25, we
observed that increase in {, leads to decrease in the R dependence of the process for
same coupling conditions. It means that when the coating layer is become more rigid
than the mold, the effect of R on the process decreases when the solidified is the molst
distortive layer in the process. However, it can be seen by comparing this case and the
previous case, the sensitivity of the growth instability to thermal contact resistance at
the shell/coating interface increases for ¢; = 0.1 , {, = 2. This means that increase in
the thermal conductivity of the coating layer leads to increase the effect of the R on the
growth instability during solidification process when thermal conductivity ratio between

shell and mold materials are constant.
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Figure 5.27 Perturbation in solidification front as a function of S, () for selected values
of RwhenH = 4,U =0.5,R' = —100,R,, = —1,{; = 0.1, {, = 2and R,, = 0.01
Figure 5.28 shows that effect of the contact resistance at shell/coating interface on the
growth instability for similar coupling rates combination when ¢; =2 and {, = 2.
Similar to Figure 5.24, the result shows that R has not any significant effect on the
growth instability during the solidification process. The effect of the zeroth order
thermal contact resistance at shell/coating interface eliminates when the thermal
conductivities of the solidified shell, coating and mold materials are ranked as K¢ >
KP > K9. It means that when a material solidifies on a more distortive coating and

mold than itself, coupling rate at shell/coating interface does not change the effect of R
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on the process. As a result, increase in the coupling rate at shell/coating interface leads
to turns to destabilizing effect of R to stabilizing and increase in the sensitivity of the
process to changes of thermal contact resistance at shell/coating interface except the
case in which {; =2 and ¢, = 2. On the other hand, the amplitude of the growth
perturbation at moving interface increases for all selected values of R except the same
case, in which the thermal conductivity ratios between solidified shell, coating and mold

materials are equal to 2, when coupling rate at shell/coating interface is increased.
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Figure 5.28 Perturbation in solidification front as a function of S, () for selected values
of Rp when H = 4, U = 0.5,R' = —100,R,, = -1, = 2,{, = 2and R,,, = 0.01
When we increased only the coupling rate at coating/mold interface or both upper and
lower surfaces of coating layer in order to investigate the effects of thermal contact
resistance at shell/coating interface on the growth instability, we obtained similar results
with the previous considered cases in which the coupling is strong only at shell/coating
interface. The thermal contact resistance at coating/mold interface has stabilizing effect
on the growth of the perturbation at moving interface except the case in which the
termal conductivities of the materials of solidified shell, coating and the mold are
ranked as K¢ > KP? > K4, Similarly, R has no effect on the process for this case.
Additionally, we observed that the amplitude of the growth perturbation is smaller for
all selected values of R when the coupling at coating/mold interface only is strong only
than when the coupling is strong only at shell/coating interface. When the coupling rates

at shell/coating and coating/mold interfaces are strong together, the amplitude of the
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growth perturbation at moving interface reaches highest value and contact resistance
sensitivity of the process increases for all thermal conductivity ratio combination except
the combination of {; =2 and {, = 2. As a result, when the coupling rates at
shell/coating and coating/mold interfaces are increased one by one or together the
destabilizing effects of the thermal contact resistance at shell/coating interface on the
growth instability turns to stabilizing for all considered cases except the case in which
solidified shell is more rigid than the coating and mold.
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Figure 5.29 Perturbation in solidification front as a function of S, () for selected values
of R,, when H =4,U =05 R =-1,R,, =—-1,{, =0.1,¢, =0.1and R = 0.01
The effects of the thermal contact resistance at coating/mold interface, R,,, on the
growth of the perturbation in solidified shell are investigated for the combinations of
thermal conductivity ratios of materials and coupling rates at shell/coating and
coating/mold interfaces. Figure 5.29 shows the variation of growth perturbation
depending on the thermal contact resistance at coating/mold interfaces for {; = 0.1 and
¢, = 0.1 thermal conductivity ratios combination when coupling rates at upper and
lower surfaces of the coating. The result shows that R,, has destabilizing effect on the
growth of the perturbation in solidified shell. However, Figure 5.30 shows the results
for same parameters given in previous figure except the coupling at shell/mold interface
is increased only. It can be seen that the destabilizing effect of R,, turns to stabilizing
and the maximum amplitude of the perturbation and mean shell thickness when the

perturbation reaches its maximum value increase when the coupling rate at shell/coating
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interface is increased. On the other hand, increase in the coupling rate at shell/coating

interface leads to increase in the sensitivity of growth instability to R,,,.

We observed that R,, has similar effects with R on the growth instability for all
considered cases. Similarly, it has destabilizing effects on the growth of the perturbation
at moving interface for {; = ¢, = 0.1 and ¢; = 0.1, {, = 2 thermal conductivity ratios
combinations when the coupling rates are small at both upper and lower interface of
coating layer. Under same coupling rates it has no significant effect for {; = 2,{, = 0.1
and ¢{; = {, = 2 combinations. However, it has stabilizing effect on the growth
instability for the combinations of (; = ¢, =0.1,{; =0.1,{; =2and {; = 2,{, = 0.1
when the coupling rates at shell/coating and coating/mold are increased one by one or
together. Similar to previous cases, the process is insensitive to changes of coupling
rates and thermal contact resistance at coating/mold interface for ¢; = {, = 2 thermal
conductivity ratio combinations. This means that when the solidified shell is more
distortive than the coating and mold, the variations in R', R},,, R and R,,, do not affect
the thermoelastic instability during the solidification process. The effects of the
coupling rates on the growth of the perturbation in solidified shell are investigated in the
following sections in detail.

S, ()

Figure 5.30 Perturbation in solidification front as a function of Sy (/) for selected values
of R,, whenH = 4,U = 0.5,R' = =100, R}, = —1,{; = 0.1, ¢, = 0.1 and R = 0.01

As a result of these considered cases, it can be seen that the contact resistances at the
both upper and lower surfaces of coating layer have approximately similar effect on the
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growth instability during the solidification process for all considered combinations of
the thermal conductivity ratios between the solidified shell, coating and the mold

materials and coupling rates.

5.2.4 Effect of wavelength (4)

In order to investigate the effect of the wavelength, A, on the growth of the perturbation
in solidified shell for fixed values of R, R,,, R'and RJ,, we describe a new
dimensionless parameter for the magnitude of the perturbation in solidified shell, time,
the coupling rate at shell/coating interface and the coupling rate at coating/mold
interface as follows

_S(B) _s®

A=—p= =1 R (5.2)

T= % = ch%mcRozt (5.3)

R}, =E=%R'(%) (5.4)
Riym = By EraTy Rin(P,) (5.5)

R~ (1—vOK°R,

These are chosen to be independent of the wavenumber, m, when the other physical
parameters are held constant. The effect of varying m will appear through the variation
in the parameter R = mK°R,,, which here rename M to highlight it present function of

characterizing the wavenumber of the perturbation.

Figure 5.31 shows the effect of the wavenumber, M, on the variation of the perturbation
amplitude A(t) as a function of time, 7, for the coupling rates at shell/coating and
coating/mold interfaces are equal to each other as Rj = R}, = —300 and other
selected system parameters. The initial condition for calculating amplitude of the
perturbation at moving interface is assumed to be A'(0) = 0.1. Large values of M
correspond to short wavelengths. The results show that when the wavenumber is
increased, the perturbation grows faster and reaches smaller peak amplitudes than
decays its steady state value. Assuming a random distribution of wavelengths in the
initial perturbation, shorter wavelengths have stabilizing effect on the solidification
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process. Variation of the growth instability during the solidification depending on the
wavenumber shows us the changing the surface topographies of coating layer or the
mold has significant effect on the growth of the perturbation in solidified shell during
the casting process. The effects of the other parameter such as thickness of the mold and
coating layer, thermal contact resistances at the shell/coating and coating/mold
interfaces are similar to the obtained results in previous studies and hence they no

reported in this study.
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Figure 5.31 Effect of the wavelength on the growth of the perturbation when H = 4,
U=05, {4 =2,{,=0.1R=05R,, =0.5 R}, =—-300and R},,, = —300

5.3 A case study

In this section we determine the effects of coating layer properties such as thickness and
material of it and coupling rates at shell/coating and coating/mold interfaces on the
uneven shell growth during casting of pure metals by using of the theoretical
formulations discussed in previous chapters. We examine the variations of the growth
perturbation at solidification front for specific material combinations and process
parameter in dimensional form. We handled a special case for improving our knowledge
about the thermo-elastic instability mechanism which contains the solidification of pure
aluminum. Aluminum is one of the most used materials in casting industry and we
determine the conditions for eliminating or minimizing growth instability and improve

the quality and usability of the final aluminum casting.
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5.3.1 Properties of selected Materials

We examine the effects of the properties of the coating layer on the growth instability
for the system in which aluminum shell is solidified on a coated planar mold of finite
thickness. We wish to determine the conditions in the process for obtaining the best
quality final casting. Pure aluminum, iron and copper materials combinations are used
as the coating and mold materials. The thermal and mechanical properties of these pure

materials are listed in the Table 5.1.

Table 5.1 Material Properties at Fusion Temperature

Aluminum Iron Copper
Property Value Ref. Value Ref. Value Ref.
T, (°C) 660 [97] 1536 | [166] | 1084 | [166]
L (105]/kg) 3.9 [97] 2.7 [167] 2 [167]
p(kg/m3) 2650 [97] 7265 | [168] | 7938 | [172]
E(101° Pa) 6 [97] 14.4 [169] 6.4 [173]
K(W/m°C) 229.4 [97] 36.2 [170] | 345.4 | [170]
a (1076°c™h 37.8 [97] 23.4 [171] 26 [171]
v 0.33 [97] 0.33 [169] 0.37 [174]

These values of properties, which are measured values near fusion temperature of each
material, are independent of temperature. T,,, L, p, E, K, a and v denote the melting
temperature, latent heat of fusion, density, Young’s modulus, thermal expansion

coefficient and Poisson’s ratio, respectively.

The thickness of the coating layer is changed from u = 1 mm to u = 10 mm in these
simulations. These values of coating thickness represent the thinner and thicker coating
layer respectively. On the other hand, the thermal and mechanical problems are coupled
in our model and the effects of rates of the coupling at the shell/coating and
coating/mold interfaces are determined via changing these values between the
—10"* m?2sec®C/ ] Pa and —107'2 m2sec®C/ ] Pa which mean weak and strong
coupling rates at the interfaces, respectively. Thermal contact resistances at these
interfaces are assumed same and equal to R, = R, = 107> m?sec®C/ ]. Finally we fix
the thickness of the mold at h = 30 mm in the following simulations. Each of following

figures are shown the variation of the amplitude of the adding perturbation on the mean
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shell thickness for different process conditions. si"*, si* and t™ denote the maximum
amplitude of the perturbation at freezing front, mean shell thickness and elapsed time

when the perturbation reaches the maximum value, respectively.

5.3.2 Effect of coating layer material

In order to examine the effects of coating material on the growth of the perturbation in
solidified shell, we studied on the two cases in which the aluminum shell solidifies on a
coated copper mold with different coating materials and then in order to investigate the
effect of the mold material’s thermal conductivity on the growth instability, the material
of the mold is changed as iron. In this section, we will determine the best combinations
of the coating and mold materials for selected pure materials to obtain the more uniform
growth of the perturbation in solidified aluminum shell for different coupling rates at
shell/coating and coating/mold interfaces. The following tables show the values of si",
sgt and t™ for the combinations of coating material and coupling rates during the
solidification of pure aluminum on copper and iron molds. We use pure aluminum, iron
and copper as coating material and the thermal conductivities of these materials are
ranked as K* > K4t > K. In other words, their thermal distortivities are ranked as

Ocu < 041 < Ope.

Table 5.2 shows the results for aluminum shell solidifies on iron, aluminum or copper
coated copper mold for different coupling rates. It can be seen that the thermal
conductivity of coating material has stabilizing effect on growth instability when
thermal and mechanical problems are weakly coupled at both interfaces. It means that
when we coated inside of the rigid mold with highly rigid material, the growth of the
perturbation becomes more uniform and the quality of the final casting increases. This
result suggests that the coating layer should be selected highly rigid for copper mold to
improve the quality of the aluminum casting when the coupling rates are small at both
upper and lower surfaces of the coating layer. It is also observed that increase in the
thermal conductivity of the coating layer leads to increase in the values of s§* and t™. It
means that the perturbation reaches its maximum value thinner mean shell and more

quickly for highly rigid coating layer.
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In order to investigate the effects of the coupling rate at shell/coating interface on the

variation of the maximum amplitude of the growth perturbation, we increased the value
of R to —10712 m?sec®°C/ ] Pa.

Table 5.2 Coating material effect on si*, sg* and t™ values under different coupling
rates for aluminum solidifies on a copper mold with coating of 1 mm thickness

R'=-10"%" R, =—-10"1 R'=-10"'2 R, =-10"1
Coating
_ st [mm] | sit [mm] | t™ [sec] | st [mm] | st [mm] | t™ [sec]
Material
Fe 0.2830 6.8 1.5913 0.4101 11 2.7220
Al 0.2072 6.2 1.2144 0.4232 12.6 2.7311
Cu 0.1958 6.1 1.1786 0.4114 12,6 2.7139
R'=—-10"1* R}, = —10"12 R'=-10"12 R}, = —10"12
Coating
_ sit [mm] | sgt [mm] | t™ [sec] | st [mm] | s§t[mm] | t™ [sec]
Material
Fe 0.3994 10.7 2.6325 0.5922 12.8 3.2545
Al 0.3814 12 2.5835 0.7080 13.9 3.0933
Cu 0.3707 12.2 2.6007 0.7082 14.1 3.0920

The results show that the material of the coating layer does not have a significant effect
on the maximum amplitude of growth perturbation at moving interface. This means that
increase in the coupling rate at shell/coating interface diminishes the effect of the
thermal conductivity of the coating material on the growth instability and the sensitivity
of the growth perturbation to thermal conductivity of the coating layer decreases in
comparison with the previous case. On the other hand, increase in the coupling rate at
the upper surface of coating leads to increase in the values of sj* and t™ for all selected
coating materials. In the previous case, decrease in the thermal distortivity of the
coating layer decreases the value of sj*. However, strong coupling at shell/coating
interface leads to increase in the mean shell thickness values depending on the increase
the thermal distortivity of the coating layer. On the other hand, change of the coating
material does not affect the time to reach maximum perturbation significantly when the

coupling rate is become strong only at shell/coating.

When the coupling at coating/mold interface is increased while coupling between
solidified shell and coating layer is weak, the copper coating leads to the most uniform
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and the iron coating leads to most non-uniform growth in the solidified aluminum shell.
It means that the thermal conductivity of the coating has stabilizing effect on the growth
instability during the solidification of pure aluminum on a copper mold when the
coupling at the lower surface of the coating is strong only. It can be seen by comparing
the results in the case in which coupling rates are small that the thermal conductivity of
the coating material dependence of the growth instability decrease. However, process is
more sensitive to change of coating material for strong coupling at coating/mold
interface than for strong coupling at the shell/coating interface. It can be also seen from
comparison with the previous case that the amplitude of the perturbation decreases for
all selected coating materials. On the other hand, the thermal conductivity of the coating
material leads to increase in the values of s{* similar to previous case. This means that
increase in the coupling rates at shell/coating and coating/mold one by one leads to
increase in s§* when the thermal conductivity of the coating material is increased. The
time for reaching maximum amplitude of the perturbation is longest for iron and
shortest for aluminum coating layer. The values of s§* and t™ when coupling is only
strong at coating/mold interface are smaller than the values when coupling is strong

only at shell/coating interface for all selected coating material.

The effect of the thermal conductivity of the coating material on the growth of the
perturbation in solidified shell turns the opposite when the thermal and mechanical
problems are coupled strongly at both upper and lower surfaces of the coating layer.
Thermal conductivity of the coating layer has destabilizing effect on the growth
instability during the solidification of pure aluminum on a copper mold. This result
suggests that the coating layer should be selected highly distortive to improve the
quality of the aluminum casting on the copper mold when the coupling rates are strong
at shell/coating and coating/mold interfaces. It can be seen that increase in the thermal
conductivity of the coating material leads to increase in s§* and decrease in t™ for this
coupling rates combination. On the other hand, the values of s, sg* and t™ increase

for all coating materials when the coupling rates are become strong together.

As seen in Table 5.2, most stable growth of the perturbation is observed for the case in
which coating material is selected copper and couplings are weak at both interfaces.
Also, the mean shell thickness and elapsed time is lowest for this case. However, the
most unstable growth is observed in the same case when coupling rates are strong at

both interfaces. As a results, the highly rigid coating layer on a highly rigid mold leads
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to completely opposite effects on the growth of the perturbation in solidified aluminum
shell depending on the coupling rates at shell/coating and coating/mold interfaces. It
means that the coating material is selected depeding on the coupling rates at the
interface for highly rigid mold. The results suggest that the coating layer and the
coupling rates should be selected highly rigid and weak respectively for obtaining most
uniform growth during solidifying aluminum shell on a highly rigid copper mold.

In order to investigate the effects of the mold distortivity on the variation of the above
quantities depending on the coating material, the distortivity of the mold is increased by
selecting its material as iron. Table 5.3 shows the effects of the coating material on si* ,
s and t™ for different coupling rates at upper and lower surfaces of the coating layer.
It can be seen that when the coupling rates are weak at shell/coating and coating/mold
interfaces, the thermal conductivity of the coating material has a stabilizing effect on
growth instability. Most stable growth is observed when copper is used as coating
material. Similar to the result of the same case in Table 5.2, more rigid coating material
leads to more uniform growth in the solidified aluminum shell. This result suggests that
the thermal conductivity of the coating material should be selected higher for both mold
materials to provide more uniform growth in the solidified shell. On the other hand,
mean shell thickness and the time when the perturbation reaches its maximum value

become smaller when thermal conductivity of the coating material is increased.

If we compared the results for iron and copper mold when coupling rates are small, we
observed that decrease in the thermal conductivity of mold leads to increase in the
values of si*, sg* and t™ for all selected coating materials. In other words, increasing
the mold distortivity leads to increase in the amplitude of the perturbation at moving
interface and therefore, the thermal conductivity of the mold has stabilizing effect on
the growth instability. However, it is found in Yigit [107] that thermal conductivity of
the mold material has destabilizing effect on growth of perturbation when coupling are
weak at casting/mold interface. It can be seen that the effect of the thermal conductivity
of the mold material turns to opposite when it is coated with a layer regardless of its
material. It is also noteworthy that the values of si* and t™ increase for all selected

coating materials when the thermal conductivity of the mold material is decreased.

When we increased the coupling rate at shell/coating interface for highly distortive

mold, the coating material has stabilizing effect on the growth perturbation in solidified
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aluminum shell similar to previous case. It means that selecting highly rigid coating
layer leads to more uniform growth in the solidified shell. It can be seen that increase in
the coupling rate does not increase the amplitude of the growth perturbation in
comparison with the previous case. However, it is shown in Table 5.2 that the maximum
amplitude of the perturbation increases significantly for highly rigid mold when the
coupling rate at shell/coating is increased. This result indicates that the sensitivity of
maximum amplitude of the perturbation in solidified shell to coupling rate at
shell/coating interface decreases very much when the thermal conductivity of the mold
material is decreased. Additionally, increase in mold distortivity leads to decrease in the
values of s{™* for all selected coating materials when the coupling rate is strong only at
shell/coating interface. This result shows the stabilizing effect of the thermal

conductivity of the mold material on the growth instability clearly.

Table 5.3 Coating material effect on s, si* and t™ values under different coupling
rates for aluminum solidifies on an iron mold with coating of 1 mm thickness

R'=-10"% R, =-10"1 R'=-10"12 R, =-10"1
Coating | gm [mm] | s [mm] | t™[sec] | s™[mm] | s™[mm] | t™ [sec]
Material
Fe 0.3735 7.4 10.2784 0.3798 7.6 10.5924
Al 0.3375 7.1 9.6976 0.3477 7.5 10.2825
Cu 0.3210 7 9.5273 0.3326 7.5 10.2188
R’ =—10"1* R, = —10~12 R'=—10"12 R, = —10"12
Coating | sm [mm] | s [mm] | t™[sec] | s™[mm] | s™[mm] | t™ [sec]
Material
Fe 0.3788 7.5 10.5522 0.3859 7.8 10.9388
Al 0.3424 7.3 9.9674 0.3538 7.8 10.6580
Cu 0.3253 7.2 9.7904 0.3383 7.8 10.6154

Thermal conductivity of the coating material has no significant effect on the mean shell
thickness when the perturbation reaches its maximum value for this case. On the other
hand, increase in thermal conductivity of the coating material leads to decrease in the
values of t™ for these coupling rates. Similar to previous case, It can be seen from the
comparison with the results in Table 5.2 that increase in the thermal conductivity of the

mold material increases the values of sg* and t™ for all selected coating materials.
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In order to investigate the effects of the coupling rate at coating/mold interfaces, we
increased Rj, to —107'2 m2sec°C/]J Pa. The results depict that the thermal
conductivity of the coating material has similar effects on s*, sf* and t™ with the
results when the coupling rates are small. The most uniform and non-uniform growths
are observed for copper and iron coating, respectively. It means that the thermal
conductivity of the coating layer has stabilizing effect on the growth instability during
the solidification of aluminum on an iron mold for this coupling rates combination. On
the other hand, increase in the thermal conductivity of the coating leads to decrease in
the values of s{* and t™. It can be seen that the mean shell thickness when the
perturbation reaches its maximum decreases for all selected materials of coating layer in
comparison with the case in which the copper mold is used for same coupling rates
combination at the interfaces. Additionally, t™ increases when the thermal conductivity

of the mold is decreased for same couplings.

When the thermal and mechanical problems are coupled at the upper and lower surfaces
of the coating layer, the thermal conductivity of the coating has stabilizing effect on the
growth instability. When we compared the results for highly rigid and distortive mold,
we observed that increase in the distortivity of mold turns opposite the destabilizing
effect of the thermal conductivity of coating material on the growth of perturbation for
high coupling rates at the both shell/coating and coating/mold interfaces. The most
uniform growth is observed when the coating material is selected as iron for copper
mold but however, copper coating leads to more uniform growth in solidified shell for
iron mold. This means that the thermal conductivity of the coating material should be
selected small for highly rigid mold and should be selected high as possible for highly
distortive mold when coupling rates are strong at both upper and lower surfaces of the
coating layer. It can be also seen that increase in the coupling rates does not have
significant effect on the mximum amplitude of the growth perturbation for highly
distortive mold. On the other hand, it can be seen that coating material does not have
significant effect on the values of the mean shell thickness when the maximum
perturbation is occurred. This means that increase in coupling rates reduces the
sensitivity of s§* to coating material during solidification on a more distortive mold.
The values t™ decrease when the thermal conductivity of the coating material is
increased but its sensitivity to thermal conductivity of coating material decreases similar

to sensitivity of sg*.
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It is also noteworthy that the effects of the coupling rates at the shell/coating and
coating/mold interfaces on sj* decrease for all considered coating material when the
thermal conductivity of the mold material is decreased. On the other hand, the coupling
rate effects on si* also decrease when the distortivity of the mold is increased and the

time to reach maximum perturbation is become longer for highly distortive mold.

5.3.3 Effect of Thickness of the Coating Layer

Thickness of the coating is an important parameter for the solidification process due to
its thermal and mechanical effects on the thermoelastic instability. The value of the
coating layer thickness affects the mechanical stiffness of the layer and the temperature
distribution in the layer. An increase in the thickness of the layer leads to increase in the
stiffness and decrease in the slope of temperature distribution. These two contrary
effects of thickness have an important role on the growth instability when the material

of the coating layer is selected highly distortive.

The effects of coating thickness are investigated for solidification of pure aluminum on
a copper mold with different coating materials in the following figures when the
coupling rates between shell/coating and coating/mold are changed. In the following
section, the effects of coating thickness are investigated firstly for Al-Fe-Cu
combination as solidified shell, coating and mold materials and after that Al-Al-Cu

materials combination are considered.

Case 1: Shell Material: Al — Coating Material: Fe — Mold Material: Cu

Figure 5.32 and Figure 5.33 shows the effects of the coating thickness on the growth of
the perturbation in solidified shell thickness for Al-Fe-Cu materials combination when
the coupling rate between solidified shell and coating is equal to —10~* m2sec°C/
J.Pa and —10~2m?2sec°C/]. Pa while coupling rate between the coating and mold

equals to —1071*m?2sec°C/J.Pa.

Figure 5.32 indicates the variation of the amplitude of the growth perturbation in
solidified shell as a function of mean shell thickness when the thermal and mechanical
problems are weakly coupled at both lower and upper surfaces of the coating layer

(R' = R;, = —10"m?2sec°C/]. Pa). The results show that thinner coating layer leads
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to slow growth of the perturbation at moving interface and reaches the smallest
amplitude. This means that thickness of the coating layer has destabilizing effect on the
growth instability. In order to interpret physical meaning of this behavior, we must
dwell on the thermal distortivity of a material which identifies the formed curvature in a
body due to flowing heat through it (readers refer to [165] for more detail). So, the
stabilizing effect of stress relaxation due to highly distortive coating layer overcomes
the destabilizing effect of less cooling rate for small thickness. The result suggests that
coating thickness should be selected thinner for coating material of less thermal
conductivity than solidified shell. As seen in the figure, after perturbation reaches its
maximum, it starts to fall down its steady state value because dependence of the
conditions at solid/liquid interface on the conditions at shell/coating and coating/mold
interfaces becomes less when mean shell thickness increases sufficiently. On the other
hand, coating thickness does not have significant effect on the mean shell thickness
when the perturbation in solidified shell reaches its maximum amplitude, sg* when

coupling rates are weak.
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Figure 5.32 Perturbation in the solidification front as a function of s, (t) for various
values of u and Al-Fe-Cu material combination when R’ = R;, = —10"1*m?sec’C/
J.Pa

In order to investigate the effect of coating thickness on the growth instability when the
coupling rate between the shell and coating layer is changed, we increased the value of
R’ in Figure 5.33. The results show that maximum amplitude of the perturbation

decreases when the thickness of the coating layer is increased. In other words, coating
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thickness has stabilizing effect on growth instability. It can be seen that growth
perturbation at moving interface shows two different behaviors during the process. For
highly distortive coating layer, the conditions at the freezing front are highly dependent
on the conditions at shell/coating and coating/mold interfaces when mean shell
thickness is sufficiently small. For this reason, perturbation grows more rapidly for
thicker coating due to dominance of the destabilizing effect of the high stiffness of the
coating layer at early stages of solidification. As the time progressed, increase in the
mean shell thickness gives a positive contribution to the stabilizing effect of less cooling
rate on the process and it overcomes the destabilizing effect of the stiffness after a time
and hence the perturbation grows slowly. As a result, perturbation has lower amplitude
at moving interface for thicker coating layer. It is also noteworthy that the sensitivity of
the process to the coating thickness decreases for Al-Fe-Cu materials combination when
coupling rate at shell/coating interface is increased. On the other hand, thicker coating
layer causes that the maximum amplitude of the perturbation occurs at smaller mean
shell thickness and sensitivity of s{* to thickness of the coating increases under these

conditions.
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Figure 5.33 Perturbation in the solidification front as a function of s, (t) for various
values of u and Al-Fe-Cu material combination when R’ = —10~*2m?sec°C/]. Pa
R}, = —10"*m2sec°C/]. Pa
Figure 5.34 shows the variations of the amplitude of growth perturbation in solidified
shell for selected values of coating thickness when coupling rate is increased only at

lower surface of the coating layer. Similar to Figure 5.33, coating thickness has
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stabilizing effect on the growth instability and perturbation changes its behavior
depending on the coating thickness due to two contrary effects of stiffness and cooling
rate. Stabilizing effects of less cooling rate and high stress relaxation are not dominant
at early stages and therefore, thicker coating leads to more non-uniform growth due to
its stiffness. When mean shell thickness becomes large enough, stabilizing effect due to
less cooling rate becomes dominant and growth rate of perturbation starts to decrease.
Similarly, coating thickness leads to decrease in the mean shell thickness when
perturbation reaches its maximum. It can be seen by comparison with the previous
figure that the effect of coating thickness on the growth of the perturbation in solidified
shell does not change significantly for highly distortive coating layer when the coupling

at shell/coating or coating/mold became strong enough.
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Figure 5.34 Perturbation in the solidification front as a function of s, (t) for various
values of u and Al-Fe-Cu material combination when R’ = —10"'*m?2secoC/
J.Pa,R}, = —10"12m?2secoC/].Pa
When thermal and mechanical problems are strongly coupled at the surfaces between
shell/coating and coating/mold, the variation of s, (t) as a function of s,(t) for selected
values of coating thickness is illustrated in Figure 5. The results show that the thickness
of coating layer has stabilizing effect on the growth instability. The combined effects of
coupling rates between shell/coating and coating/mold lead to an increase in the
sensitivity of the growth perturbation to coating thickness in comparison with the results
in previous figures. Similarly, thicker coating leads to more non-uniform growth at the

early stages however, the stabilizing effects due to high stress relaxation and less
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cooling rate becomes more significant as the time progressed. The perturbation at
moving interface reaches smaller amplitude and diminishes faster for thicker coating
layer. In addition, the mean shell thickness when the perturbation reaches its maximum
amplitude decreases depending on an increase in the coating thickness. Its sensitivity to
coating thickness does not change significantly when both coupling rates at upper and
lower surfaces of coating becomes strong.

Additionally, it can be seen for the above cases that increase in the coupling rates at
shell/coating and coating/mold interfaces one by one or together leads to an increase in
the amplitude of the growth perturbation in the solidified shell. This behavior is

examined in the following section in detail.
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Figure 5.35 Perturbation in the solidification front as a function of s, (t) for various
values of u and Al-Fe-Cu material combination when R’ = R}, = =10~ 2m?secC/
J.Pa

The discussed results in previous figure involve the effects of coating thickness when
aluminum is solidified on a highly distortive coating layer which is made of iron. After
that, we investigated the effects of the thickness of highly rigid coating layer on the
growth instability during the solidification of aluminum on a planar copper mold in the

following section.

Case 2: Shell Material: Al — Coating Material: Al — Mold Material: Cu
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Similar to Figure 5.32, we observed that thickness of the coating layer leads to more
non-uniform growth of the perturbation in solidified shell when the thermal and
mechanical problems are weakly coupled at upper and lower surfaces of coating layer.
However, the destabilizing effect of mold coating thickness when couplings are weak is
greater for coating material of high thermal distortivity than coating layer of low
thermal distortivity. On the other hand, mean shell thickness when the perturbation
reaches its maximum amplitude does not change depending on the coating thickness
under these conditions. As a result, the coating thickness has no significant effect on the
s% regardless of the material of the coating layer when coupling rates are small at both

interfaces of coating layer.

The destabilizing effect of the coating thickness on the growth instability during the
solidification of pure aluminum on copper mold turns to stabilizing when the thermal
and mechanical problems are strongly coupled at shell/coating and coating/mold
interfaces one by one or together for highly rigid coating layer similar to the cases in
which highly distortive coating layer is used. The destabilizing effect of the coating
layer on the growth of the perturbation due to its stiffness reduces owing to high

rigidity.

Therefore, thermal problems play more important roles than the mechanical ones on the
process for less distortive coating layer. The perturbation grows rapidly due to
destabilizing effect of less stress relaxation at the early stages of solidification process
for thicker and highly rigid coating layer. However, the stabilizing effect of less cooling
rate dominates the process behavior after a period of time and growth of the

perturbation in solidified shell reaches smaller amplitude.

When the coupling rate at upper surface of the coating layer between solidified shell
and mold is increased alone, we observed similar behavior with the results in Figure 3.
The variations of the growth of perturbation depending on the thickness of coating are
approximately similar for highly rigid and highly distortive coating layers. It means
that, coating material does not change the effect of the coating thickness on the growth
of perturbation significantly for this coupling rate combination. It can be also noted that

an increase in u leads to decrease in the values of sg' also for highly rigid coating layer.

135



Figure 5.36 shows the variation of the amplitude of growth perturbation at the freezing
front when the coupling rate is increased only at the lower surface of the coating layer.
It is observed that coating thickness has stabilizing effect for highly rigid coating layer
due to dominance of the stabilizing effect of less cooling rate and this effect becomes
greater in comparison with the case in which coupling rate between shell and coating is
increased only. This result suggests that an increase in the coupling rate between
coating and mold is more preferable for thicker coating material of high thermal
conductivity to improve the quality of the casting. On the other hand, it can be seen by
comparing the results in Figure 5.34 and Figure 5.36 that increase in the thermal
conductivity or rigidity of coating material leads to more uniform growth regardless of
the coating thickness. Additionally, the mean shell thickness, when the amplitude of the
growth perturbation reaches its maximum value, decreases depending on an increase in
coating thickness. The sensitivity of si* to coating thickness does not change depending

on the material of the coating layer when coupling is strong only at coating/mold

interface.
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Figure 5.36 Perturbation in the solidification front as a function of s, (t) for various
values of u and Al-Al-Cu material combination when R’ = —10"*m?2sec°C/J. Pa ,
R,, = —10712m?2sec®C/]. Pa
Figure 5.37 depicts the variation of the maximum amplitude of the periodic undulations
at the solidification front depending on the coating thickness when thermal and
mechanical problems are strongly coupled at both surfaces of coating layer. It can be

seen that uneven shell growth reduces when thickness of coating is increased and
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combined effects of strong coupling rates leads to increase the effect of coating
thickness on growth instability for less distortive coating layer. However, it can be seen
by comparing the Figure 5.35 and Figure 5.37 that for less distortive coating layer, the
variation of the maximum of the perturbation is more sensitive to changes in thickness
of coating than for highly distortive coating. On the other hand, coating thickness has
similar decreasing effect on sg* but the sensitivity of sJ* to coating thickness decreases
when the thermal conductivity of the coating layer material is increased for these
coupling rates. It is also observed that increase in the coupling rate at the shell/coating
interface while the coupling between coating layer and mold is strong leads to reduce
the sensitivity of s{* to the thickness of coating for highly rigid coating layer. Similarly,
coupling at the coating/mold interface reduces the coating thickness sensitivity of the

s¢* when thermal and mechanical problems are highly coupled at shell/coating

interfaces.
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Figure 5.37 Perturbation in the solidification front as a function of s, (t) for various
values of u and Al-Al-Cu material combination when R’ = R;, = —10712m?sec°C/
J.Pa

5.3.4 Effect of Coupling Rates

For two dissimilar or similar bodies are placed in contact with each other, heat transfer
rate along the contact surface depends considerably occurring thermal and mechanical
events in these bodies. There are three solid bodies in solidification process modeled in
the present study such as solidified shell, coating layer and mold. The thermal and
mechanical events in these solid layers affect each other through contact pressure
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dependent thermal contact resistances at shell/coating and coating/mold interfaces
during the solidification. When the coupling is weak, dependence between the thermal
and mechanical problems reduces then thermal problem dominates the behavior of the
process. However, if the coupling rate is increased then thermal and mechanical
properties of each body become important to analyze uneven shell growth during the
solidification. Similarly, we handled some cases such as Al-Fe-Cu and Al-Al-Cu
materials combinations for solidified shell, coating and mold. The effects of coupling
rates at the lower and upper surfaces of coating on the growth of the perturbation at
moving interface are investigated for two different coating thickness (v = 1 mm and

u = 10 mm) in the following simulations.

Firstly, the variation of the amplitude of the growth perturbation as a function of mean
shell thickness for thin highly distortive coating layer for selected values of R’ and R;,
are investigated. Figure 5.38 shows the variation of the amplitude of the growth
perturbation as a function of mean shell thickness for thin and highly distortive coating

layer for selected values of R" while coupling between coating and mold is still weak.
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Figure 5.38 Perturbation in the solidification front as a function of s, (t) for various
values of R'and Al-Fe-Cu material combination when u = 1 mm and R;,, =
—10"*m?2sec’C/].Pa
The results show that increase in the coupling between the shell and coating leads to
increase in the maximum amplitude of the growing perturbation. In other words, it has
destabilizing effect on the growth of the perturbation in solidified shell. As seen in the

figure, at early stages of the solidification coupling between the each layer has no
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significant effect on the process. But as the time progress, when mean shell thickness
becomes thick enough the destabilizing effect of the coupling dominates the process.
For the same case when the thickness of the coating is increased, the destabilizing effect
of coupling rate at shell/coating interface diminishes and it does not have significant
effect on the growth instability. These results suggest that thickness of the coating layer
reduces the effect of this coupling rate on the solidification process when highly
distortive coating layer is used. It can be seen that the usage of thicker distortive coating
eliminates the destabilizing effect of coupling rate between shell and coating. It is also
noteworthy that s{* increases when this coupling rate is increased for thin and highly
distortive coating layer. However, s§* becomes insensitive to changes of coupling rate

for highly distortive and thicker coating layer.
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Figure 5.39 Perturbation in the solidification front as a function of s, (t) for various
values of R;,, and Al-Fe-Cu material combination whenu = 1 mmand R’ =
—10""m?2sec’C/].Pa
Figure 5.39 shows the effect of coupling between coating and mold on the growth of
perturbation in solidified shell for thin and highly distortive coating layer. It can be seen
that R;, has destabilizing effect on the growth of the perturbation in solidified shell
similar to the one observed in the previous figure. However, destabilizing effect of R;,
is less than the coupling effect between the solidified shell and coating layer. Physically,
coupling at the lower surface of the coating leads to more uniform growth than the
coupling at upper surface for thin coating layer. It can be seen that sJ* increases when

the coupling rate at coating/mold is increased. Similar to the effect of coupling between
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the shell and coating, coupling at the coating/mold has not significant effect on the
growth instability for thicker and highly rigid coating layer. This result suggests that the
thickness of the coating should be increased to eliminate the effects of the coupling
rates at the shell/coating and coating/mold when more distortive coating layer than

solidified shell is used.

In order to investigate the effects of the coupling rates on the growth instability for the
coating layer of high thermal conductivity, we changed the coating material with
aluminum in Figure 5.40 and Figure 5.41. Firstly, we investigated the effect of the
coupling at shell/coating interface on the growth instability in Figure 5.40. The results
indicate that coupling between shell and coating has destabilizing effect on the growth
instability similar to the one observed in Figure 8.a for thin and highly rigid coating
layer. However, it can be seen by comparing these figures that R’ dependence of the
growth instability increases for thin and highly rigid coating layer because the
separation between the maximum amplitudes of perturbation for smallest and largest
values of R’ becomes larger as seen in Figure 5.40. This behavior of the process can

clearly be seen in Figure 5.41.
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Figure 5.40 Perturbation in the solidification front as a function of s, (t) for various
values of R' and Al-Al-Cu material combination when u = 1 mm and R;,, =
—10"*m?2sec’C/]. Pa

As it can be remembered, coupling between shell and coating has no effect on the

growth instability when thicker and highly distortive coating layer is used. The effect of
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the coupling at shell/coating interface on the growth instability is shown in Figure 5.41
for thicker and highly rigid coating layer. The result shows that R’ has destabilizing
effect on the growth of the perturbation in solidified shell. On the other hand, R’
dependence on sg* increases for thicker and highly rigid coating layer in comparison
with the result for thicker and highly distortive coating layer. In other words, decrease
in the thermal conductivity of the coating material leads to decrease in the destabilizing
effect of coupling at shell/coating interface on the growth instability for thicker coating
layer. Comparison of Figures 5.40 and 5.41 with each other shows that increase in the
thickness of the coating reduces the sensitivity of s, (t) to coupling rate at shell/coating

interface for less distortive coating similar to for high distortive coating layer.
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Figure 5.41 Perturbation in the solidification front as a function of s, (t) for various
values of R" and Al-Al-Cu material combination when u = 10 mm and R;,, =
—10""m?2sec’C/]. Pa
When we investigated the effect of coupling between coating and mold for highly rigid
coating layer, it is observed that this coupling rate has destabilizing effect on growth
instability for thinner coating layer similar to the one observed in Figure 5.39. This
destabilizing effect of coupling becomes more significant for highly rigid coating than
more distortive one. Similarly, R;, leads to increase in s{* for highly rigid thin coating
layer. For thicker and highly rigid coating layer, coupling at coating/mold interface does
not create the same remarkable effect on growth instability likewise the effect of
coupling at shell/coating interface for thicker coating in Figure 5.41. R;, has no effect

on the growth of the perturbation and s{* for thicker and highly rigid coating layer
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similar to the thicker and highly distortive coating layer. This result shows that coupling
between coating and mold does not have any effect on the growth of the perturbation in
solidified shell regardless of the thermal conductivity of coating material when the
coating layer is selected thick enough. Additionally, increase in the coating thickness

weakens the effect of the coupling between coating and mold.
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CHAPTER 6

SUMMARY AND CONCLUSIONS

6.1 Summary

A mathematical model is developed in this dissertation to investigate the thermoelastic
instability mechanism during the solidification of pure metals on a coated mold of finite
thickness. This study extends the previous works on growth instability during
solidification process by investigating the effects of an added coating layer
theoretically. The unstable growth of the shell during the solidification due to non-
uniform heat extraction causes severe defects such as cracks in the casting. These
defects lead to decrease in the quality and usability of the final casting product. Mold
coating is one of the most important factors controlling the heat transfer rate and hence,
it has a very important role on the solidification rate and the development of
microstructure. The other important effects of mold coating are that it protects the mold,
improves the quality of the mold surface and helps separation of the final cast from the

mold.

Non-uniform heat extraction from the process depends on the thermal and mechanical
events in the solidified shell, coating layer and mold. The thermal and mechanical
problems are coupled through the contact pressure dependent thermal contact
resistances at shell/coating and coating/mold interfaces. Stability analysis of the
solidification process involves determination of the temperature fields and the
development of the associated thermal stresses in the solidified shell, coating and mold.
The thermal diffusivities of the solidified shell, coating layer and mold materials are
assumed to be infinitely large. Physical meaning of this assumption is thermal capacity

of these materials are zero and this assumption provides us to solve the heat conduction
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and thermal stress problems analytically. Dependence of thermal stresses on the
temperature field necessitates the solution of the heat conduction problem first. A linear
perturbation method is used to reduce the spatial dimension of the problem from two to

one.

Two second order differential equations with variable coefficients are obtained after
modelling. They involve magnitude of the growth perturbation in solidified shell and
residual stress function and their derivatives. These governing differential equations are
written in state-space form and a variable step variable order predictor-corrector
algorithm suitable for stiff problems is used to solve the final coupled governing

equations numerically.

Finally in Chapter 5, the effects of the coating properties on the instability mechanism
in the solidification process during casting of pure metals are investigated. The
conditions which eliminate or minimize the profile defects in the casting associated with
the coupled thermo-mechanic events are also determined in this chapter. The effects of
the system parameters such as thickness of the coating layer, thermal conductivity ratio
between the solidified shell and coating materials, thermal conductivity ratio between
the coating and mold materials, wavelength of the perturbation in extracting heat at the
bottom of the mold and thermal contact resistances at the interfaces on the growth

instability during solidification process are analyzed in dimensionless form.

A case study is done which involves the solidification of pure aluminum on the different
combinations of coating layer and mold materials. The effects of coating properties such
as material and thickness and coupling rates between solidified shell/coating and

coating/mold interfaces are investigated for real material combinations.

6.2 Conclusions

The main goals of the present work are showing the effects of mold coating on the
dynamics of the solidification process and suggesting design criteria to manufacturer for
metal casting process to increase the quality of casting. For this purposes, the evolution
of the growth perturbation in solidified shell is investigated for different process
parameters such as properties of coating layer, coupling rates at shell/coating and
coating/mold interfaces, thermal conductivity ratios between the solidified shell,

coating layer and mold materials etc. The conditions for eliminating or minimizing the
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growth instability during the solidification process are also determined. General results

are summarized as follows:

The selection of the material of coating layer depending on the materials of solidified
shell and mold and other system parameters is very important for improving the quality
of the casting. The results show that decrease in the thermal conductivity of the coating
material leads to more non-uniform growth regardless the values of coating thicknesses
and material combinations of solidified shell and mold when the couplings are weak.
When the coupling rates are increased, there are critical thermal conductivity ratios
between the solidified shell and coating materials for leading most unstable or stable
growth in the solidified shell depending on the conditions of coating thickness and

materials of each solid layer.

When the solidified shell is more distortive than mold, the thermal conductivity of the
coating material must be chosen far enough away from the thermal conductivity of shell
material regardless of coating thickness to obtain more uniform growth in solidified
shell in case where the coupling rate at the shell/coating interface is strong. On the other
hand, when coupling between the coating and mold is increased, thermal conductivity
of the coating material shows stabilizing effect on the growth of the solidifying shell for
relatively thicker coating layer. For relatively thinner coating layer, the effects of
thermal conductivity of coating material on the growth instability are changed

depending on the thermal conductivity ratio between the shell and mold materials.

Thermal contact resistances at the shell/coating and coating/mold interfaces have
similar effects on the growth instability during the solidification process. Under weak
coupling rates they have destabilizing effect on the growth of the perturbation in
solidified shell when solidified shell material is more distortive than the coating and
mold. However, under same coupling rates, if the solidified shell is more rigid than the
coating layer without noticing the distortivity of the mold then the growth instability
becomes insensitive to changes of these thermal contact resistances. When the coupling
rates are increased individually or together, the effects of the thermal contact resistances
turns from destabilizing to stabilizing for the cases in which solidified shell is the most
distortive layer in the process. Additionally, if the rigid mold is coated more distortive
coating layer than itself and solidified shell, thermal contact resistance insensitiveness
of the growth instability changes and they have stabilizing effect on the process for this

case. When the distortivity of the solidified shell is less than the distortivities of the
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mold and coating layer, the process is insensitive to changes of thermal contact

resistances for all coupling rates combinations.

The effects of the wavelength of the added perturbation on the growth of the
perturbation in solidified shell are also investigated in this study by using the
wavenumber parameter. Wavenumber has an inverse proportion with the wavelength.
When the wavenumber is increased, the perturbation grows faster and reaches smaller
peak amplitudes than decays its steady state value. Assuming a random distribution of
wavelengths in the initial perturbation, shorter wavelengths have stabilizing effect on
the solidification process. Variation of the growth instability during the solidification
depending on the wavenumber shows us the changing the surface topographies of
coating layer or the mold has significant effect on the growth of the perturbation in

solidified shell during the casting process.

Thickness of coating has different effects on the growth instability during solidification
depending on the thermal conductivities of solidified shell, coating layer and mold

materials and coupling rates at shell/coating and coating/mold interfaces.

When the thermal and mechanical problems are weakly coupled at the shell/coating and
coating/mold interfaces, the coating thickness has destabilizing effect on the growth
instability regardless of the coating material. The destabilizing effect of coating
thickness turns to stabilizing when the coupling rates at shell/coating and coating/mold

interfaces are increased one at a time or together.

Combined effects of coupling rates at the upper and lower surfaces of coating lead to
increase in the sensitivity of the growth perturbation to the thickness of the coating.
Both coupling rates between the solidified shell and coating and coating and mold have
destabilizing effect on the growth instability for thin and highly distortive coating layer.
These destabilizing effects of coupling rates diminish when the thickness of coating is
increased. For highly distortive coating layer, increase in the coating thickness causes to
reduce the sensitivity of the process to coupling between the solidified shell and coating
and coating and mold. This result suggests that the thickness of the coating should be
increased to eliminate the effects of the coupling rates at the shell/coating and

coating/interfaces when more distortive coating layer is used.

Both coupling rates have destabilizing effect on the growth instability for thin highly

distortive coating layer. However, the destabilizing effects of coupling rates diminish
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when the thickness of coating is increased when the coating layer is selected highly
distortive. On the other hand, an increase in the coating thickness causes to reduce the
sensitivity of the process to coupling rates between the solidified shell and coating, and
coating and mold for highly distortive coating layer. This result suggests that the
thickness of the coating should be increased for eliminates the effects of the coupling
rates at the shell/coating and coating/interfaces when more distortive coating layer is

used.

Similarly, both coupling rates leads to more non-uniform growth of the perturbation in
solidified shell for thin and highly rigid coating layer. It is observed that coupling
between the shell and coating has significant destabilizing effect on the growth
instability when the thermal conductivity of the coating material is increased. However,
variation of thermal conductivity of coating layer does not change the effect of the
coupling between the coating layer and mold on the growth instability for thicker
coating layer. This means that coupling between coating and mold does not have any
effect on the growth of the perturbation in solidified shell regardless of the thermal

conductivity of coating material when the coating layer is selected thick enough.

6.3 Future Works

The developed model in this study does not involve the effects of the thermal
diffusivities of the solidified shell, coating layer and mold materials. This assumption is
only valid for early stages of solidification. This study is extended by adding the effect
of thermal diffusivities of the materials in the future study to analysis the full model of
the solidification process during the casting of pure metals. The obtained results in this

study are used as initial conditions in the solution of this full solidification problem.

On the other hand, the thermal and mechanical properties of the materials do not change
depending on the temperature in this study. But however, in practice temperature is
really affected the material properties such as thermal conductivity, density etc.
Therefore the temperature dependence functions of the material properties are added to

the model in the future.

The sensitivity of the thermal contact resistance to contact pressure is constant in our
model. But the experimental works in the literature show that thermal contact resistance

changes not linearly depending on the contact pressure. The mathematical relations
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between thermal contact resistance and contact pressure can be taken into account in the
future studies.

The inelastic deformations at the early stages of the solidification are neglected in the
present work. When most of the solidified layer is still near the melting temperature,
inelastic strains are occurred in the solidified layer and this may be sufficient to affect
the stability behavior during the solidification.

The present mathematical model is restricted to the solidification of pure metals. The
solidification of an alloy involving the presence of a mushy zone between the
solid/liquid moving boundary is another challenging problem for future researchers.
Additionally, the effect of densitiy change between the solid and liquid phase of shell

material is also considered in the future studies.

Finally, this work involves the solidification of pure metals on a coated planar mold. In
addition to mold coating, the non-uniform heat extraction is controlled also by adjusting
the surface topography of the mold. The effects of the coating layer on the growth
instability during the solidification of metals on the sinusoidal mold are the one of the

cases to be investigated in the future works.
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